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PREFACE. 



The Author of the following pages, having experienced 

,. the want of a compendious collection of results, in common 

^ probably with most mathematical students, endeavoured", 

'JS, during his undergraduateship, to form such a collection for 

> his own use. This has since that time been arranged, and 

\ considerably enlarged, and is now laid before the Public, in 

r\ the hope that it may in some measure facilitate the labour 

en of the analyst, by enabling him td compare and apply the 

N ^ results of previous investigation. 

It was originally intended to restrict these pages to 
a mere collection of formulae, but it is hoped that in adding 
an outline of many useful methods of operation, sufficiently 
detailed to render them applicable to particular cases, the 
increased size of the work will not be deemed an objec- 
tion. 

The references that have been given will probably be 
found sufficiently minute to enable the reader to find without 
difficulty any demonstration he may require ; had the proof 
of each result been separately quoted, the size of the work 
must unavoidably have been much increased. The object 
has been to refer to works of the greatest authority, and to 
those which can most readily be procured. 

The principles of Notation that have been adopted in the 
following pages are explained in the Appendix ; where will 
also be found an explanation of the very ingenious and 
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powerful symbols invented by Mr. Jarrett, of 
Hall; to whom the Author is indebted for several of the 
theorems expressed by those symbols, that have been in- 
troduced ip the notes. 

The great difficulty of printing mathematical works 
correctly, may be fairly estimated by the number of errors 
that occur in the works of the ablest writers on the subject. 
As it is probable that some few may still have escaped the 
Author's notice, he will feel much indebted to any of bis 
readers, who will have the kindness to communicate to the 
publishers any errors they may happen to detect. 

The Author begs leave to take this opportunity of 
expressing his acknowledgements to the Syndics of the 
University Press, for the very liberal manner in which they 
have contributed to defray the expenses of the work; 



St, John's College, 
May, 1829- 
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The following symbols, although not original, may perhaps 
require explanation, as they have not yet been generally 
introduced. 

a ^ b is read a is not greater than &,# 

a «£ b .... a is not less than b 9 

a*~r*b .... a is divisible by 6, 

a^b a is of the same form as b. 
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ALGEBRA^ 



Art. (1.) Definitions and Axioms. (JT. 47— 7$J; &c.) 

(9.) Rules for addition, and subtraction* 

a + (6 — c) = a + A — c. 
a — (6 — o) = a — 6 + c 
a + ( — c) = a — c. 
a— {— c)=« + c. 

(3.) Rules for multiplication and division* 

(a — 4)c = ac- be*' 

(a — 6)(c — d)==«c — 6c — ad + bd. 

(a — 6) (-d) SB — ad + bd. 

(_fc)(-d) = 6d. (F. 94—70 

The general rule for the signs both in multiplication, and 
division is, that like signs give a positive, and unlike, a negative „ 
result. 

(4.) a n *=*a.a.a ton factors* 

a»x«*=(^ + * t (1) 
(a m )* = a**. 

If n is not a positive integer, the signification of a* is 
conventional, being merely such as to satisfy equation (1)* 

^s^- b b1. 
' a* 
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« = V^= (try ac (a"y. 

(a6)-=a-.6-. 

(a6)' = o'.6". 

(IT. 78— HO; £.180—219; F.1SI—4.) 

(— 1)*"=1, and (— 1)*" _, = — l;.m being any integer. 
Nature of impossible quantities. (E. 139 — 51.) 

(-«)*« ±<A(-l) i . 

'" , has the same sign as a. 
(6.) Nature of squares, and square roots. (£. 123 — 38.) 

Nature of cubes, and cube roots. (25. 152 — 670 

Extraction of the square and cube roots of numerical, and 
algebraical quantities. (JT.126 — 33; £.317 — 39) 

Surds. 
(7-) Properties of surds. (W. 239 — 51 ; B. 18, 19.) 

The square root of a quantity cannot be partly rational, 
and partly a quadratic surd. 

If the equation as + */y = a + h/b is generally true, then 

d?=a, and y=6. 

The square root of an integer that is .not a complete 
square can neither be expressed by an integer, nor by a rational 
fraction. 

Neither the sum nor difference of the square roots of two 
quantities prime to each other can be represented by any 
rational quantity, nor by the square root of any rational 
quantity, unless each be a complete square. 

The product of two quadratic surds, which cannot be 
reduced to others having the same irrational part, is irrational. 



i 
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surds: 3 

To extract the square root of a + */b : 
Assume a + */b = */x + */y ; 

then ^ *=£[« + (a 8 — 6)*}, 

or and y are rational only when a 9 — 6 is a complete square. 

(JT.258; Bour. 118—21.) 

Method of extracting the n th root of a binomial quadratic 
surd. (IF. 259.) 

Greatest common Divisor. 

(8.) The greatest common divisor of two quantities may be 
found by arranging both according to the powers of some one 
fetter ; then dividing the greater by the less, and the preceding 
divisor always by the last remainder, until the remainder is 
equal to nothing ; the last divisor will be the greatest common 
divisor required. 

. If any divisor contains a factor not contained in both the 
given quantities, that factor may be rejected. * 

{Bout. 34—41, 258^-74 ; W. 90 ; E. 461'— 60.> 

(9) The least common multiple of two quantities is their pro- 
duct divided by their greatest common divisor. 

To find the least common multiple of n quantities: find 
the least common multiple of the first and second ; then of the 
quantity thus obtained and the third, and so on: the result 
will be the least common multiple required. (W. 377—9.) 

Fractions. 
(10.) Nature of fractions. (E.68 — 93.) 

(11.) Rules for the rryultiplication and division of fractions. 

a — a 
b~ ^b' 
— a a 

axed 
*"xc = &' 
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a- 


•f-c 


or 




b 


fc 


b 




a 




ac 


a 


b 


xc= 


T~ 


fc-f-c' 


m 


-m 


a 


a-r-d 


b 


-rtf = 


= M = 


b 


a 


C 


ac 




b 


x r 


= 6d' 





a c a d ad 
b d b c be 
a b c a + b — c , m ^ M «* 

* + -3-a— TT- or.w-ioa> 

(12.) To reduce a fraction to its lowest terms : divide both the 
numerator and denominator by their greatest common divisor. . 

To reduce fractions to a common denominator: multiply 
each numerator by all the denominators except its own, for a 
new numerator ; and all the denominators together, for a new 
denominator. (W. 96.) 

If the least common denominator be required; find the 
least common multiple of all the denominators, for a new deno- 
minator ; and multiply each numerator by the quotient of the 
common denominator divided by the corresponding denominator, 
for a new numerator. (Bonnycastle, Arith.) 

Equations. 
(13.) General rules for the solution of equations. 

The same quantity may be added to^ or subtracted from, 
both sides of an equation* 

Any quantity may be transposed from one side of an equa- 
tion to the other, its sign being changed. 

The signs of all the terms may be changed. 

Every term may be multiplied, or divided, by the same 
quantity. 
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Both sides may be raised to the same power. 

The same root of both sides may be taken. 

{W. 134 — 41; Bour. 43— 6; &c.) 

(14.) Simple Equations. Every simple equation containing 
one unknown quantity, when cleared of fractions, and surds, 
may be reduced to the form 

tZtfasb; 

t 

whence *=*. (W. 134 — 42; E. &]&— 604.) 

a 

To clear an equation of fractions : find the least common 
multiple of all the denominators ; and multiply each numerator 
by the quotient of that quantity divided by the corresponding 
numerator. 

Two simple equations containing two unknown quantities 
may be reduced to the form 

«i^ + 6 1 y = c 1 ; (1) 

a 2 * + 6 2 y = c £ . (2) 

These two equations may be reduced to one, containing a single 
unknown quantity, by either of the following methods : 

1st. from (1), o?=- Cl l9 



a x 



a t 



and substituting this value in (2), -? . c x — b x y = c r 



a t 



2nd. from (1), x= Cl h } y ; 



«i 



(2), x= C -*~ h * y 



£ 



c x -\y c t -b t y 



a x &z 
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3rd* if a 1 ^ne l9 a 9 =zne 29 then 

(1) x« r (2) xe 19 (*,&, — ^6,). y^e,*,-*^. 

(W. 143; E. 605—12.) 

The same principles may easily be extended to three or 
more independent equations containing as many unknown 
quantities. (E. 613 — 22.) 

General method of deducing the value of n unknown 
quantities from n simple equations. 

(Schtceins, Theor. der Diff. 183; F. 111.) 

(15.) Quadratic Equations. Every quadratic equation may, 
by clearing it of fractions and surds, and dividing every term 
by the coefficient of a? 2 , be reduced to the form 

a?+pw=q; 

adding to each side the square of \ the coefficient of the second 
term, we have 

whence ar= \ { — p + (p* + 4g)*}. 

The following are some of the principal forms of equations 
which may be solved as quadratics : 

a?* +pa/* = q. 



a^-f &!# + c* o 1 ^ s + 6 1 «r + c 1 _^ 
a 2 #* + 6 2 «r + c 2 j a 2 «ir+& 2 «i?-hc 2 



aar 1 + bw + cy +p . aa? -f bw + c = a?+px. 



a x co -+- b x 



a„x + & 



2 



+ p. =a?+px. 

aoX + K ~~ 



All equations containing only one power of the unknown 
quantity may be solved as simple equations : having found 

«r* = ©, we have a? = a". (W. 147 — 60; E. 638 — 55.) 

Various artifices applicable to particular occasions. 

(FT. 151—6; Bland, Jig. Prob.} 



Ratios, and Proportion. 
(16.) Ratios. Principles. (E. 440—50.) 

If a > by then 

a : c >b : c; 

c : o < c : b. 

a + a? : b + w > or < a : b 9 according as a < or > b. 

(w. 157—70.) 

ft r% 

(17-) Proportion. If - = -- , then 

a 

a : b :: c : d; 
ad — be ; 

b : a :: d : c;' 
a : c :: b : d; 

- a + b : b :: c±d : d; 
a — c : 6 — d :: c : rf; 
a : a — fc :: c : c — d; 
a + b : a — b :: c + d ; c — d; 
and generally, ma + nb : pa + qb :: mc + nd : pc + qd. 

(W. 171—182; E. 461—5.) 
If a : b :: c : d :: e : / :: &c. then 

a : b :: a + c + e+ be 1 6 + d+f+ &c. 



- c 




d 


ma : mo :: - 


m 
* 


~; 


n 




n 


b 




d 


ma : - :: mc 


• 
• 


- ; 


n 




n 



a* : b* X c? : d*. 
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If a : 6 :: c : <L, 

and e : / :: g : A; then 

ae : 6/ :: c# : dh. (W. 184—8.) 

If two numbers be prime to each other they are the least 
in that proportion. (W. 189.) 

Compound proportion. (E. 488 — 504.) 

Arithmetical Progression. 

(18.) Let a m represent the mP term of an arithmetical series, 
6, the common difference, 
8, the sum of n terms ; 

a m = a l + (w— 1) 6. 



n 



s = ~ (Soj+n — 1.6.) 
J* 

a »-m + ««+»= 2a„. 
To insert » arithmetical means between c, and e. 

The wP mean = c + (e — c). 

n + 1 v / 

Given the jp* and q* terms, to find the r* term. 
* . " (W. 212; £. 402—24; Sour. 193—8.) 

* 

(19-) Any three of the quantities a 19 a n , b 9 n, 8; being given, 
the others may be found from the following formulae : 

a n = a i + n — 1 • 6. 



n 

*-=g {2^+11-1.6}. 
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'«= 1 + 



«• — a l 



(«i» *»» b) ; 



~2~ + 26 * 



n = 



_b — 2a x /2* 2^ — 6 



(*i> *> *); 



26 



(2* 
T 



«- as 



• • 



-6 J 6 



26 

211 



)'• 



{a 1 3=a„-»-1.6. 
n 

• «' 5 <a«.-»-i.*). 



(6, », *); 



« »— 1 , 
« 2 

* »— 1 . 

a » - " + —z- b - 
n 2 



f 6= 

(a t , a„, n); < 

1* = 



gCoi + aJ. 






g * — <*!*> 
n(n— 1)** 

2* 



\n = 



2«— aj — a^ 

2s 



«!+«* 



B 



'• 



IS ALGEBRA. 

The value of a circulating decimal is a fraction whose nu- 
merator is the period, and denominator a number consisting of 
as many nines as there are digits in the period. 

(W. 225; F. 50— 2.) 

(23.) Any three of the five quantities a 19 a n9 r, n, «, being 
given, the other two may be found from the following formula?* 



r — 1 

i 

-JL- -2L- 
8 j j_ , 






a » 

«,.(r»-l) .^ 
*-( r _l)r»-i' 



(r-l)« 



\0~5= Z = • 



a «— a. 



r» r+ -=0. 

a i a i 

«„(*-«»)"- 1 -"i(«-«i) ,, ~ 1 ==<>- 



8 . a. 
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« = 



(«i» ««> *•); 



r-1 



(«i> »*» «); 



loe o_ — loe o, 

n = * * 2— 1 + 1. • 

log r 

_ a 1 + (r-l)* 

o_ — . 

* r 



log r 



K> «*> *); 



«— a, 

T = 



log (* - aj - log (* - a„) 

!ai«*a,-(r-l)«. 
logq n .-log(rg n -r-l.*) 
» = - 1- 1. 
logr 

(<?. p. 281.) 

Permutations and Combinations. 

(24.) The number of permutations of n things taken r at 
a time 

= »(fi— l)(rc — 2) (rc — r + 1). *. 

The number of combinations = ~— - — — — - — "" '. 

1.2 .3 r 

(W. 226—31 ; E. 362— «0; Bam. 146—60.) 

" The equations containing logarithms, are placed here on account 
of their connexion with the rest, although the properties of logarithms 
have not yet been stated* 

* The number of permutations = |n . 

r 

is 

The number of combinations = JL. • 

Ir 
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Binomial Theoeem. 

(25.) (a + 6)«-^+j^-*+^=^rf | -V + fcc. « 
the w* + 1 th term being 

1.2.3 m 

If w is a positive integer, then 

the number of terms n + 1 ; 

the coefficients of terms equally distant from both extremi- 
ties of the series are equal ; 

the coefficient of every term is an integer ; 
„ n n(n— 1) /w 

n w(w— 1) n 
1 - 1 + ! 2 ~ &c. =0, or 

n(n-l) »(»-!) (»-g)(fi-8) 
1 + __ + ________ + &c. 

1^1.2.3 

also the theorem may be put under the following forms : 
(a + 6) n a* a n " x b 



l.S.8...n 1.2.3...W 1.2.3...(n — l).l 



« (a + 6)*=S m , m ~* a n - n + 1 b m -\ 

[m— 1 



00 



The product of n simple factors, on which the binomial 
theorem depends, may be thus expressed : 

» n-fl m-l,n 

P,(« + a r )«S»**— +I C r (« r ). 
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+ 



a n ~*b* 



l.S.8...(f»-3).1.8 



+ &c. » 



2» 



2ra(2w-l) 



, 2n(2ra-l)...(n + 2) 



, 2»(2m- !)...(» + !) 
+ -= £— a n b*. v 



(2n— l)(2n— 2) . 
+ ! M 2 ' cW(a*»- s + *•-«) + &c. 



, (2»-l)(2»-2)...(n + l) ,, „ 



— , ; = g 



E 



w — m -f 1 . w — 1* 



2w 




|2» 






_.„ [2n-l 

* (a + i)*- 1 ^ S wT a=L_ — (a6V»-».(a*»-*»+i-(-6*»-s»+iy 

Iw — 1 • ' 



16 
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2 



i»(«i-»)(»»-2») 2-s b 
^1.2.3 fl 



+ &c. * 



i i 1 i_t 6 w — 1 i-« 6 



2 



. (»-l)(8n-l) >» 6 
^1.2.3 fl 



- &c. v 



-i -i 1 -i-i b l(l+») -£-2 6 



l(l+n)(l+2n) -'!-» 6 
1.2. 3 * w 



4- &c. 



(PT. 232 — 8; G. Chap, xii; Bmr. 182—90.) 



I» 



« ( a + 6)-»=S„(-l) m - 1 . T ^4-.a-"-" , + l & , "~ 1 - 



[m 



r — 1 n 



b 
n 



r-l 
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(26.) 



(a x + a 2 + Oj+ ... + a m y 



1.2.3...« 



values of 



a, 



a 



2 



a< 



the sum of all possible 



a m» 



(1.2.3...r 1 )(1.2.3...r 2 )(1.2.3...r,) (1.2.3...r m ) > 

subject to the condition that 

f i+ f, « + f s + ••• +*•*=*; 

the values of t l9 r 2 , &c. being either 0, or a positive integer ; 
and the partial divisor for a value being 1. 



(27.) (a + a x w + a 2 «r* + a^tf + &c.) w 



= a* + -a*" 1 ^^^ ^11— l£u*- 2 af 



+ -A n-1 a, 



+ n(n-l)(n-2) g ,. M k | n{n-Y)(n^^n-Z) ^ n _^ 



1 . 2 






n 
1 



+ r«" _1 o s 



2.3.4 



, »(«-l)(n- 2) ■ 
+ 1. 2 . 1 a <"* 

, »(n- l) „_ s 
+ 1 ! «* 8 OiO s 

»(« — 1) „ . 
{Lacr. Introd. Diff. Cole. 19—24 ; Arbogast, Calc. des Deriv. 33.) 



a?*+&c. * 






» a»- r 



-'.a^ 



li 



w — r 



li ' 
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Continuation of Note. 
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m 



= s r 



a 



n—m+r—l 



-1 „ m-r+i 



is*- 1 .^ 



n — w» + r— 1 «» — r + 1 



a 



» — m 



a, 



n 



+ 



a 



n — m + 1 



a 



m-2 



-wlw n-m + 1 m — 2 



.a„ 



+ 



a 



n — m + 2 



+ 



n- 


-m + 2 


a"' 


-m+3 


n- 


-f» + 3 


a n " 


-m + 4 


ra- 


— m + 4 



K"~ 4 «i , v 8 * 



|n— m + 3 \\m—6 [3 |w — 5 * ? |«t — 4 J 



«r- 6 /«i \ or -5 > 

|^T6 V|2 +q » ^j + [^=5 qg j 



tt'-* t8 f at"" a» or -9 «f 

+ |»-m + 5 l |OT-10 'ji + \^9'\3' ai 



ffl i m " 8 / «s «i \ 






+ \n-m + 6\\^T2'\6 + | OT-ll '[4 ,g 



at 1 " -10 /of o§ «i A 



a"- 9 /<4 «S \ 

+ \^9\\3 +a *' a >- ai+ \2'V 



fm III -" 8 x _™ . g. IW — 7 ^ 

47 E=i^[i +a$ ' as+a2,0 ^ + El'^ 
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Continuation of Note. 



+ |M-w» + 7 i |w»-14 'jy + |w-13 '[5' g 



^m-12 /o% a\ a\ \ 



+ 



I^Tli V ag 'l3 + J2' °» •* 4 " f |3 "V 









+ \n-m + 8 \ \m-16 '\8* |m-15 '|6'* 



+ 



«r~ 14 /«i «! , «i \ 



. m - ls /a* <& 



a™ " /as a? as a « \ 
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+ |j=12 (|4 + ffl ^[2-^ + |j [[2 + "'<! + [H 






+ lm-10 (i| + ffl *- a « + a 3-«7 + «*•%) 



+ 



a."" 9 \ 



f^9 ""J 



. «oJ -f &C 
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In 



w*.o» 



a 



»-i 



. o, . 



n-l" 1 



a 



.»-*. 



a 



•7^ + ° 



• -I 



[n |n — 2 ' [2^ |n — 1 






a 



»-3 



.4 + 



a 



»-2 



t!L L n ""^ I* |» — 2 



.a £ % 



«!•«« + 



a 



n-l 



n — l 



7r 4 .a w 



a 



»-4 



,? + 



a*--' 



at 



[n_ {w — 4 * |4 Jn — 8 " [2 



.o 



2 



a"- 2 fof ) a"' 1 



*r 6 .o» 



a 



n-5 



1 «? 



a 



n-4 



o? 



L± "" l n - g 'l g ln-4 '|3 a 



a"" 3 f o| a\ \ 



+ 



a 



n-2 



a 



*-i 



n — 2 



{o s .o 3 + 04,04} + 1 — 7 ,a 5* 



n-l 



w 6 .o" 



a 



»-6 



a 



9 



a 



n-5 



a 



[^ |^ — 6 ' ]6 + |n-5 -'ft' q * 



a n ~ 4 (a\ a\ of | 

a*- 3 fa? «f 1 






«-r7 ^n 
TiT .O 



a 



»-7 



a 



+ 



a*- 6 of 



|n_ | n -7 ' |7 |n-6 '|5 



• a. 
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Continuation of Note. 



a"' 5 foj 
+ r ^Zs (IS 



of of <% 



li 11 l± 






+ f^{]¥- g3 + a '(l¥ +a ^°0 + |2' gs } 



a 



*-« 



n— 2 



{« 8 • <*4 + a 2 • °5 + a i • a 6} + 



a 



»-l 



I*- 



y,0 7 



#w 8 /I* 



.it- 8 



a? a 



it-7 



a 



6 



|n_ |n-8 '[8 |n- 7 '|6 



,a t 



a*~* t a\ a* of | 






4 



a"~ 4 (** .„ a * „ .. a * / a * , „ ^ . 4 „\ 









In this theorem, n has been considered a positive integer ; 
if an expansion be required for any value of n, we must expand 
in a similar manner 



***•.«"=: S r \n J a n ' r 



- r .a x r 



In 
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Indeterminate Coefficients. 

(28.) If a + a x w + a^ + &c. = b + 6 a a? + b 2 a? + &c. for 
every value of a?, then 

If a + a^a? + a 2 ^ + &c. = 0, then 

a = = a t = &c. 

(TF. 346; Bow. 187,8.) 

Logarithms. 

(29.) Theory of logarithms, and logarithmic tables. 

(E. 220 — 55 ; Bour. 209—24.) 

Let log w represent the logarithm of x to any base ; 
lqg a av the logarithm of w to the base a. 

log a? + log y = log ooy. 



n 



This is only a particular case of the following more general 
theorems, which may be demonstrated in a similar manner : 

n m— 1 n m— 1 

whatever may be the form or value of u r , then 

a m-l ==: fy»-l * 



n 



If &m a tn-l\^ = SmK-llf. > then 

to— .1, »■ • m— 1, r 
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Either of these equations may be taken as the definition 
of a logarithm : the former is most usually adopted ; and the 
various properties are therefore given in the order in which 
they most naturally follow on that supposition. 

Log a = l. 
log 1=0. -* 

log a 6.1ogj > a = l. 

log w 1 + log w 2 4- log # 3 + &c. = log (x x . «r 2 . ar s . &c.) ? 

- log a? — log y = log~ . 

log w* = — log 4?. 

"1 2~~ + ~~ 3 * 



—i (A-i): + (^ii)i_ & , 



* 



1 2 3 



* It will be hereafter seen that unity has an infinite number of 
logarithms, of which the above is the only possible one. 

y S„log^=logP*,^- 

s«(-ir" - — - 



u 



A1GEBSA. 



log. «« -^ g— + —3 &c. 

where e is such a number: that 

^_(e-l)^ (e-l^_ &c=1 , 



1 r*-l (*-l) 8 , (*-l) s 

log **=ioi^ h r" + ~3 

log g a.a? (log, o . aQ 2 (log, a . *)* 



I- - &c.|. 



«* = ! + 



1 + "" 1.2 + 1:2.3 



+ &e. 



+ 1 ^ 1.2 ^ 1.2.3 



1 1 1 

€ " 1+ i + na + iTaT3 



+ &c. * 



= 2, 71828182845904523536028 &c. 

The number e is incommensurable. 



(Bowr. Appendix.) 



« iog.»-s»(-ir 



_>-ir 



w 



a, f* _L 1 Y» 



1 • (ai — 1) 



m 



log e a 



w 



5 



, S (log. <*•*?) 
a = °» Z i 



,f» — 1 



m— 1 



<** = S m 



• tf™ 



-1 



m — 1" 







=s„ 



m— 1 " 



LOGARITHMS' g| 

1O S t * = g— — =* log 10 ,. log, ff i 

=0,4342944819032518276511289. log,*. 
t«g.lO = fc 302CW0929940456840179914 &c 

log,(l-*) = _^5 + ^ + 1 + &c .^ . e 

t » + l - (1 li i ' 

fog."=log.a + 2f^ a + l(^y 
5 \# + a/ J 



J f " ■ i ■ i i m i |, hi mm n 



log,(l+a;) = S m (-l)»- 1 — 

m 



'log. =^-=28, 



1-* m 2m-l' 

. . <# + 1 * 1 
Mog.-I— =2S ■ 

D 
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log,.=2{- TT + § (— ) + .(_) + & c.}, 

, far*-l (^-l) 4 (»*-l) J . 1 . 
lo g<f=n |-_ V 2 + 3 "**}' 

. f(l-*~") , (1 -*"")* (l-aT 3 )' ) , 

k)g,#=»p - £+± —J-+1 _ — £- + &c.[. * 

(Lagrange, Cole, dee Fonctions, Lefon 4"".} 
(Bouvier, Ann. de Math. Tome 16.)? 



i. * 



- 1 /a?-l\ a, »- 1 . 



OB 



* log^=log,( a >-l> + 2S W (2OT _ 1) ( ^_ ir . t . 



1 

m 



CD Cv n — 1 Y 

rk gi »-«.s i ,(-ir-^ ' 



m 



* Iog f 0=n.S 



.. ■ ■ - ( - i — 

9ft 



!• #*»— 1 
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log, 03 = 



~1 ~2~ + _3 



— &c. I ' * 

io g< (i + w) - a + •)-"{»- (i - j . j )«*. 

/I n 1 »(n— 1) I\ /l » 1 



+ 



»(«-!) 1 *(»-l)(n-2) 1\ 4 



1- 2 



1 . 2 



• r-W + &C.> 



« 4 + &c.>. * 



• log, (m + a + b) == log,(a — a + ft) + log,(a? + a) + log,(<» 4- 6) 

— log, (<r — a) — log, (a? — 6) 

■ t ab(a + b) 1/ ab(a + b) \, ) y 

U s -a?(a 2 + aft + 6 s ) "*" 3\^-a<a* + ab + ft 2 )/ J * 

(Delambre, Introd. aux Tables de Borda.). 



log, x = 2 log, (#— 1) — log, (w — 2) 



_ 2 4 — r — ■■ — + 



3(2^-4^-1)= 



+ &c 



•} 



^.•-s^-ir-* 



«r OT — # ~ w 



w 



m 



* log, (1 +.*) = (! +«)-.S..«-S r (-l) 



m — r 



]n 

f— 1 



t r— !.(•»— r + 1) 



y +2S„ 



i / aft(«+ft) y- * 

2»»- 1 \* s - m(a* + oft + ft 2 )/ 



t 



-2S. 



(2»»-l)(2^-4«»-.l) 



&»-l 



log,(« + 2)-21og.(« + l) + 21og,(»-l>-log.(*^2) 

r 

log, (a + 5) — log, (x + 4)— log, (a? + 3) + 21og,« 
— log. (*—*)-*■ logi <*— 4) + log, (»—5) 

f 73 1 /__72__\ s - \ 

= V-25«* + 72 + 3 V-25^ + 72J + &C j 

— log, (a? + 6) + Slog, (tf -f 5) - log, (a? + 3) - log, (a? + 2) 

+ »log.a^log l (*--l) 

f 18 x / 18 \ 3 ) 

" W+ 10^+25^-18 + 3 U*+ 10^+25^- 18/ +&C \T 

(Lavernide, Ann. de Math.) 

To find the logarithm of any number from the tabulated 
logarithm of that number without the last digit ; 

♦ 

+ <*••> {ro - * (mi + * (i^y + &c -} • 

(Cagnoliy Trig.) 

N. 

Continued Fractions. 
(30.) The general form of a continued fraction is 



a 



%- 1 



1 



<, -f __^. 



2§ -i—Z^L-V"" 1 
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which may for convenience be thus expressed: 

a _ 1 1 1 1 

V 

"■u—{«»}" t +«.-ll~ i +-..+M" 1 +«l}~ 1 t 

12 » * * — 1 2 1 

by inverting the* order of the terms. 

n is a finite quantity only when ? is rational. 

b 

Let the m 01 converging fraction be — . 

Bi ci f " 

A, 1 I c 9 



B 2 c x 4- e« ^.Cj+l' 

As 1 1 1 C 2 .C 3 + 1 

B 3 ^ + / V+- / ^ c t . c 2 . c 3 + c s + c x * 

&c.= &c. = &c. 

A^+2 A « + r c »+2 + 4 






(!)• 



B m + 2 B i» + i • c »» + 2 + B 

« A*^ M|d > A £2 
" Bg,,-! B 2w 

A-t^-i-B^ — A^ •B ttMMl «= 1, 

A2 OT • B 2m + 1 A 2m + j . B 2w =a — 1. 

a A* 1 1 

6 B„ B*.B m+1 Bj 1 

1 



B »UW+B« + i) 
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If p> q are any numbers whatever < A^, B ro > respectively, 



* * 



If A S)1 , +s B g(1 , - A«»a,» + « = n, -then 

9 ■ 9 - — — * , »*<• 

B 2w> B 2m + B 2w> + i B 2 „ + ^B 2l „ + i 

A^+fo— l)B £m + ! A g»i + g 

B 2jw +(^- 1 )B2» + i > B 2w + 2 * 

a 
form an increasing series, each term of which is < ~ «► 

If A 2W . 1 B 2W+1 - A 2w+1 B 2w . lS =w, then 

4 

A 2»»-l A '2to-1 + A 2m A Sffl-l *^^ A gW ft- r . 

- ■ , ■ ■ " , ——————— ^ OfcC. 

B 2*»-i B a*»-i+ B 2i» ' B 2w -i+*B 2w 

■&*m-l + ( n ~- *) A 8» Aaw + i 

B^-i + Cw-^Bg^,' B 2m+1 ' 

form a decreasing series, each tetm of which is > - . 

b 

No rational fraction whose denominator lies between the 
denominators of any two adjacent terms of these series can be 
inserted between those terms. 

A - * 1 + l ' + I (~ i r 

■ = — — — ' -J- — * ' ' T" > • • "T * ' ■'■" • - 

B m B l B 1* B 8 B 2* B 3 B »* B » + i 

To approximate to the value of a fraction, whose numerator 
and denominator are high numbers: obtain c 19 c 2 , c 3 , &c. by 
actual division, and the series of converging fractions may be 
obtained from equation (1). 
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A continued fraction may frequently be simplified by the 
introduction of negative quotients;' for 

1 1 

o ^ = o + l — 



1 6-1 

(G. Chap, xxxi; G. A. 12 — 20; JE. Add. Art 1; Lagrange, 
Equ. Num. Chap, vi; Art. 1, 3.) 

To reduce — - — - to a continued fraction: di- 
et + a x + a 2 + &c. 

aiding the denominator by the numerator and taking one term 
of the quotient, we have 

» 

a + aj + fec. a \ * 6 V \ 2 6 V * 

i = - -j- 1 — 1 • 

ft + b x + &c. 6 b + 4 t + &c. ' 



a a 

Assume a t — - . b x = c, a 8 — - . 6 2 = c 19 &c. = fec^ 

proceeding as before, the second quotient will be 

ft-fft^&c. *o ■ \ l jc V \ 2 c V 

c + Cj + &c. c c + «?i 4- &c. 

In the same manner, assume 

b L + - . c x = d 9 b 2 -H - c fi = dj, &c* = &c. 
c c 

* ■ 

and proceed as before: we at length obtain . 



» • 



6 + t 1 + fc a + &c. = 1__ 1 1 ((? A 

« + «!+«. + *«• «. + /» ?+ /2 + . fcc .. 



(f 



as 



jU*??bila. 



Periodic continued fractions. The value of every periodic 
fraction may be determined by the solution of a quadratic 
equation; and the root of every quadratic equation may be 
expressed by a periodic fraction. 



If 7 = — , a 
b o 



a 
b 



2 



+ c.r —1=0, and 
b 



?«i(^±^ + 4l^ 



If a 



e t +fc* 



a 



+ c 2 .~ -=0. 

b c, 



If ^ =5S jr> 

Q /» U- ft* 



Cx + 'c*+ f c % 

a } g ' j V C 2- C 3+£l*~ C 2*03 ^ <V C 3 + * A 

— + -* --= •- =- = 0. 

b J CjC 2 -fl b c x ,c e + 1 

, (G.J. 21, 2; B. 147— 9.). 

To reduce the roots of a quadratic equation to continued 
fractions : let t^ie equation be 

aa* + bx + c = 0, (1) 
in which b* — 4tac> 0., 



/ ■ i » i 'i » » 



« The /WZ potw* is placed over the, first and last fraction of the 
period, as in circulating: decimals, to denote the extent of the period. 
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1 

from(l), * = o- (-* + 6*-4ac|*); 

assume a? = c + — , co being > c but < e -f 1> then 

a^-f 6 1 a? + a = 0, (2) 

in which equation a x = oc 2 ■+- be + c, 

6j = 2ae + b; 

from (2), * t = — ( - 6 t + 6^— 4a.a 1 |*)> 

= e x + — 5 an d s° on * 

& s — 4 a c = b\ — 4 a . a x = b\ — 4 a x . a 2 = &c . 
= d, suppose; then 



2a t = 



bj-d 

2a 

2a *=V 



2a3= -2a7 



2a x 
Vd-b. 



> e x and < e t + 1 ; 






&c. 
1 1 



2a„ 



> e 9 and < Co + 1 ; 



2 a, 



6 1 = 2o.e + 6 

l, = 2o 1 .« 1 + l 1 

&c. 
and# = e + / y 

In the same manner we may find the value of the other 
root of (1), viz. 



* > e 3 and < e 3 + l* 



2« 



(_fc_ft2_4 oc |i). 



The values of e x , e 2 , &c. are the same in this ease, but they 
occur in an inverted order. 

(G. A. 23; Lagr. £gw. Nvan. Ch, 6. Jrtf. 2; Legendre, 
Theor. Nomb. 59 — 74) 

E 
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(31.) To find the value of Vc : the equation (1) and the above 
formulae become respectively 



& 1 = l.e — 



b 2 = a x . e x — ■ b t 



b 3 = a 2 .e 2 — b 2 



&c. 



and |/c = c-f 



«i = 



« 2 = 



«s = 



"X" 

c-bl 



a t 



&c. 



i/c + 6 x 



a, 



> c x and < e x + 1 ; 



\/c + b 2 



a e 



\/c + b 3 



a, 



> e 2 and < e 2 + 1 ; 



>e 3 and<e 3 + 1. 
&c. 



«! + 



.stz:/: 



e 2+'e<.+ &c. 



(fi. 143 — 8 ; Legendre, Theor. Nomb. 28 — 33.) 

The periods in the series a 19 a 2 , a 3 , &c. e l9 e 2 , e 39 &c. for 
all values of c from 1 to 100 will be found in the annexed table. 






&C 

&c. 



x/ 8 tfl 



6 



216 



V"«i- 



/1QJ352531 

V XJ7 *213128 

/21 $643451 

V ^112118 

/QQJ632361 

V 4 ***124218 

x/ 26 U l o 

\/^'l5 10 

V ^°t32310 * 
/QQ 14 5 64 1 

V ^ *2112 10 

/ai (6532356 1 
V x 111 353 11 10 



< y 32 f74ri 



1 1 1 1 10 



«/33{ 8 *8i 



2110 



4110 
10 1 



12 



^37{ 

V*1\2212 



12 

4 1 
312 



s/43{ 
v/44{ 

v/46{ 



6 1 
212 

763929367 1 
113151311 12 

8674758 1 
111211112 
94549 1 
1222112 

10 376526673 10 1 
1 311262113 I 12 



CONTINUED FRACTIONS. 
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/KQf3949S 1 

V '4121414 

/KQ(4774 1 

V °^1811814 

/KJJ69296 1 

V °*12161214 

/««J666 1 

V *22214 

J mil 

* / WJ87378 1 

V ot £1141114 

/fil (123496694312 1 

V '1481921141 14 



967769 1 
1 1 1 1 1 1 14 

1062 610 1 
1 2 7 2 1 14 



13 213 1 
1 6 1 14 



816 
367929763 1 



V"' 46 21171126 16 

/^Q( 5 4 11 3 11 4 5 1 

V l « 1 4 1 3316 
/»yA| 696 96 1 

V * V *2121216 
/»71 17 6 11 2 11 6 7 1 

V 4± ^22 1 7 1 2216 

/74J983389 1 

V • d 111551116 



7 74 

x/75 

776 
x/77 
x/78 
779 
780 

782 
783 
784 
785 

7 86 

7 87 
788 

789 
7 90 

7 91 
792 

7 93 
794 

795 

7 96 
797 

798 

7" t 1 is 



1 

16 



107 710 1 

I 1 1 1 16 

II 6 11 1 
1 1 1 16 

1268934398612 
1 211646112 1 

13 4 7 4 13 1 
1 3 2 3 1 16 

14 3 14 1 
1 4 1 16 * 

16 2 16 1 
1 7 1 16 

16 1 

1 16 

1 
18 

2 1 
918 

3 1 
618 
4994 1 

4 1 1 4 18 

5 10 7 11 2 11 7 10 6 1 
3111811 13 18 

6 1 
318 

79897 1 
2111218 

8668 1 
233218 

218 

10 9 3 14 3 9 10 1 
1161611 18 

11 8 7 4 7 8 11 1 
1 12421 1 18 

12 7 11 4 3 4 11 7 12 1 
111464111 18 

136691031621631096613 1 
123116181 611321 18 

14 6 14 1 
1 2 1 18 

16 416 1 
1 3 1 18 

16311899811316 1 
1611111161 18 

17 217 1 
1 8 1 18 



(E. Add. 41.) 



The last quotient in the period = 2e, e being the nearest 
root. (*• !«•) 
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General Properties of Equations. 

(32.) Every equation of n dimensions in x may be reduced 
to the form 

whidh for convenience may be represented by <f> (at) = 0. 

If (#) be divided by w — a, the remainder will be (p (a). B 
If (p (ai) c-so a? — a, a is a root of <f> (a?) = ; and con- 



versely. 

Every equation has at least one root. 

(Du Bourguet, Ann. de Math. Tome 2.) 

Every equation of n dimensions has n roots, and no more. 
If a r is the r* root of (p (w) = 0, then 

(*0 =s (fl ~~ a i) (/* — a s) O^-" *)* V 

The coefficient of d^ 1 " 1 in <p(a) is the sum of all the 
combinations of the quantities — a 19 — a 2 , — a 3 , ... &c. — a„, 
taken w-w + 1 at a time : ' thus 



n+l 

n+l 

or = S ro a wl _ 1 ^- 1 ; 

a w being unity: this will frequently be found to be a more 
convenient mode of arrangement than the former. 

n+l n+l 

B S W g «.-i^~' _ g -. -XT' n r - 1 . S,^.^- 1 
x _- &■«" &r«. + r-,a + ^_ a ■ 

n+l n 

y S m a m . 1 ^ B - 1 = P r (*-a r ); 

n+l n-m+l,n 

= S M ^- 1 C f (-a r ). 

n— f»+l,n 

' «»-i = C r ( — a r ). 



» 

6SNS&A& PROPERTIES OF EQUATIONS. . 3*J 

a n J 2 = sum of the roots, with their signs changed ; 

a„_ 2 = sum of their products taken two ,at a time, with 
their signs changed ; 

&c. = &c. 

a = product of all the roots, with their signs changed ; 



a 



= sum of all the combinations of the quantities 

1 1 l s, 1 

,— p , etc. — , 

a i «« <*3 a H 

taken wi-lata time. * 

1 
^ a *-»+i =a *i-i> t " len a r being a root, — is also a root. 

If the coefficients are alternately positive and negative, 
the roots are all positive; if the coefficients are all positive, 
the roots are all negative. 

If the signs of all the terms are changed, the roots are not 
changed. 

If the signs of the alternate terms beginning with the 
second are changed, the signs of all the roots are changed. 

If the coefficients are integers, the equation cannot have 
a fractional root. 

If any coefficient be altered, all the roots are altered. 

If n is odd, <f>(jv) = has at least one possible root, which 
had the same sign as — a. 

If n is even, and a negative, the equation has two possible 
roots, one positive, the other negative. 



V ' 
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If a is positive, there is an even, and if negative, an odd, 
number of positive possible roots. 

If a + 1//3 is a root of an equation of which the coefficients 
are rational, /3 not being a complete square, then a — V$ 
is also a root. 

(W. 280—97; Bout. 276—80; L. 178—94) 



TRANSFORMATION OF EQUATIONS. 

(33.) To transform the equation <p(w) = into another whose 
roots are a x — c, c^ — c, &c. a„ — c: # assume # = y-i-c, and by 
substituting this value of x in <p(x) =0, we obtain 



y n + nc 



-i , »(»-!) 



3T + 



.cf 



■fw . c 

+ (n-l)a„_ lC «-* 
+ (n-2)a„_ 2 c»- 3 

+ &c # 



1 . 2 
+ ( w _l) a|f _ iC 

n-1 



y- 8 + &c. 



+ &C . 



= 0; 



which may for convenience be thus expressed ; 



y* + 



^"^(c) 



1.2.. .(»-l) 



y*- 1 * 



x// w -- 2 (c) 
1.2...(» — 2) 



,»-« 



+ &C 






n+l •/*"* n-m+2 

0=S ""i^"~T ,Sr |OT + r ~ 2 ,gw+r - 2,cr " l; 

1 m— 1 



-W + S^-^W- 
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To take away the m* term of <f> (a?) = : assume the co- 
efficient of the vrl^ term of the above equation, 

»(n-l).,,(^m+g) (n : l)...(^m+2) 

1. 2 ... (w-1) 1 ... (w-2) n x 

hence, to take away the m^ term we must solve an equation of 
m — 1 dimensions. 

If m=»2, rcc + a*-! = 0; 

n (n — 1) 

To transform an equation into one whose roots are re- 
spectively m times the roots of the original equation : multiply 
the successive terms by 1, m 9 tn? 9 &c. . 

If the coefficients be respectively divided by 1, m 9 rnr, &c. 
the roots will all be divided by m. 

To transform the equation <f> (w) = into one whose roots 

1 

are the reciprocals of the roots of the former : assume a? = - , 

we obtain 

* a a a a 

(W. 280—97; Bout. 2J5— SO; G. 310—25.) 



. * To take away the coefficient of y*~ m+1 r assume 

In — m + r 



r-1 
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ELIMINATION. 

(34.) If two equations each containing two unknown quantities, 
have a common divisor containing both unknown quantities, 
the number of solutions is infinite. 

If they have a common divisor containing only one unknown 
quantity as #, w will have a finite, y an infinite number of 
values. 

To eliminate one of the unknown quantities as x : arrange 
both equations according to the powers of #, and proceed as 
in finding the greatest common divisor; we shall at length 
obtain a remainder containing only y, which being made = 0, 
will give the final equation required. 

If this equation be capable of solution, the values of x 
may be found by substituting those of y obtained from it, in 
the preceding remainder. 

If we have three equations (1), (2), (3), containing three 
unknown quantities, so may be eliminated between (1) and (2), 
and (1) and (3) ; and two equations thus obtained, each con- 
taining y and #, from which y may be eliminated ; the result 
will be the final equation in terms of % only. 

The same method may be applied to n equations, con- 
taining n unknown quantities. 

{Bout. 281 — 90 ; L. 184 — 96.) 

If 6j, 6 2 , &c. are the factors that have been introduced for 
the purpose of avoiding fractional quotients, the last remainder 
divided by b x . 6 2 ... &c. will be the true final equation. 

In general, the degree of the final equation equals the 
number of separate systems of values that satisfy the given 
equations. 

If the last remainder is independent of the unknown quan- 
tities, the equations are incompatible. 
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Further observations, and their application to particular 
cases. {Bout. 361 — 84.) 

Another method. Let the equations be reduced to the 
form 

1 -I- A x 00 + Ao** + A % 0O % + ... + A m tf n = 0, (1) 



- t Q>i do a* a~ ^ 

1+ ^ + J + i + -d=0, (2) 



and let 

U l + A 2 W + A s <*+...+A n 0- 1 )* = *A 1 +*A 2 a> + %a?+ &c. 
Ui + A** + A s afi + ... + J m ^ 1 - 1 ) 3 = 3 J X + %a? + %ff* + &c. 

&c. = &c. 

in J. "* O. "» J- J- *" V - *„ -L ^ _J_ *** _J_ £ 

lOiH — + "1 + <•• + -^T/ = a i H I--T + &C. • 

\ oo or or v w or 

* 

(a 2 a 3 a„ \ 3 3 a 2 3 a, 

w or or V oo or 



&c. = &c. 



also assume 



B x — Atf — Ai '•> 

&c. = &c. = &c. 
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&c. = &c. = &c. 

and let css^.^ + 2j8 2 .& 2 + 3.B 3 .& 3 4- &c; then 

1 - c+ o-iis + &c=s() ' ore " c=0 

is the final equation required; from which however it is necessary 
to exclude all products of the quantities a 19 A 2 > &c exceeding 
m dimensions, and of a v a 2 , &c. exceeding n dimensions. 

(G. J. 44.) 

Third method. If aaP^aiOP" 1 + a^aP"* + a s rf*~ s + &c. 

multiplying both sides by aw> and substituting for aaP its 
vajue, we obtain 

a*0* +1 = (a x .a t -f a.a^a*' 1 + (a^c^ -I- a.a 3 )# w ~ 2 

+ (a x .a 3 + a.a 4 )a? n ~ 3 4- &c. 
assume o 1 .a 1 -Ha.o 2 = 6 1 , a x .a 2 + a.o 3 = 6 2 , &c. 
again multiplying by a#, and substituting as before, we have 
a s a?* +2 = («!&! -I- a.b^x* " ml + (a x .6 2 + a.6 3 )a?*- 2 + &c. 
= c 1 # n - 1 + c 2 a? n - 2 + &c. 
and so on. We have 

Cj = a t 4 b x -H <* • fl 2 • ^1 + fl 2 • o 3 , 

c t ~a 1 .d l -f- a.ag.Cj + o 2 ,a 3 .6 1 •+- fl'.^.flx + a .05, 
&c. = &c. 
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b 2 = a x . a % + a . a s , 

d 2 = ©j .c 2 -+- a.a%. 6 2 -f- a 8 . a, . a 8 + a 3 . 05, 
&c. = &c. 

If we have two equations of n, and n + r dimensions in x 
respectively, we may, by substituting the values of «r n+1 , 
#" +8 , &c. determined by this method, obtain an equatipn of 
w— 1 dimensions, and from this last and the former, one of 
n — 2 dimensions by the same method, and so on ; we at length 
arrive at an equation of no dimensions in #, which is the final 
equation required. (Kramp, Ann. de Math. Tome 1.) 

Application of the theory of symmetrical functions to 
elimination. (Z. C. 10 — 4; Waring, Medit. Alg.) 

Depression of Equations. 

* * * 

(35.) Equations containing equal roots. If 0(#) = has m 
equal roots,. <p'(x) = has m— 1 of them: hence these two equa- 
tions will have a common divisor ^ (a? — cr) m ~ 1 > which may be 
found, and the original equation thus reduced to another of 
(n — m) dimensions. Also 0"(#)=*O nas •»■— 2 of the equal 
roots, and therefore 0(a?) = 0, <ff(x) =0, 0"(#) *= 0, will have 
a common divisor fcfo (# — a) m ~ 2 . 

If 0(a?) = has two roots fcfc + a, they may be found by 
changing the signs of all the roots, and finding the greatest 
common divisor of the original and resulting equation. 

(W. 319, 20; Bour. 292—8; L. 205—8.) 

(36.) Rectirring equations* Every recurring equation of 2n -f 1 
dimensions has one root = + 1, according as the last term is 
negative or positive, and may be reduced to an equation of 
2n dimensions by division. (W. 295.) 

The roots of a recurring equation of 2n dimensions may 
be found by the solution of an equation of n dimensions, if 
n > 1. (W. 325; Bour. 299—300.) 
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Symmetrical Functions of the Roots. 

(37.) Slums of the powers of the roots. Let S l9 S& S& &c. 
represent the sums of the 1st, 2nd, 3rd, &c. powers of the 
roots. 

S* = ~ a *-l'$i — 2a »-2* 

&c. = &c. 

S n +m~ ~~ a n-lSn + m-l~~ a n-2Sn + m-2~~ ••• " ma S m - 

Let S„ 19 S- 29 &c. represent the sums of the negative 
powers of the roots ; 

* a 

a l o 2 

£_,---*-,--*_,- -a,, 

a a a a 

&c. =5 &c. 

m continually approximates to the greatest, and ~ m+1 



^m-l ^-: 



m 



* -"»«»-,» = S.«.-. + 1 .SrV" ,+ I - 

n+1 n 

* = S,a,_ 1 .S r a r , » + '- 1 . 



m 



v -ma m = S r a r _ 1 .S,a,- m+r - 1 - 
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to the least root, as m increases, if all the roots are pos- 
sible. 

(W. 352, 3; Bour. 302 — 7; G. J. Chap, v; Gergonne, 
Ann. de Math. Tome. 3.) 

To express the sums of the powers of the roots in terms 
of the coefficients only, and conversely. 

3 3 3 

&c. = &c. 
(Waring, Med. Alg. Cap. i; Jrbogast, Calc. des Deriv. 68-78.) 

(38.) Let T (a 1 r i.a/*.+.a m 1 ' m ) represent the sum of all possible 
transpositions of the products of the roots taken m at a time, 
the several roots in each transposition being raised to the r 1 th , 
r^, &c, r^ powers respectively. 

^.T(o 1 r ».a/.)=y« , + rs «/ a )+ y(«i ri «/ a+r ') 

+ Tiafi.a/i.aft); 
S rA . T(a*>.af>.aS>) = 7(0/1 + '*. a/-, a,*) + Tia**.aj*+**.a**) 

+ 7 7 «-.a 2 r ».a 3 r 3 +r + T(<i.a/».a 3 r '.a 4 r 4); 
&c. = &c; 



n+l 

5 If a r is the r* root of the equation = S m c m . 1 # n ~ m+I , 
then S r « y »=mS r (-ir- r+1 . m ' ' , 

m r [m — r + 1 \ m J 
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«y r- .T(a/".a 4 r ..a s r »...a w _, r ^»)=7'(a 1 r ' + r-.a s r ..a, r »...a (B _ 1 r «.-0 
+ 7 T (o,r>.a r « +r -.a, r »...a (B _, r -i) + &c. 
+ T(a l r *.a t r :a, r :..a m „ l '-i+ r -) 
+ T(a^.a^.a 3 r *...a m r "). 

Hence T «■ . a/.) = tf r> . S r% - S r> + r> . 

If n = r„ T (^l r ') = i (Sj? - S, r,)- 
T (a x r > . a 2 r a . a 3 r j) 

If r 2 = r s , 



If r 1 = r 8 = r 3) 



T (a x -a^a z | r ») = g tf f| ] — ££ r| . ^^ + ■J^ 3 r l • 

Every symmetrical function of the roots of <f>(a) = 0, and 
the coefficients of every equation whose roots are symmetrical 
functions of the roots of that equation, may be expressed in 
terms of a 19 o 2 , &c. the coefficients of 0(a?) = O. 

(G. J. Chap, vii ; Bour. 303, 8.) 

The Equation of Differences. 

(890 Let/ + tif 1 + K-ztf~* + ••• + Ky + * = be the 
equation whose roots are the squares of the differences of the 
roots of 0(aO = O, and <r 19 <r 2 , &c. the sums of the 1st, 2nd, &c. 
powers of its roots. 



2m 2m (2m — 1) 






+ 
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2m(2m~l),.,(ffl-hl) 

v — x ; '"i 6 ^ — -f v^»; • 



fc r . 2 = — i(6 r - 1 o- 1 + <r 2 ); 

&c. = &c. 
n(n-l) 

r = r— a— 

If the given equation is a cubic, the transformed equation 
is also a cubic, and 

^2(3^-**); 

^=(30* -4)*; 

6 = — ^-{4(3^ — af)(af — 3a 2 .a) + (9a — a t a 2 ) f {. 

If the given equation is a biquadratic, the transformed 
equation is of six dimensions, and 

ft 6 = 8a 2 ; 

a 4 = 22a| + 8a; 

6 3 = 18af — 16a 2 . a — 26af ; 

6 2 = l7a* + 24a|.a — 7.2 4 .a* + 3.2 4 .a 2 .af; 

6 1 = 4aS4-2.3 3 .o|.a?4- 2 3 .3 s .of.a-3.2 6 .a 2 .a 2 4-2 5 .o|.a; 

fe =2 8 .a 3 -2lal.o s + 2\3^a 2 .af.a + 2^a^a-2 4 .a5.aJ--3 3 .of. 

The biquadratic is here supposed to have been deprived 
of its 2nd term. 
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p 

If 6 is negative the biquadratic will have two possible, and 
two impossible roots : if b is positive, the roots are all possible, 
when 6 2 and b 4 are positive, and b 19 6 3 , b 69 negative ; otherwise 
they are all impossible. 

To obtain the equation of differences by elimination: for 
a substitute « -f z in <p(xi) = 0, and in after suppressing <p(x) 
in the transformed equation, (Art. 33) eliminate oo between that 
equation, and* 0(a?) = O. If y be substituted for tf 8 in the 
resulting equation, which contains only the even powers of ar, 
it will appear under the same form as above. 

(G. 369 — 9; G. A. Chap, vi; Bour. 310, 1.) 

Limits of the Roots of Equations. 

(40.) The limits of the roots of an equation, if substituted 
successively for the unknown quantity, give results alternately 
positive, and negative. 

If two quantities when substituted in an equation give 
results having different signs, an odd number of roots must 
lie between them : if the results have the same sign, an even 
number of roots, or none, must lie between the quantities 
substituted. 

To find a superior limit to the roots of an equation; 
in the transformed equation, (f>(y + c)=0, assume c such 
that all the coefficients may be positive ; this, value of c will 
be a superior limit. 

To find an inferior limit, change the signs of all the 
roots, and proceed as before. 

The greatest negative coefficient increased by unity is 
a superior limit. 

If a n - p is the first, and a n _ r the greatest negative 
coefficient, then 
i 
(a*_ r ) p +l * s a superior limit. 

(.Maixiere, Ann. de Math. Tome 3.) 



• 
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A negative coefficient less than the greatest increased by 
unity will frequently be found to be a superior limit : let a r 
be the greatest negative coefficient, and a r + x positive, then 
since 

this part of the equation is essentially positive for all values 

a 
of x > — — *, -therefore the next greatest negative coefficient 

a r+l 

• a 
+ 1, if > — — , is a superior limit. 

If the roots are all possible, and positive, each of the 
following quantities is a Superior limit; 



1 . 2 



' n J ' 



^( f> * 1) (^-- 8tt -i- g -» + ag -i)l • (^305.) 



K-d\ • 



The roots of the equation <f>'(ai)=z0 are limits between 
those of the equation 0(#) = O, when the roots of the latter 
are possible. 

If all the roots of an equation are positive, or all negative 
and its terms be multiplied by the terms of any arithmetical 
progression, the resulting equation will be a limiting equation 
to the former, 

If the equation has both positive and negative roots, the 
same is true ; with this exception, that either two of its roots 
or none lie between the positive and negative roots of the 
original equation, according as a decreasing or an increasing 
progression is used. 

(W. 298—318; Bour. 318—27; F. 507—11.) 

G 
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Descartes' 8 Rule. An equation cannot have a greater 
number of positive roots, than it has changes of sign from 
term to term, nor a greater number of negative roots than it 
has continuations of the same sign. 

If the roots are all possible, there are exactly as many 
of them positive as there are changes, and as inany negative 
as there are continuations of sign. 

{Bout. 328 — 30 ; G. Chwp. 34.) 

Investigation of Commensurable Roots. 

(41.) Let a be a commensurable root of 0(#) = O, and 
therefore an integer; and assume 

a 
a 

9i + c i __ . 

=9«; 

a 

&c. =? &c. 



a 



= -<**; 



q 19 q 29 &c. q n _ t ; are all integers. Hence, to find the commen- 
surable roots : write down in a horizontal line all the divisors 
of the last term, negative as well as positive, that are between 
the nearest assignable limits of the greatest positive, and nega- 
tive roots; under these write the corresponding quotients of 
the last term divided by each of them ; add to each of these 
the coefficient of a?, and write down the sum under the cor- 
responding quotient; then divide each of these sums by the 
divisor standing over it, and write down the quotient under 
it, neglecting all fractional quotients; to the remaining quotients 
add the coefficient of #*, and proceed as before ; and so on : 
those divisors which give always an integral quotient, will be 
found to be roots of the equation; which may therefore be 
reduced as many degrees. 
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If there are equal roots, this method will only detect one 
of them, it should therefore be repeated with the resulting 
equation. 

We need not. include 1 or — 1 amongst the divisors, as 
it is easy to ascertain whether either is a root of the equation. 

The number of divisors to which the above process is 
applied may be thus reduced. Let b i9 b 2 be the results ob- 
tained by substituting +1 and — 1, in the equation: 

[l] Every positive divisor which when diminished by 
unity does not divide b 19 and when increased by unity, does 
not divide b 29 may be rejected. 

[2] Every negative divisor which when increased by 
unity does not divide b 19 and when diminished by unity does 
not divide 6 2 , may also be rejected. 

(Bour. 331— -7 ; L. 199 — 203.) 

If three, or more terms of the arithmetical progression 
1, 0, — 1, &c. be substituted for the unknown quantity, and 
the divisors of the results, taken in order, be formed into arith- 
metical progressions, those divisors of the last term which occur 
in these progressions may be found on trial to be roots of the 
equation. {W. 336—40.) 

Investigation of Incommensurable Roots. 

(42.) Case 1st. Suppose the difference between any two 
possible roots >1. 

[ 1 ] Lagrange's Method. Find a number b x such that one of the 

1 
roots is >b 19 bu't<6 1 -fl, and for w substitute b t + - in the 



Wy 



given equation. The resulting equation in w x must have at 
least one possible root > 1, let this root be > 6 2 and < b 2 -f 1 ; 
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1 

for w 1 substitute b 2 -\ , and repeat the same process with the 

resulting equation in w 2 : and so on, as far as may be thought 
necessary. Then 

111 

[2] Newton's Method. Determine by experiment a number 
Cj such that one of the roots is > c 19 but > c x + 0,1 ; for m sub- 
stitute c x +y 9 and from the resulting equation in y, obtain an 
approximate value of y 9 by neglecting y 2 and all superior 
powers: thus an approximate value of cg is obtained. If greater 
accuracy is required, the same process may be repeated. 

(Bour. 341 — 9 ; Lagr. Equ. Num. Chap. 3.) 

Case 2nd. Suppose the difference between two possible 
roots to be <1. 

1 
Determine the inferior limit ~ of the positive roots of the 

V 

equation of differences, and let k be the least integer > s/li 

transform the given equation into one whose roots are k times 

as great, in which equation if the series of natural numbers be 

successively substituted for #, one root and only one will lie 

between any two numbers m 9 and m + 1, and therefore the 

k 
corresponding root of the given equation will lie between — , 

k 
and . A nearer approximation may be made to this root, 

by either of the preceding methods. 

The equation must be cleared of equal roots, before this 
method can be applied. 

{Bour. 360—7 ; L 217—20.) 

Quadratic Factors. 
(43.) Every equation of n dimensions has at least one possible 
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quadratic factor, if every equation of -J n (n — 1) dimensions has 
one possible factor either of the first or second degree. 

Hence every equation of 2m dimensions may be decom- 
posed into m quadratic factors. (Z. C. 38, 9.) 

To find the quadratic factors of 0(a?) = O divide 0(#) by 
aP+par + q, dnd continue the division, until the remainder 
contains only the first power of at, and may be represented by 

/i(P>?)*+/ 2 (P>?) = °> 
*en f x (p, q) = 0, and / 2 (p, q) = ; 

from which equations q may be eliminated, and the correspond- 
ing possible values of p and q determined as above (Art. 34.) 
will give the quadratic factors required. (Hour. 338, 9.) 

Further investigation of the commensurable divisors of 
literal and numerical equations. (Clairaut, Elim. (FAlg. P. 3.) 

Impossible boots. 

(44.) It a + ft ^/— 1 is a root of an equation of which the 
coefficients are possible quantities, a and /3 being possible, 
a — /J^/ — 1 is also a root. 

Impossible quantities of all degrees may be reduced to the 
form A + 2?^/— 1, A and B being possible quantities. 

To find the impossible roots : substitute y + *s*J — 1 f or x 
in the given equation, and another equation will be obtained 

hkA + Btf-l^O. 

Determine all the corresponding values of y and * that 
satisfy the equations J = 0, 5 = 0; let these be o 15 a g , &c. 

ft, ft, &c then Oi + ftV"" 1 ' °s +-&>/ — *> &c - ^ the 
required roots. 
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The series of quantities, — 4/3f, — 4$, &c. will all be 
found amongst the negative roots of the equation of differences : 
to determine whether — c, a negative root of that equation, is 
one of these quantities, substitute ^v'c for z in A and JB, and 
if it be such, the resulting polynomials in y will have a com- 
mon divisor. 

If the equation of differences has other negative roots 
besides the above series, it must also have equal roots, which 
may be determined by preceding methods. 

If any series of quantities be successively substituted for ar 9 
there can be only as many changes of sign in the results, as the 
equation has possible roots. 

The equation <f)'(x) = 0, has at least as many possible roots 
as </>(#) = 0, wanting one. 
(W. 366—62; G. J. Ch. 2; Baur. 386—92; F. 633—6.) 

Newton's rule for discovering impossible roots. (W. 363.) 

Application of thk Theory of Equations to Surds. 

(46.) To extract the cube root of a + Vh : assume 

a + */& = *(* + */y) 3 , 



then **-*y=-.(a* — 6)*| ; 

* must be so assumed that (a 2 — 6)* = c s , c being an integer. 
Eliminating y we obtain 

which equation must have at least one possible root, in order 
that we may have 

a + Vb^x(w + Vyf. 
To extract the n 01 root of a + \/b : assume 
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35 



* must be so assumed that (a 2 — fc)*"~ 2 =*c w , c being an integer. 

Eliminating y between the equations 
y = a? 2 — c, and 



asat^i 



1. 2 



a?*~ 2 y + &c.) 



we obtain a final equation in #, which must have at least one 
possible root in order that we may have 

(Bour. 403 — 5 ; L. C. 47 — 9 ; G. J. Chap. 15,) 

Cubic Equations. 

(46.) Cardan's Method. Let the equation be reduced to the 
form 



Assume y + *=#, and y# =— -a x 



4 



f a ° 



{a a 2 of 
~2~ 4 + 27 



Y 



The three values of x are 

-ii(y+*)-(y 



*)v/-3}> 



a 2 aj 
If — + r= > 0, y and # ire possible, and a result may be 
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obtained. In this case the equation has one possible, and two 
impossible roots. 

If 7 + s? =0 ' the roots "" (§) ' \V ' md - 2 \2) * 

a* a 3 
If f- --L < o, y and * are impossible, and no result can 

be obtained. In this case all the roots are possible. 

Let the equation be 

a? 3 — c^a? — a = 0, 

which has at least one possible root ; let this be a, the other two 
roots are 



-§(«±K-3aT) 

from which their values may be obtained, if the value of a be 
determined by approximation. 

(W. 326—31 ; J£. 734—49 ; Bour. 406—11 ; G. J. 58.) 

Solution of a cubic equation by the method of divisors. 

(£. 719-33.) 
Solution by the theory of symmetrical functions. 

(Bour. 415 ; G. A. 52.) 

+ Biquadratic Equations. 

(47.) [l] Descartes^ Method. Let the equation be reduced 
to the form 

the first side of this equation maty be supposed to be the product 
of two quadratic factors 

aP + eoo -f /, and a? — em + g. 

Multiplying these factors together, and equating the coefficients 

Of Wy 

«(#-/) = »i> 
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eliminating /, g 9 and pitting y for ef, we obtain 

y s + 2« 2 y* + (a|-4a)y-<ij«=». 

This equation may be solved by either of the preceding 
methods, if two of its loots arq impossible, and ttye fiataififr 
value of y, or e* obtained ; tlje values of so are , 

# =-4±(-^-4 + f)' 

-' J*(-?-f-?)' ("■•" M » 

The same reducing cubic equation may be obtained by 
substituting y -f * for 0, and in tlje resulting equation putting 

4*y* + (4** + 2o 8 * + ajy = 0. (F. 551—2.) 

[2] Waring' s Method. Let the equation be ' • * 

# 4 + « 3 # 3 + a 2 #* + *i« + » — 0, 

or # 4 -f Ojd? 3 = — a 2 a? — a^ — a. 

adding f -7 + y\aP + ^y • 9 «*• — tQ both sides of this equation, 

the second side becomes a perfect square, if 

y 3 — ««»* + («! . a s — 4a)y — o(aJ — 4a fi ) — of = 0. 

By substituting the possible value of y obtained from this equa- 
tion, the preceding is reduced to two quadratics, whence the 
(roof;s niay be found. (W. 384, 5.) 

This and the precqdjng method are applicable only when 
the proposed equation has two possible, and two impossible, 
roots. 

[3] Enter's Method. Let' the equation he reduced to the 
form 

H 
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Assume »= •& + Vfo + \Z&, (1) 

* 

A> fiv ft& being the roots of the equation 
Raising (1) to the 4 th power, we have 

equating the coefficients of a? we obtain 

o|— 4a 

' ft- ^ 

If a x is positive, the values of at are 

•- + •& + •&-•&, 

#« + •&-•&+•&» 

If Oj is negative, the values of at are 

•« + •& + •&+•&, 

» « - •& - V& + •& . (£. 773—83.) 

The same result may be obtained by assuming 

m*=u + y + z 9 and 

Suyx + ^szOf 

4(t* 8 + 2 + * 2 ) + 2a 2 =:O. 

(G.X58; flour. 413, a) 
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Solution of a biquadratic equation by the method of divisors. 

(E. 759.) 
Solution by the theory of symmetrical functions. 

{Bout. 416, 7 ; G. A. 53, 5.) 

The Equation y* + p = 0. 
(48.) Properties of the. equation y° + p = 0. This equation 
may be reduced to ar* + 1 =0, by assuming y=p*w. 

aP"* 1 — 1 =0 has only one possible root, 1. 

a? M — 1=0 has only two possible roots, 1 and — 1. 

aP m ~ x + 1=0 has only one possible root, — 1. 

x? M + 1 = has no possible root. 

#* + 1 has no equal roots. ' 

If a is a root of the equation ar* — 1 = 0, a r is also a root, 
r being any integer. And a r = a r ""*. 

If a is a root of the equation a?" + 1 = 0, a 21 *" 1 is also 
a root. 

S± m =*0 9 unless mc^n, in which case S+ M =tn. 

If ntdhnf l .nf**n**...bc. n lf n 2 , &c. being prime num- 
bers, the solution of the equation #"—1=0 may be made 
to depend on the solution of the equations a?*» — 1 = 0, 
*"■ — 1=0; &c. 

(Bour. 393 — 401 ; L. C. 16 — 8 ; G. J. 46, 7.) 

(49.) Theorem of Fermat. If p is a prime number, and 
prime to p 9 then 

If a is such a ntimber that no power of a < <t~ x *4r*p y 
and a, a 2 , a 3 , ...a*" 1 be respectively divided by p, the 
remainders will all be unequal. 
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The Tahwfrtrf m fa* aft vafateff erf £ from 31to 87 inclusive 
yitt be found in the annexed Table. 
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(G. A. 48, 49; Mem. Acad. Be?M, Am,. 1771) 

(50.) Algebraical solution of the equation x p — 1 = 0, p being 
a prime number. 

The roots of this equation, 

a 9 a 2 , a , a*, &c. a*" 1 
may be more conveniently represented by 

a, a a , a a , a°> &c. a ^ , 

in which a may have any value corresponding to the value of 
p in the preceding Table. 

If a" Be sxibstitiitetf for #, the roots Become 
a°, a°\ a a , a°', &c. o'*",- «f' j 
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In this case the roots are evidently the same as before, but 
Arranged in & different order. 

Let /3, /3% fP 9 ($*-*, &c. be the roots of the equation, 
« p-x — 1=0; assume. 

e^a + QaP + Fa** +..:+&*-*<**'*; 
then>- 1 = (a + /3 a fl -hi3 2 a af +-..-l-/3 ,, - 8 a ar " t ) p "S 

observing that all indices of a > o p ~S and of /3 > p-— 1 may 

be respectively divided by those quantities, and the quotients 

neglected. - 

» • ^ » 

Each of th6 quantities 4, a 19 j 2 , &c. may be reduced to the 

form 

B + c(a + a a + a a * 4- ... + a" 1 "*), 

• * 

in which £ and C are known quantities independent of a; hence 
the values of A, A 19 &c. are not altered by substituting succes- 
sively a", &c. in the place of a. 

* * * » • • 

Let c/" 1 , c/" 1 , &c. c p _f~\ be the values of c*" 1 , when 
/3*, /3 3 , &c. /3*- 1 , are substituted for /3, then 

8ec. = &c. 
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Application of this method to the solution of the equations 
a? 5 -l = 0; tf 7 -l = 0; o^-lsO; # 13 -1 = 0. 

(Lagrange, Equ. Num. Note 14 ; G. J. *J>] ; Leg. 435-7*0 

General Solution of EauATioNs. 

(51.) The method of symmetrical functions is inapplicable to 
the solution of equations of more than four dimensions, because 
the reduced equation is of 1.2.3... (n — 2) dimensions, if n is a 

v j * 1.2.0...7& _. . .« 

prime number, and of , — — ,„ ■ < — dimensions, if n 

* (p-l)p(l.2.3...qY ' 

is composed of two prime factors p 9 and q; both of which 
quantities are > n, if n > 4. 

(Lagrange, Equ. Numer. Note 13.) 

Wronski has given what he asserts to be a general solution 
of equations of all degrees. 

(Resolution g&nerale des Equations.) 

Torriani has published a Memoir, the object of which is 
to shew that WronskPs solution is incorrect. 

(Hist, da Acad, de Lisb. Tom. 6.) 

A general solution of equations of the fifth degree cannot 
be obtained. 

(Abel, Bulletin Univ. des Sciences; Ann. 1826.) 

A general solution of equations of any degree superior to 
the fourth cannot be obtained. 

(Rujffini, Theor. delle Equax. Cap. xiii.) 
Indeterminate Analysis. 

EQUATIONS OF THE FIRST DEGREE. 

(52.) Solution of one equation containing two unknown 
quantities. 

Let the equation be ax 4- by = £. (1) 
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If a and b have a common factor c, this must alio be 
a factor of e 9 otherwise the equation is impossible' in integers; 
a will therefore be considered prime to b. 

The above equation is always possible if c > ab — a — 6. 

(B. 41.) 

First Method. Let the value of y obtained from (1) be 

,—5--/-*.+ -^. 

> • 

e — aw 
f—gx being the integral part of the fraction — - — . 

Assume e x — a x x-=^bv^ 
then tf=-^ =/i— ft^-f -= — ; 

a % v a 3 

* 
&c. = &c 

*« + 1 - a n + 1 u »- 1 = a » W »> 

e n + l- a n U » _f _ .... 

™*-l = =/» + l— #* + l W n» 

from this last equation we obtain a value of u n _ 1 which is an 
integer for all integral values of u n ; and thence an integral 
value of u nmm%9 and so on, until we obtain the values of w 9 
and y 9 

a?= A x u n + B 19 
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If a and 6 have different signs, the number ef solutions 
is infinite; in this qase A x and J 2 ape both positive. 

If ab)i } the number of solutions is finite ; in this case 
A t and A 2 will have different signs. Suppose A x negative, then 
jtl|e number of possible solutions cannot exceed the number 

of values of u n < nsf . 

(W. 367—9; JS. Pt, xi. 1—23; Baur. 122—9.) 
Second Method, [l] Let the equation be aa—by = + J. 

flf A 

Convert the fraction ~ into a continued fraction, and let — 

, a 
be the converging frogtipn immediately preceding ~, 

then (Art. 30.) flB w - 6a„= ±1, 
+ or — , according as ~ > or < - . 

If a#— 6y = l, and aB^— 6a^= — 1, 
the given equation will be satisfied by afisufnjng 

x±nb — b*, y — fia — 4 a . 

If positive values only of a? and y are required, we must 
have 

n> -? 9 and>~. 
' b a 

If #4?— 6ys= — 1, and aB m -^^a m s=1 9 the values of 4, 
qn4 n&y be /rimflariy obtained. 

If a# — feyb^aB^— 6a,,,, 
it will be sufficient to assume 
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[2] Let the equation be 

aw — bg— + £; 

A 

and as before let — be the converging fraction immediately 

+ or — , according as aB m — 6 A m > and c, have the same or differ- 
ent signs. 

[3] Let the equation be 

ax + by = c. 

The values of x and y are 

w = cb^ — nb 9 y = na — cA m ; 

n being so assumed, that x and y may both be positive. 
The number of solutions equals the integral part of 

CB m CA m 



— 9 

b a 

unless c% m <^r*b, in which case the number of solutions will be 
one less than the above number. 

(B. 159—61 ; G. A. 24 ; Leg. 12—4.) 

(53.) Solution of two equations containing three unknown 
quantities. 

Let the equations be 

a x x 4- \y + Cjifaej, (1) 

« 2 * + h 2 P + c t* = e r ( 2 ) 

Eliminating * and reducing the resulting equation to its 
lowest terms, we obtain 

an + by=ze. (3) 

I 
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Let the values of w and y in this equation be 

w^A x u-\-B lf 

substituting these values in (1) and reducing, we have 

fz+gu = h; (4) 

obtaining the values of # and u in terms of a new indeterminate, 
v, and substituting for u its value in those of w 9 and y 9 the 
final result is 

0sC 1 o-j-.E 1 , 

y=C 2 v + E 29 

The conditions of possibility of the equations (1), (2), may 
be determined from the relations that must exist between the 
coefficients of (3) and (4), in order that those equations may 
be possible, (Art 52.) 

If a t = b x = c x = 1, and a 2 >b 2 > c 2 , then e 2 must be > c 2 e 19 
and < a z e 19 in order that it may be possible to obtain a positive 
result. (5.164; £.24 — 30; Bour. 136 — 9.) 

(54.) Solution of one equation containing three unknown 
quantities. 

Let the equation be 

in which at least two of the coefficients, as a, and 6, ore prime 
to each other. 

— being, as before, the nearest converging fraction to ~ , 
B OT o 

the values of oc and y are ' 

a? = (e — c#)b ot — «6, ys=w« — (e— cs?)A m ; 
subject however to the following conditions, 

e e — c% e—c% 
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If an j one of the coefficients is negative the number of so- 
lutions is infinite: suppose therefore that they are all three 
positive; in which case the number is finite. 

To determine the number of solutions : let k ; f l9 f 29 &c. f k9 
be respectively the integral parts of 

e e — c e — c e — 2c e — 2c 

co a o a 

e — kc e — kc 



Bj» ~ — A m 



6*» ~ 

a 
» 

then the total number of solutions =/ x +/ 2 4- &c. +f k ' 

If k is a high number, the following method of determining 
the number of solutions will be more convenient : let R l9 r 29 &c. 
R b9 be the fractional parts of the terms 

e— c e—2c e — kc 

~b~* m ' ~T~~ Bm ' — 6~ Bm> 

which fractional parts will recur in periods of b terms ; and let 

k 

g be the integral part of ~ , and s — R x + R 2 + & c - + &b- 

Similarly, let r l9 r 29 &c. r a9 be the period of the fractional 
parts of 

e — c e — 2c e — kc 

—— A„> — — A OT , &C. — — A m , 

k 
h the integral part - , and * = r x + r 2 + &c. + r a ; then 

the total number of solutions = j^ - — j {ke-±k(k + l)c.\ 

- [gS + R x + R & + &c + **-, 6 } 

+ {4« + r 1 + r 2 + ic. + r^ fl j, 

observing that 6 must be substituted for in the series 
R* 9 R 2 ) *»c. 
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The period of #!, j? 2 , &c. will frequently consist of a repe- 
tition of shorter periods, in which case the summation of those 
quantities will be simplified. 

If no two of the quantities are prime to each other, suppose 
a~ma 19 and b^mb x then 

e — oss . ei — c.x 

a^w + b x y = —f—g% + • 

m tn 

The values of x which render e x — c^^run may be found 
by the solution of the equation 

mu^c x %-=ze v (JB. 162, 3; Bour. 140.) 

(55.) Conditions of indetefminateness of equations of the 
first degree. 

If after elimination the values of the unknown quantities 

appear under the form 2 , the equations are indeterminate ; and 

conversely : this is always the case when the constants of one 
equation are equimultiples of the constants of another. 

(Missery> Ann. de Math. Tome 1.) 

(56.) Solution of n equations containing more than n un* 
known quantities* 

Let the equations be 

1 a 1 w 1 + ^tfg + &c. ■+- i a r w r =s l a 9 

*a 1 a? 1 + 2 a it x i + Sic. + 2 a r w r = 2 a 9 

&c. &c. 

n a 1 x l + *a 2 # 2 + &c. + n a r w r = n a. 



W) 



Assume w x = x b + \ u x + \ u 2 + \ u 3 + &c. 

^ 2 = 2 b + \ u t + \uz + \u s + &c. 
&c. &c. 

» 

*, = "b + 'Sit*! + "b a u a + r 6,« s + &c. 



(sy 



$„'<**•«>»=%{£,}• (J) *,='b + S m 'b m .u m) {£}. (5) 
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Substituting these values for a 19 a 29 &c. and putting the 
coefficients of u 19 u 29 &c. separately s= 0, we obtain 



1 a l . 1 b + 1 a £ .*6 + &c. + 1 o r - r * = la > 

V*& + V 2 * + & c - + *a r . r b = *a 9 

&c. &c. 

n a % .*& 4- n a 2 .*b + &c. 4- n a r . r b = *a: 

^.fy 4- ^g.'fti + x a s . 9 b x 4- &c. + x a r . f b x = 0, 

•a^fy + X- 2ft i + *«s- 3 *i + & c - + V*i = °> 
&c. &c. 

•^ .% + *a 2 . 8 fe x + n a 3 . 3 *i 4- &c. + n a r . r b x = ; 
l a x . *&, + *a % . *fc 2 + ^3 •% + &c. 4- X . r 6 2 = 0, 

&c. &c. 

"a, .*6, + "a 2 .*ft 2 + »a 3 . 3 6 2 + &c. 4- *a r .\ = ; 

^i- 1 ** + X-^s + la 3- 36 3 + &c 4- x « r - r 6 8 = °> 

V 16 3 +V*s +*«$-*a 4- &c. + *a r .% = 9 

&c. &c. 

X .ty, 4- n a 2 \ 4- *a 3 \ 4- &c 4- "a r % = 0. 

&c. &c. &c. 



(O 



(1) 



(2) 



(3) 



The number of indeterminate quantities u 19 u 29 &c. will be 
r(r-l)(r-2)...(r-n) 
1. 2 . 3 ...(n4-l)' 

of which only - — - — ■ enter into the value of 

J 1 . 2 ... n 

each unknown quantity. 

It appears from the equations (C) that x b 9 % &c. r fe, may 
be any system of values that will satisfy the given equations (A). 



S m '» m - m b -•*, {Si}- (O S.^.%-0, {£}> (0; {SI- 
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[l] If we have a single equation 

a 1 w 1 -f* a 2 <r 8 + &c. + a r x r = a 9 

we need only consider the first equation of the several systems 
(1), (2), (3), &c. The equations of the same form which are 
essentially evanescent are 

a 1 »a 2 ^a Q .a 1 + a 3 .0 + a 4 .0 +&c. -f-a r .0 = 0, 
aj.aj-f a 2 .0 —05.1^ + 04.0 -f&c. + a r .0 = 0, 
a x .O +a 2 .a z — a 9 .a 2 + o 4 .0 -f &c. +a r .0=0, 
aj.^ + ag.O -fo 3 .0 — a^c^ + fec. +a r .0 = 0, 
a 2 .0 + a e .0 4 H-a 3 .O — a 4 .« 3 -t- &c. +a r .0 = 0, 
Oj.O +o r +a 3 .at — a 4 .a 3 + &c. «fa r .0 = 0, 

&c. &c. 



We may therefore assume 

fy = o £ , 2 fe 1 = — a 19 3 &! = , 4 fc 2 
l ft 2 = a 3 , 2 fe g = 

^, = 0, *&,=: 

%=0, 2 6,= 



, &c. r b x 
, 3 6 2 = -«!, 4 6 2 = , &c. \ 

, &c. r 6. 



o 3 , 3 6 3 = — o^, 4 6 3 



0, 3 6 4 = 0, 4 6 4 = 

«4, 3 &5= 0, 4 6 5 = 
^6 = 0, s 6 6 = 0, %= a 4 , % = 

&c. 

Particular cases of one equation. 
a 1 w 1 + a g # 2 = a; 

# 2 = 2 fe — a x u v 



3 

— a 19 &c. r 6 4 

— a 2 , &c. r ft 6 

— 3 i &c. r 6 6 : 

&c. 












x x ss x fe -f a^ + a 3 w 2 , 
a? 2 = *ft — X w x 4- « 3 w 3 , 
* 3 3= 8 i — a t u 2 — a 2 « 3 . 



= a; 
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t 

a i ®1 + °2^2 + a 3^3 + #4 #4 *= <* \ 

# x =r x fc 4- a g w t 4- o 3 Wj + « 4 «4 9 

# 2 = 2 *— «!«*! + « 3 W S + «4%> 

# 3 aa 3 fe — a x u 2 — a 2 w 3 + o 4 « 6 , 

[2] If we have two equations, 

l a x w x 4- l a 2 a? 2 4- ^3^3 + &c. 4- 3 a r # r = J a, 
*a x a 1 4- 2 a 2 # 2 4- 2 a 3 <r 3 4- &c. 4- e a r # r = 2 « ; 

it will be necessary to consider the two first equations of the 
systems (1), (2), (3), &c. The Values of the quantities 6 that 
render these equations essentially evanescent are 

\ = (\ . 2 a 3 — \ . *a J, % = — Qa t . 2 a 3 — *a x . ^j), 
\ = ( 1 a 1 . 2 # g — 2 a x . 1 a 2 ), 4 6 x *= , &c. 

3 fe s == , \ == ( J aj . "a, - 2 a, . 1 a 2 ), &c. 

%= (VX-V 1 **)* *& 3 = 

% = - (»Oi . 2 4 — 2 «1 • ^ **3 = C°l • 2 «3 - *«1 • la s)> & C - 

^4= , 2 6 4 = (^.^-v^), 

3 fe 4 = — ^02 • 2 «4 — 2 «2 • ^J* ^4 = O** • 2 *3 -* 2 «2 • * a s) 9 & C « 

' &c. &c. 

Particular cases of two equations* 

2 «! a? x 4- 2 a 2 # 2 4- a «3 # 3 = 2 a ; 

w 1 ^ 1 b + ( x a 2 . 2 a 3 — *a 2 . l a $ ) u v 
w 2 = 2 fe — (*«! . 2 a 3 — 2 a! . ^j) f*i, 
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l a x w x 4- l a % a % + l a^v s + x a^po k = l a, 
2 a x x x 4- 2 a 2 # 2 + 2 a 3 a? 3 4- 2 a 4 a? 4 = 2 a ; 

a? 1 = 1 fe4- (^g. 2 ^ — ^^a,) u x 4- Ofi^ 2 ^ — 2 a 2 .*a 4 )w» 

a? 2 = 2 6 — (^ . 2 # 3 — 2 a x . 1 a 3 ) w x — ( 1 o 1 . 2 a 4 — *a x . 1 a 4 ) w 2 
-j-( 1 a 3 . 2 a 4 - 2 a 3 . 1 a 4 )w 4 , 

w 3 = 3 6 -f- (^ . 2 a 2 — 2 a x . *a 2 ) t* t — ( x a x . 2 a 4 — *a x . 1 a 4 ) u s 
# 4 = 4 6 — - ( 1 « 1 . 2 a 2 — 2 a x . ^J w 2 — (*a x . *a 3 — 2 a x . 1 o 3 ) w 3 

[3] If we have three equations, the equations of condition 
that give the values of the quantities b 9 may be obtained in 
a similar manner from the first three equations of the systems 
(1), (2), (3), &c. 

The simplest case of three equations is 

x a x w x 4- ^gtfg + l a, z tts 4- 1 a 4 w A ^= i a , 
*a 1 a 1 4- 2 a 2 # 2 4- 2 a 3 # 3 4- 2 « 4 # 4 = *a , 
*a x x x 4- 3 « 2 # 2 4- 3 « 3 # 3 + 3 a 4 a? 4 «= 3 a ; 

+ X «4 ( 2 «2 r 3 «3 - *«« - 2fl s) ! W l>. 

# 2 = *b — { 1 a 1 ( 2 a 3 . 3 o 4 — 3 a 3 . 2 a 4 ) — *a 3 ( 2 o x . 3 « 4 — ^ . 2 a 4 ) 
4- x a A (*a x . 3 a 3 — 3 a x .*a 3 ) } w x , 

4T 3 = 3 ft 4- { x a x (\ .'a 4 - 3 a 2 . 2 a 4 ) - ^ (*a x . 3 a 4 - 3 a x . 2 a 4 ) 
4- 1 a 4 ( 2 a 1 . 3 a 2 - 3 a r £ o 2 )}w 1 , 

# 4 = 4 6- {XC^X-X^-^CaiS-X^a) 
(G. ^. 25; Bexout, Theor. des.Equ. Jig. 195—223.) 



Forms of Square Numbers. 
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(57.) Every square number is of the same form, with regard to 
the modulus 2 a, or 2# -f 1, or 4 a, as one of the squares 

2 , l 2 , 2 2 , 3 2 , &c. a 2 . 

Table of the possible Forms of square Numbers for evfery 

Modulus from 3 to 20. 



3n 


3n+l 






14ft 


14»+1 


+2 


+4 


+7 


4» 


4n+l 








+8 


+9 


+ 11 


- 


5n 


5n+l 






15n 


15n+l 


+4 


+6 


+9 


6n 


6»+l 


+s 


+4 




+10 








7» 


7n+l 


+2 


+4 


l6n 


l6»+l 


+4 


+9 




8» 


Sn+1 


+4 




17» 


17»±1 


+ 2 


±4 


±8 


9» 


9n+l 


+4 


+7 


18n 


18n+l 


+4 


+7 


+10 


10» 


10n±l 


±4 


±5 




+13 


+16 






Hit 


11»+1 


+3 


+4 


19» 


19»+1 % 


+4 


+5 


+ 6 




+5 


+9 




a 


+7 +9 


+11 


+16 


+17 


12 n 


12»+1 


+4 


+9 


20fi 


20n+l 


+4 


+5 


+9 


13n 


13»+1 


±3 


+ 4 


r 


+ 16 






s. 



In investigating the possibility of the equation 

aaF + by 2 — }* 2 , 
[l] a, and 6, may be supposed not to contain a square factor; 
[2] #». y> an( i #5 ma y be considered prime to each other; 

[3] if the equation is impossible in integers, it is also impossible 
in fractions. 

If ma + b is a possible form, and ma + c an impossible form, 
of square numbers to the modulus a, the equation 

(ma + b)a^ + nay 9, = «* 
is always possible ; and thte equation 

(ma + c) a? + nay* = x* 

is always impossible, if n is prime to a. 

K 
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Table of the Remainders of Squares to every Modulus, not containing 

a square Factor, from 2 to 51. (B. p. 104.) 



Mod. (a) 


Remainders, (b) 


2 
3 
5 
6 


14 
1 34 


7 


124 


10 


14569 


11 


13459 


13 


13 4 9 10 12 


14 


1 24 7 8 9 11 


15 


1 4 6 9 10 


17 


1 2 4 8 9 13 15 16 


19 


145 6 7 9 11 16 17 


SI 

< 


14 7 9 15 16 18 


22 


1 3 4 7 9 11 12 14 15 16 20 


US 


12 5 4 6 8 9 12 13 16 18 


26 


13 4 9 10 12 14 16 17 22 23 25 


29 


14 5 6 7 9 13 16 20 22 23 24 25 28 


30 


14 6 9 10 15 16 19 21 24 25 


51 


1 2 4 5 7 8 9 10 14 16 18 19 20 25 28 


33 


13 4 9 12 15 16 22 25 27 31 


34 


12 4 8 9 13 15 16 17 18 19 21 25 9.6 30 32 38 


35 


1 49 11 14 15 16 21 25 29 30 


37 


134 7 9 10 1112 16 2125 26 27 28 30 33 34 36 


38 


145 6 7 9H1617 19 20 23 24 25 26 28 30 35 36 


39 


13 4 9 10 12 13 16 22 25 27 30 36 


41 


12 4 5 8 9 10 16 18 20 21 23 25 31 32 33 36 37 39 40 


42 


14 7 9 15 16 18 21 22 25 28 30 36 37 39 


43 


14 6 9 10 11 13 14 15 16 17 21 23 24 25 31 35 36 38 40 41 


46 


12 3 4 6 8 9 12 13 16 18 23 24 25 26 27 29 31 32 35 36 39 41 


47 


12 3 4 6 7 8 9 12 14 16 17 18 21 24 25 27 28 32 34 36 37 42 


51 


1 4 9 13 15 16 18 19 21 23 25 30 34 36 42 43 49 



FORMS OF SQUARE NUMBERS. *J& 

Let a be a prime number, and b prime to a; then if 
6*, (2b)', (36)% fce. (^=-&) , 

be severally divided by a, the remainders will all be unequal. 

The product of a possible and impossible form of squares 
to the same modulus is always impossible. (J?. 42—52.) 

Conditions of the possibility of the equation 

#* — ay 2 = bar i 9 
in which a and b are positive integers, and a < b. 
Let a number c be found such that c > ~6> and c* — az+*b ; 
and let the following system of quantities-be constructed : 

c 2 — a = b &!#!*> c l = rn 1 b 1 ±c >£^i» 

g 2 2 — a = & 2 fc 8 # 3 2 , &c. = &c. 

then if a, 6, fcj, are such that any integral values of e l3 c& 
e v e 2 9 w *^ satisfy the conditions 

Oj 2 — a*Jr*b 9 e* — b*<*r>a\ 

c 2 2 — a c*> b t3 e£ — fejC^a; 
the equation is always possible. 

The equation ax 2 + &#* = csf 9 

in which a, 6, and c are prime to each other, is possible, if the 



conditions ae^ + fec-e^c, ce 2 2 — 6^ a, ce 3 2 — a<^h>6, 
may be fulfilled by any integral values of e 19 e 2 , e 3 . 

Hence may be derived the following rule : divide b and c 
by a, then if both or neither of the remainders are found 
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amongst the remainders of squares to the modulus <v the 
equation may be possible. If this condition is fulfilled, and 
the same relation exists between the remainders of a, and c, 
when divided by 6, and those of a, and c — 6, when divided 
by c, the equation is possible ; if either of these three conditions 
fails, the equation is impossible. (B. 53, 178; Leg. 23— -7-) 

«, Impossible pairs of quadratic equations : 

ra* + 0*>s**, (# 2 + 2y 2 = 2* 2 , 

{or 2 - y* = w 2 . (a? 2 - 2^ = 2u r 



|a? 2 H-y 2 = 2^, |a7 2 -f2y 2 = ^, 

\V-^=:2^. (a? 2 -2y 2 =«* 2 . 



f*J + &***> (2^ + ^ = 2^, 



}2# 2 - y* = w 2 * \2# 2 - y 2 = 2u*. 



*_<** 



2 - %_ g 



is impossible, if the two equations 

m 2 ± en 2 = (c — 1) p 2 , 

m 2 + w 2 = (c-l)p 2 > 
are separately impossible. (2?. 55, 6.) 

Indeteeminate Analysis. 

EQUATIONS OF THE SECOND DEGREE. 

(58.) Solution of particular equations. 
Let the given equation be a? 2 -f 1 = y 2 , 

.Fir** Method: assume y = aH — , n being >w, then 

"~ 2mn 
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miff 

Second Method: assume y = l H , then 

n 



w 2 — n 2 



Two square numbers whose sum, or whose difference, is 
also a square may be found from the equation 

(2mn) 2 + (n 2 - m 2 ) 2 =* (n 2 + m 2 )* . 

To find the valued of w which satisfy the equation 

a + ba + caP^y*. 

[l] Suppose c ^ / 2 ; assume (a + 6a? +/*#*) =/a? H — , then 



» 



a? = 



w& 2 — n 2 o 



n 2 6 — 2mnf 



[2] Suppose a ^ Z 2 ; assume (/* + 6a? + co? 2 ) =/+ • — , then 

2w»n/— n 2 6 

#2S — ... , 

» 2 C— »» 2 

[3] Suppose a = 0; assume (6a? + c# 2 ) = — , then 

6n* 



# = 



m 2 — en 2 ' 



[4] Suppose o + 6o?H-ca? 2 = (/-h^).(^-hApa?); 

assume { (/+ gas) (h + *#) } = — (/+ ##), then 

n 

/W-A»* 

In this case 6 s — iac must be a square. 

(E. 38—62 ; 5. 167—70.) 
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(59-) Reduction of the general equation. 

The most general form of a quadratic equation is 

aaP + ba?y + cy* + dw + ep+f=0 9 
which by assuming (by ■+- d) 2 — 4 a (cy 2 + ey +/) = £, 

6 2 — 4ac = J, bd—2ae=zg, d?~4taf=zh; 

and Jy+# = w, # 2 — JA = J?; 

may always be reduced to the form 

u*~Af = B. (1) 

from the solution of which the values of a and y may be 

u—g 
obtained; for • y = . , 

__ (<~d)j-(^- g )& 

2Ja 

In these values of & and y, tf and w may be either positive or 
negative, integral or fractional ; in its most general form, the 

equation (1), by substituting ~ and - , for u and t 9 becomes 

z z 

tf-Atf^Bz*. 

In all cases in which this equation is possible, it may be 
transformed into another of the form 

V— yi 2 =c*i 2 - 

(G. J. 26, 7; B. 172, 3; Leg. 15, 16.) 

(60.) Reduction of the equation aP — ay*^ bz*. 

The following conditions may be supposed to exist : 

[l] #9 y> an d *? are prime to each other. 
[£\ y is prime to 6, and * to a. 
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[s] a, and 6, have no quadratic factor. 

[4] a, and 6, are both positive. 

[5] b>a. 

Assume w = ny — by 19 

n being such that n ? ^a<^6: let the quotient be b x k* y where b x 
contains no quadratic factor; then 

b^y 2 — 2nyy x + by* = **. 

Multiply this equation by b x k\ and assume 

b^y — #3/1 = ^, and A s « 2 = » 1 2 , 

then # 4 2 — ay x 2 = ^ ar^, 

which is similar to the original equation, except that b x < £ 6. 
If fe x is equal to unity, or to any square, the required transfor- 
mation is effected : the values of #, y, and », are 

nx l + n 2 y 1 . 

# = — . 
k 

If 6 X is not a square, and > a, the same process may be 
repeated, and we obtain 

V— 0y 2 2==s M 8 2 - 

In which equation 6 2 <^6 1 : by pursuing this method we 
must at length arrive at an equation in which b m is either 1, 
a square, or 4: a. In the latter case, by transposing, putting 
c for b m9 and neglecting the subscript indices of #, y, and #, 
we obtain a? 2 — car 2 say 2 . 

Proceeding as before, this may be reduced to another 
equation w 2 — ex 2 = a m y 2 , 

in which a m < c. Then similarly putting e for a m , we have 

aP — ey^ — cx 1 . 
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By this process, the coefficient of either y or x must be 
reduced to a square, or to unity : the indeterminate quantities 
in the equation last obtained may be expressed in terms of w, 
y> and #, by successive substitution by means of the equations 
(1). The equation is thus reduced to 

a? 2 — tf^zaa?. 

The only systems of quantities to be computed are 



n 2 — a 



n* — a 






6, ' — *' 
&c. = &c. 

2 






r£ — c 



a 



— "»^»i-i 



= a*l* 



&c. = &c. 






= «m *«,-!* 



w* — ay* = b 2 x*, 
&c. = &c. 
a? 2 — ay 2 = ft^* 2 = c* 2 . 

V 

w* — car 2 =s c^y 2 , 
&c. = &c. 
a? — car 2 = a m y* = ey 2 . 



&c. &c. 

in which A? 2 , P, &c. are the greatest integral squares in the 



quotients 



n 2 — a rP — c 



, &c. 



b a 

(Lagr. Mem. Berl. 1767; B. 174-6 ; Leg. 15-22 ; E. Add. 52.) 

(61 .) Solution of the equation a? — y 2 = a %*. 



Let o = a,\ . a 2 , and ar = % x . » 2 , then 
y*=J(ai.*i* — a 2 .*/). 



(5. 54 ; Leg. 17.) 
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(62.) Solution of the equation aP — ay* = + 1 . 

Let Va be expressed by a continued fraction, (Art. 31.) 

A 

and let — - be any converging fraction corresponding to the 

quotient 2e; the above equation will be satisfied by the values 

* = A OT , y = B m . 

If the period consists of an even number of quotients, the 
equation a? 2 — ay 2 = l will be satisfied by every converging 
fraction corresponding to a complete period, and ai z — ay 2 =— 1 
will be impossible* 

If the period consists of an odd number of quotients, the 
equations a? 2 ■— ay 1 = — 1, and # 2 — ay 2 = 1, 

will be alternately satisfied by tjie converging fractions corres- 
ponding to complete periods. 

(A 150; E. 9ft— 111, Add. 37.) 

Having given one solution of the equation 

a*-ay t =±\ i 

to determine the general values of w and y. 

[l] a? 2 — dy^l, and jp 2 — ag^ssl; 

*=i {p + Q^ a \ m +p—qVa\ m ] 9 

y=2^{P + 9Sa\ m -p-q\/ t a\ m }. 
[2] ar 8 — ay i = \, andp 4 — ag*= — 1 ; 



w= i {p + q\/a\ 3m +p — qVa\ 3m }., 



[s] «* — oy 2 ™ — 1, sndp* — aq*= — 1; 

y=i^- a jj»+*i<«r" i .-i'-.*i'«r" i i • (5.i8o.) 

L 
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Table of the least Values of x and y in the Equation a?— ay 2 =\, for 
all Values of a from 2, to 99- (#• v. 2 ; p. 89.) 



a 


0? 


y 


a 


X 


y 


2 


3 


2 


53 


66249 


9100 


3 


2 


1 


54 


485 


66 


5 


9 


4 


55 


89 


12 


6 


- 5 


2 


56 


15 


2 


7 


8 


3 


57 


151 


20 


8 


3 


1 


53 


19603 


2574 


10 


19 


6 


59 


530 


69 


11 


10 


3 


60 


31 


4 . 


12 


7 


2 


61 


1766319049 


2261 53980 


13 


649 


180 


62 


63 


8 


14 


15 


4 


63 


8 


• 1 


15 


4 


1 


65 


129 


16 


17 


33 


8 


66 


65 


8 


18 


17 


4 


61 


-48842 


5967 


19 


170 


39 


63 


33 


4 


20 


9 


2 


69 


1115 


936 


21 


55 


12 


70 


251 


30 


22 


197 


42 


71 


3480 


413 


23 


24 


5 


72 


17 


•2 


24 


5 


I 


73 


2281249 


267000 


26 


51 


10 


74 


3699 


430 


27 


26 


5 


75 


26 


3 


28 


127 


24 


76 


57799 


6630 


29 


9801 


1820 


77 


351 


40 


30 


11 


2 


78 


53 


6 


31 


1520 


273 


79 


30 


9 


32 


17 


3 


80 


9 


1 


33 


23 


4 


82 


163 


18 


34 


35 


6 


83 


82 


9 


35 


6 


1 


84 


55 


6 


37 


13 


12 


85 


285769 


30996 


38 


31 


6 


86 


10405 


1122 


39 


25 


4 


87 


28 


3 


40 


19 


3 


88 


197 


21 


41 


2049 


320 


89 


500001 


53000 


42 


13 


2 


90 


19 


2 


43 


3482 


531 


91 


1574 


165 


44 


199 


30 


92 


1151 


120 


45 


161 


24 


93 


12151 


1260 


46 


24335 


3588 


94 


2143295 


221064 


47 


48 


7 


95 


39 


4 


48 


7 


1 


96 


49 


5 


50 


99 


14 


91 


62809633 


6377352 


51 


50 


7 


98 


99 


10 


52 


649 


90 


99 


10 


1 
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(63.) Solution of the equation w* — ay 2 = + 6, 
in which 6 < Va. 

If this equation is possible, b will be found amongst the 
denominators of the complete quotients (a 19 a 2 , a 3 , &c. Art. 31.) 
of the converging fractions which express the value of \/a. 

Given one solution of the above equation to determine the 
general values of w and y. 

Suppose that we have found, m, w, p, q 9 such that 

m 2 — an 2 =±b, andp 2 — aq 2 = +1, 

then <r = mp Jt anq y 

y=znp±mq y 

in which the general values of oo and y obtained in the preced- 
ing Art. must be substituted for p and q respectively. 

The equation p 2 — 0^ = 1, or p 2 — o^ 2 =— 1 must be 
employed, according as the known solution and the given 
equation have the same or contrary signs. 

To determine the general values of co and y in the above 
equation, b being > \/a. 

[l] Suppose b to be composed of factors b v b v &c. each <Va : 
the solution of the given equation, when possible, may be de- 
duced from those of the equations 

' m 2 — ow x 2 == ±b 19 w* 2 2 — an 2 2 = +6 2 , &c. 

for (m 2 — an*) (vnf — a n B 2 ) {m 2 + an $ 2 ) &c. ^ w 2 — ay 2 . 

Having found one integral value of x and y> the general 
values may be found as before by means of the equation 

*>*-«?*= ±i. 

[2] Suppose 6 not to be composed of factors < Va\ it will in 
this case be necessary to find the values of t and u in the 
equation 



/ 
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» 

then putting w== ~ , n = — the equation becomes 

calling this the known solution, the general values may be found 
as before. In this case however the values may be fractional. 

(B. 181—4.) 
(64.) Solution of the equation am 9, -f bay -f cy 2 = + e. 

In this equation, w and y 9 as well as y and e, may be con- 
sidered prime to each other. 

This may be reduced to a similar equation of a simpler 
form, by assuming 

y = a 2 a? 1 + 6 2 y 1 ; 
A = aa* -f- ba 1 a 2 -4- ca 2 2 , 
5 = 2(aa 1 6 1 + ca 2 & 2 ) + ^(aj&a + a 2 6i), 
C^abf + bb^ + cbf. 
a x , a 2 , and 6 X , 6 2 , being so assumed that a x 6 2 — # 2 6 X =s= +1. 

If b>a 9 and > c, the equation may be transformed into 
another in which b %> a, or c. 

Suppose o < c ; assume a = w 1 ^- my, 

. b 

m being the nearest integer to - ; assume also 

ftjssam — 6, and Cjsam^iw + c, 
the equation becomes aa x 2 — ftj^y + c^ = + e, in which 6 2 ^> a. 

If b x > c x the same process must be repeated. 
In the successive transformed equations, the value of 
£ 2 — 4ac is always the samp. 

If 6 2 — 4ac < 0, a and c are the least numbers contained 
in the transformed equation, in which 6 ^> o, or c. 

(/>#. 53 — 8 ; B. 100 — 2.J 
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[l] Suppose 6*— 4ac<0, and= — /. 
Multiplying the equation by 4 a, and assuming 

we obtain x 2 +/y* = 4ae, 

— \ which satisfies this 

equation, also renders by + %vf*2a 9 a solution may be obtain- 
ed ; if both these conditions are not fulfilled, the equation is 
impossible in integers. 

[2] Suppose 6* — 4ac = 0. 

In this case the first first side of the equation becomes a 

perfect square, and is therefore possible, if e is a square. 

_ «• 

[3] Suppose 6 fi — 4ac>0, and =#. 

In this case the proposed equation may be decomposed into 
two simple equations 

a 1 w + b 1 y = e 1 , and a 2 ar + & 2 y = e 2 . 

[4] Suppose 6 2 — 4ac = 4/, /not being a square. . 

First ; let e be < Vf : expand a root of the equation 

aaP -f bw -f c 9 

in a continued fraction, (p. 32.) If amongst the quantities 
2a v 2a g , &c. the denominators of the complete quotients, we 
find the number e, the numerator and denominator of the Cor- 
responding converging fraction, if substituted for w and y 
respectively, will satisfy the given equation. 

As often as e occurs, a different solution may be obtained ; 
if it does not occur at all, there is no integral solution of the 
proposed equation. 

Secondly, suppose e > \/f: assume 

y = nwy, + ey 19 
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an 2 + bn + c 
a = , 

e 

c t ssae\ . 

the equation is reduced to a x wf + b 1 w 1 y l -f c x y*^ + 1, which 
must be solved for each value of n. 

The given equation is impossible in integers, unless n may 
be so assumed, that a t may be an integer. (Leg- 7& — 83.) 

Solution of the equation aw* + bwy + cy* = + 1. 

Let it be transformed so as to fulfil the conditions 

b $> a 9 or c, and a < c ; 

multiply the equation by a, and assume # = a# + by 9 the equa- 
tion is reduced to z* -f ey* = ± a, 

which may be solved by preceding methods* (£. ,4dd. 6>6U— 71*) 

Forms of Cubes. 
(65.) Every cube ^ 4n, or 4n + 1 ; 

^7 W > or 7^ + 1; 
fcfc9»> or9n + l. 
All cubes are of the same form to modulus a, as the cubes 

3 , I s , 2 s , &c. (a -I) 3 . 
a 3 ^ a to modulus 6. 
The equations a? 3 ± y 3 =s ar 3 , 

a? 3 y 3 a? 3 

^ + ^ = 2^, 

and generally mo/ 3 + way 3 = «*, 

in which m is a number of an impossible form to modulus a> and 
n prime to a, are impossible in integers. 

No triangular number < 1 is a cube. . 

(B. 60-^-70; Z,<^. 328— 32.) 
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(66.) The equation a^a x w^ d 2 a? + a s aP*=y 
admits of a direct solution only when a = 6 s . 

First Method. Assume 

b* + a x w + a 2 # 2 -f a z a? == (6 + c#) 2 , 
and a 1 = 26c; 

Al _ - c 2 — a t c^ 2 — 46 2 a s 
then # = ? = -3 — £. 

a 3 46* a 3 

Second Method. Assume 

fe 8 -h a x x -f a^tf 2 + a 3 # 3 = (6 + c# + ea?) 2 , 

and o 1 = 26c, a 2 = c 2 + 26e; 

/z — • Qce 
then a7=s-^— 5 — . (JB. 26, 7.) 

If a is not a square, one solution must be obtained by trial, 

let this be a + a x h + a 2 £* + « 3 A 3 »fc 2 , 

then by assuming # = y + A, the equation is reducible to the 
above form. (5. 184, 5 ; JB. P*. 11, 112—27.) 

Solution of the equation a + a t w ■+- a^w 1 -f a 3 <r 3 = y 3 . 
[l] Suppose a = 6 3 : 
Assume 6 3 + a x x + a 2 #* + a z aP = (6 + 0a?) 3 , 

- »i ' , a 2 — 3&S 2 

then e= r-?, and #*» -^ . 

36 2 ' e $ -a s 

[2] Suppose a 3 = c 3 : 

assume a + « x ^ + « 2 # 2 + c 3 x s = {e + £#) 3 , 

, a„ , a — e 3 

then d=-r^, and 4?= 



3c 2 ' Se^-a/ 

[3] Suppose a=fc 3 , and a 3 = c 3 : 

assume fe 3 + a x a? + o 2 ^ 2 + <rW =* (6 + c#) 3 , 

ai _3& 2 e 

then x = 77T~i • 

3©cr— a* 
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If neither of these conditions is fulfilled, one solution must 
be obtained ; let this be 

a + a x h -f a % h* + a $ h s = A 3 , 

then by assuming o? = A + y, the equation maybe reduced to 
the form [l]. (JB. 147—^61 ; B. 191 — 5.) 

Solution of the equation aaP + cy* = ar 3 . 

Assume a? = a|) 3 — 3cp<f 9 and y = 3op 2 g — c<?> then 

% = ap* + c(f. (JB. 187.) 

Solution of the equation a? 2 + any + by 2 = ss*. 
Assume w =^ — 3btu* — abu 5 9 

y = 3t*u + 3a*t* 2 + (a 3 - ft)w 2 ; 
then z =f + atu + bu 2 . (B. 196.) 

Forms of Biquabrates. 
(67.) Every even biquadrate ^ 2 4 -n. 
Every odd biquadrate ^ 2\ n -f 1 . 

All 4 th powers are of the same form to modulus a as 
4 , l 4 , 2 4 , &c. (ia) 4 , when a is even, 

4 , l 4 , 2 4 , i(a-l)| 4 , when o is odd. 

Remainders of 4 th powers from every modulus from 3 to 12. 



Mod. 


Rem. 


Mod. 


Remainders. 


Mod. 


Remainders. 


3 


1 


6 


13 4 


9 


14 7 


4 


1 


7 


1 2 4 


10 


15 6 


5 


1 


8 


1 


11 


13 4 5 9 










12 


14 9 



Impossible forms of equations of the fourth degree. 

# 4 + y 4 = * 4 , 
a? 4 + ay = *\ 
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and generally, mw* ± n ay* = **, 

t» being a number of an impossible form to modulus a, and n 
prime to a. 

No triangular number > 1 is a biquadrate. 

{Leg. 324— 7; B. 71— 6.) 

Indeterminate Equations of the Fourth Degree. 
(68.) Solution of the equation o+a 1 a?+o 2 ^+a 3 ^ 3 +«4^ 4 =y 2 ' 

[l] Suppose o = 6 s : 
assume ^-fa^-f a a a? + a 3 o? 3 + a 4 a? 4 = (6 + ew +fw*)* 9 

. cl « 2 — c 2 

and e=— , /= -~- — ; 

26' y 26 

then a?= g L~~ . 

[2] Suppose a 4 = c 2 : 
assume a + c^a? + o 2 a? 8 + c^a? 3 + c*«r 4 = (/+ e# + coPf, 

and e: =7T9 f= 



Tc' J ~ 2o ' 



f*-a 
then «a? = 



^-26/ 

[3] Suppose a = 6% and a^c*: 

assume 6 2 + fl^+ a 2 at* + Ojtf 3 + c*ar 4 = (6 + ex + c#*)S 

- «i , e 2 + 26c — a e 

then e= — , and a? = ~~ __ 



26' a, + 2ce * 



a % _ a t + 26e 

or e=— ±, and #= -r^±-~~ 



2c' c 2 + 26c-o/ 

If neither of these conditions exists, let owe solution be found, 
a + a a ^ -i- o 2 ^ 2 -f a 3 ^ 3 -f o 4 ^ 4 = k* 9 
from which, and the given equation, 

h 



m= 



4a* -3* 

M 



, (A 4 - 80A* + 4a 2 ). 
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If the equation is a + « 2 #* + a 4 # 4 =*y 2 , 
let one solution be found, 

then if ,,** + '*'»',. «df < ^ + 6 ;!*'-^ 

r-a 4 - 

Solution of the equation a? 2 4- cy* = a? 4 . 

Assume a? = p 4 — 6 cp 2 q* + c 2 g 4 , 

y = 4pg(p 2 — eg 2 ); 

then * =t=p 2 + c? 2 . (JB. 198.) 

Solution of the equation a? + amy 4- 6y 2 = ar 4 . 

Assume # = tf 4 — 6&£ 2 w 2 — 4a6£tt 3 — (a 2 — 6)6w 4 , 

y = M*u 4- 6a* 2 w 2 4- 4(a 2 -6)*w 3 4- (a 2 -26)aw 4 ; 
then * = ^ + a*w + bu*. (B. 197-) 

(69*) Solution of the homogeneous equation 

aw* 4- a!^ n " l y 4- a 8 # w ~ V + & c - + a *y w = ±«> 

or f(®>y)= : ±ei 

in which a? and y, as Well as y and 6, may be considered prime 
to each other. 

Assume # = cy + e# 9 c being such that 

at? + c^c*" 1 + a 2 c*~ 2 4- &c. 4- (^^e; 

by substituting this value of #, the given equation is reduced to 

by" + btf- 1 * + M*" 2 * 2 + &c. + *„***= ± 1. 

There cannot be more than n values of #, between the 
limits -f \ e and — \ e, that render the integral polynomial 

<l>(w) <*> c. (B. 88.) 



the equation a? w — 6 = ay. $1 

To determine p and q 9 the values of y and #, which render 

/(y, x) a minimum: 

let a 15 a 2 , &c. a r + /^ >/ — 1, &c. be the roots of the equation 

&#* + & 1 a? w - 1 + 6 2 #*-* + &c. + 6 n = 0, 

then - is the converging fraction nearest to one of the quantities 

a 19 a 2 , &c. a r , &c. which must be determined by experiment. 

{leg. 120-^8. $. -4<W. 88) 

r 

(70.) Solution of tfa equation x n — b ^ ay, 
a being a prime number, and b prime to a. 

If n and a — 1 have a common factor 0, there will be 
c solutions, or none. 

o-l 

If the given equation is possible, b e <— J. H*? a. 

If one solution, #^e, has been obtained, the others ipaay 
be found by multiplying e by the several roots of the equation 

#"— l = ay. 

The proposed equation is always possible, if n is prime 
to a— 1. 

Solution of the equation aP — 1 = ay. 

If w is prime to a — 1, the only possible solution is a? «?= 1. 

Let a — 1 = en, then d?=^,» being any number prime to a. 

If u is the remainder of **-?-», all the values of a? will be 
found amongst the remainders of the quantities 

u y u*, u* 9 &c. u n " 1 -nra f9 
unless two or more of these remainders are equal. 

If r 1 " — 1 «= ay is impossible, r being a root of the equation 
oo n — 1 = ay, and w& a divisor of n 9 then r is a primitive root. 

If n 1} w 2 , &c- are the prin&e factors of n 9 the number of 
primitive roots of the equation a?* — 1 = ay will be expressed by 

w ,__*_ — , , & c , 

n, n 2 
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If n is a prime number, every number prime to a is a 
primitive root. 

If n = »/*.»/•. &c. and m l9 m 29 &c. are the remainders of 
tf /*, w/% &c. -f- a 9 and r 19 r g , &c. the roots of the equations 

a? 1 *! — l=ay, af JW « — l = ay, &c. 

the values of w are the powers of r 19 r 2 , &c. 

Solution of .the equation af** + 1 = ay, 
o being a prime number, and a — 1 c-*-* 4n. 

Let r" 1 be the general root of the equation 

a? 4 " — 1 = ay, 

then r**" 1 will be the general value of w. 

(Leg. 333—41 ; B. 200—4.) 

Solution of the equation a?* — b = ay, 

1 

[l] when b m + lc-5^a, w being a divisor of ; 

n 

[2] when 6 w -lc^a. (£<#. 342—9; B. 205, 6.) 

Solution of the equation x 2 + a = 2 n y. (Leg- 350 — 2.) 

Theoky of Numbers. 

(71.) Properties of the divisors of numbers. (£. 58-67 » &• 1—1 5.) 

Any number a may be represented by « 1 ri .a 2 ffl .a 3 r *...a n r "; 
a 19 « 2 , &c. a n , being prime numbers. 

Tlie number of the divisors of «=(f , i+l)(f , 8 +l)...(f , ll +l)- 

The sum of all the divisors 

«/* + !_ 1 a 2 * +1 -l « w r - +1 -l 

= — ~ — . — . . . ~- . 

ai -\ « g -l a„-l 

• 

The number of integers < a, and prime to that number 

«!-! a 2 -l a n -\ 



= a 



«1 «2 a n 



Any number prime to a and 6, is prime to a b. 

(B. 21 ; Leg. vi — xiv.) 
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(72;) Nature of prime numbers. (E. 37 — 44.) 

All prime numbers > 2 fcfc 4n + 1 ; and >3^ 6/1 + 1. 
No algebraical formula can contain prime numbers only. 
The number of prime numbers is infinite. 

If a is any number whatever, and b 19 b^ 6 3 , &c. the numbers 
prime to, and < 2a, all prime numbers will be of one or other 
of the forms 

4an + b 19 4tan + b 29 4tan + b# &c. 

The number of times that any prime factor a occurs in 
the product 1.2.3...M is the sum of the integral parts of the 

. n n n 

fractions *« , — - , — ; , &c. 

a ar <r 

There cannot be n prime numbers in arithmetical progres- 
sion, unless their common difference is divisible by the product 
of all prime numbers up to n ; except when n is the first term 
of the series, and then there cannot be more than n. 

The sum of any number of prime numbers is a composite 
number. 

If a and b are prime to each other, and each term of the 

series 6, 26, 36, &c. (a — 1)6, 

be divided by a, the remainders will all be unequal. 

(B. 29 — 39 ; Leg. xvi — xxiii.) 

If n is a prime number, 1.2.3...(ra — 1) 4- \*jr>n 9 
and (# + l)(a? + 2)(# + 3)...(# + w — 1) — x n " l + \^^n. 

If w is prime to n 9 

a?" ^ #, to modulus n ; 
a?"" 1 — lc-f^n; 
a n ~ 1 ^iah 9 oran + 1; 
a?* {n ~ 1) $4^ an 9 orim + l. 
(Lagrange, Mem. de VAcad. Berlin, Ann. 1771 » •#• 86, 7-) 
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If 2* — 1 is a prime number) 2"- 1 (2" — 1) is a perfect 
number. 

The only known perfect numbers are 



2 (2 8 -l) = 6, 
2 8 (2 S -1) = 28, 
2 4 (2 5 -l) = 496, 
2 8 (2 7 -l) = 8128, 



2 1S (2 1S -1) = 33550336, 

2 M (2"-l) = 8589869056, 

2" (2 19 -1) m 137438691328, 

2» (2*-l)« 2305843008139952128. 

If 3.2"— 1, 6.2»-l, and 18. 2*"- 1, are prime numbers, 
2" +1 (18.2*"-l), and 2»+ 1 (3.2"-l)(6.2»-l), 
are amicable numbers. 

The only known amicable numbers are 

(n = 1) 220 and 284, 

(»=3) 17296 .... 18416, 

(»«6) 9363584 .... 9437056. 

(B. 25, 6 ; Sohootm, Everett. Math, § 9.) 

The number of prime numbers > at, is very nearly repre- 

~ tod * log,.Ji,08366 ' ^ 38 ^ 96) 

Quadratic Forms of Prime Numbers. 

(73.) Every prime number 

hfr 4<» + l i«8jso*y* + #»; 

tfc 6« + l tky* + 3%*; 

fcfc 8tf + l , *&9* + *\ »ady*±2**; 

% 8* + 3 $£^ + 2**; 

* 8^ + 7 %y*-2*V 

fcfcl2a? + l J*}**-^* 8 ; 

fcfcl4a? + l, +9, +11 fcfcy* + 7**; 

fcH20*±l, ±9 *ky*_5^; 

fcfc20* + l, +9 tfey» + 5*«; 

fck24o> + l, +5 ^jf*^* 8 . 

&c. Sec. 
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Every prime number fcfcy 2 4* a* 2 is contained only once in 
that form. 

If e is a prime number fcfc y 2 4- as 2 , and 6 is contained m 
times in the form f + air, be is contained 2m times in that 
form, unless b<^r>c. 

Every prime number $+*ay 2 4- ft* 2 , or fcfoay 2 4- 26y# 4- 2c* 2 , 
is contained only once in that form. 

If a, b 9 and c, are odd numbers, and unequal, no prime 
number can be contained more than once in the form 

ay 2 + byz + ess*. 

If c is a prime number, any number a > -|c is contained 
only once in the form & + cu 2 . 

(B. Ch. ix ; Leg. 142 — 7, 229—45.) 

Resolution of Numbers into Squares. 

(74.) <#/ + &«)«+ y 2 2 ) . . . (#.! + y„ 2 ) * * + jf ; and 
a and y have 2*~ * different values. 

(*/ + */ + o&i 8 + y/) * V + V + *,* + */• 

(^ 4- * 2 2 + * 3 2 + wf){g* + y*) * tf + */ + *, 2 + */. 

« + V + x 3 * + x A *)(y* + y £ f 4- y s * 4- y 4 fi ) * *i 2 + V + *,* + V; 
and generally, 

(^* - aa? 2 * - 6# 3 2 + abx*)(y* - aft* - 6y 3 2 4- abyf) 

hfr ** - ax* - b x* + aft */• (iagr. ilfew. JJerZ. 1770.) 

V - <« 2 + 1) V* (<** + W - y**> 

«* + a« 1 jf 1 + by*)(w£ + a**ft + 6y/) fcfc a? 2 4- a*y 4- *jf . 

(V 4- aw t y x + by*) M t*f + a**y„ + fty/) bfc a?* + a*y 4- fty 2 . 

The equation # 4 * 4- #/ + #/ 4- » 4 3 * ay, 
in which a is a prime number, is always possible. 

Every integer is a square, or the sum of 2, 3, or 4, squares* 
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Saw + (a + 2)(a - 2) 2 q^a^ - a + 2) 2 

+ (2a# 2 - a + 2)* + &c. + (2a* fl+2 - a + 2) 2 . 

(B. Ch. vii ; Leg. 148—65.) 

Quadratic Divisors. 

(75.) If t is prime to u, every divisor of the formula 

f + au% 
is also a divisor of of + a. 

Every divisor of f + aw 2 q=* a i!^ + 26 x y* + c x **, 
in which a^ — 6/ = a, and^^^a^ or|cp 0^ } > (s)• 

Every divisor of rf 2 + 2t* 2 fcfc of ± 2y*. 
Every odd divisor of f + 3 w 2 ^ a? 2 ± 3J/ 2 , 

• j 8 -.£«*% a* -59*. 

(B. 103—9; L^. 136— 41.) 

Let jR(a* (0 " 1) -7-c) represent the remainder of d^f^-rc, 
c being a prime number. 

R(&«-» + c) = +1, ifcbfc8n±l, 
j R(a»'* r - 1 > -f- c) = - 1, if c ^ Sn ± 3. 

Every prime divisor, p 9 of a w + 1 fcfc 2n# -f 1 ; or at least 
is of the same form as the divisors of a r -f 1, r being the quo- 
tient of n divided by an odd number. 

Every prime divisor, p 9 of a* — 1 fcfe 2w# + 1, or is of the 
same form as the divisors of a r —l, r being any submultiple of n. 

If m and n are prime numbers, then 

jR(»* ( ^^> -5- ot) = (—1) i("-i)(«^)jR( m i<»-D ^ ^). 

The values of w in the equation 

•R(*i»r* + d)=±l 
are the remainders of any odd squares, < 2c— 1, ~-c 
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If c is a prime number % 4n + 1, and a an odd divisor of 

** + cjft then JEC***- 1 ' -■-*)« ±1 ; 

4- or — , according as a^4rc + l : ifct±)4n + 3, 

*(««■-*> -u C ) = l. 

If ct±)4n + l, and a is a divisor fcft 8n + l, or 8n + 3, 
and 6 a divisor *4*8n + 5, or 8n + 7> of the formula a? + 2cy* ; 
or if cq^4n + 3, anda*±*8n + l, bhfc8n±S 9 then 

A(aM»- | >.f-0)'*l 9 and£(6*<^-i-c)=-l. 

No prime divisor of <* + at** can be expressed by more than 
one quadratic divisor of that form. {Leg. 148~99, 832.) 

Properties of the quadratic divisors of t? + au*, a being 
a prime pumber E±fc8n + 1. (Leg* 372— 80.) 

Every quadratic divisor of ^ + aw 2 contains at least one 
number prime to a, or to j a, and < a. {Leg. 410—5.) 

Further investigation of the linear and quadratic divisors 
of f + ctf. {Leg. 204—12.) 

Tables of linear and quadratic divisors explained. 

{Leg. 213—95.) 

Application of the above tables to determine 
[l] a prime number greater than a given number ; 
[2] whether a given number is prime or not. {Leg. 246—59) 

Ternary Divisors. 

(78-) No number fc£ 4ft, or 8n + 7> can be of a ternary form. 

If ct±)4n + 1, or 4n + 2, the formula I s + cu* has at least 
one ternary divisor. 

If chfo8n -j- 3, the formula f + cu* has at least one quad- 
ratic divisor a, such that either 0, or 2 a is of a ternary form. 

{Leg. 260^-6.) 

If a quadratic divisor of f + cu* can be decomposed into 

{*iV + M) 8 + Ky + b **Y + ( a *y + h*)*> 
then c ss {a x 6 2 — o s b^f + (c^ 6 S — a 3 6j) 9 + (a ft ft 3 — a, & 4 )*. 

N 



» * 



• * » ■> 
» » « j 
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To find the ternary divisor corresponding to 

cz^pt + GP + H*'. 
Let F 9 G 9 H 9 be respectively resolved into fk t k v gk x k i9 hk t k $9 

fk 2 and gk# fk x and AA„ gk x and hk g9 
being respectively prime to each other. 

Assume a iK — a Jb\~fv 

fa t +ga g + ha s =0 9 
fbi+gh + hb^O; 
t\\e required divisor is 

*i(«4Sf + »i*)r + *f( a *y + Vjlp )f + *s( a sf + V)P* 
Since k x {a t y + b x «) + k 2 (a^y -j- b 2 z) + * 3 (a 3 y 4- 6 3 *) =* 0, 
this divisor may be reduced by elimination to the form 

ay* + by% + e* 2 - 

If a = e, 6 = a or c, or e = 9 and at the same the least: 
of the quantities a and e > 2, this divisor will have /wo ternary 
forms, and no more : if these conditions are not fulfilled, there 
will be only one ternary form, corresponding to any given value 
of c. 

If either c, or -J c, is a prime number, 

[l] two different ternary forms of c cannot correspond to the ' 
same ternary divisor of f + av? ; 

[2] the formula t* + au* will have as many ternary divisors 
as there are ternary forms of .the. number c; 

[3] each ternary divisor of & -f- au* has only one ternary form. 

If the number a is comprised in a ternary divisor f +<?tf 8 , 
c will be comprised in a ternary divisor of f + au 2 ; and the . 
* corresponding ternary values of a and c will be the same. 

If py 1 + 2gy# •+- r* 2 , a quadratic divisor of fi + cu 2 9 has 
several ternary forms, and in these forms given numbers are 
substituted for w and y 9 the results will all be different, if each 
of them<§ c 
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Suppose p prime to c; then if c is a divisor of &+pu* 9 
c will also be a divisor f + bit*, b being any number con- 
tained in the formula py 8 + 2gy% + r# 2 . 

Properties of reciprocal divisors. (Leg.&]8 — 313.) 

Scales of Notation. 

(77*) Every number may be represented by 

' a J* + a »-i f '*" 1 + a »-9f~* + &c. + a x r + a, 
the radix r being any number, and a n9 &c. integers <r. 

To transform a number from one scale to another : divide 
the number in its own scaje by the new radix, and repeat the 
same process with that and all succeeding quotients; the re- 
mainders taken in order, beginning with the last, will be the 
digits which express the given number in the new scale. 

In any scale, radix r, if the number itself and the sum of 
its digits be respectively divided by r — 1, the remainders will 
be the same. 

If the sums of the odd and of the even digits be severally 
divided by r ■+■ 1, the difference of these remainders will equal 
the remainder of the number itself divided by r -f 1. 

Any number c-*%2 w ,' if the number represented by the n 
last digits ^ 2*. 

If the dimensions of any figure be expressed in feet, inches, 

and ^th parts, the area or solidity may be most readily found 

by transforming the number of feet into the duodenary scale, 
and multiplying together the results in that scale ; observing 
the same rules as in the multiplication of decimals. 

Every number <2 W+1 is the sum of some terms of the 
series 1, 2, 2 s , 2 s , &c. 2*. 

Every number <3* +1 may be expressed by the sums or 
differences of some terms of the series 

1, 3, 3 2 , 3 3 , &c. 3*. (B. 121—9.) 
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(1.) Divisions of the circle. The circle has usually been 
divided into four quadrants; 

each quadrant into 90 degrees, (90°) ; 
each degree into 00 minutes, (6C) ; 
each minute into 60 seconds, (60 7 )* 

The more minute divisions are generally expressed in 
decimal parts of 1*; they are however sometimes expressed by 
dividing each second into 60 thirds (60'"), and so on. 

The French have recently divided the quadrant into 100 
grades (10(H); 

each grade into 100 minutes, (100 v ) ; 

each minute into 100 seconds, (100") ; and so on. 

In Astronomy the circle is sometimes divided into 12 signs y 
each of which contains 30°. , 

(2.) To reduce a* V c" to the English scale. 

A° = integral part of (a? V c xx — 0,1 x <# 6 X c"), 
& = integral part of 0,6 (preceding remainder), 
C' = integral part of 0,6 (last remainder). 



1* = 54'. 
r=32",4. 
r x = 0",324. 



i°=i*irnvL 

1' = V 85",*18k 
1" = 8",08641 &c. 
The arc equal in length to the radius 
= 57° IT 44" 48" jkc. = 57,22577 &c. = 206265" nearly. 

= 68*,66197 &c. 

(W. 19; L. 1—12; C. 631 1 Enc. Met Vol. 1, p. 672.) 






1 



L 



• * 
* * . * * 



pos a 


= tana. 


cos a 


=cotd. 


sin a 


tana 


.cota = l. 


seca. 


,cosa = l. 
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(3.) To adapt any formula in which radius is unity to the 
general radius* r : multiply each term by such a power of r as 
shall render it of the same dimensions as the highest mentioned 
in the given formula. (L. 24; W. 18.) 

(4.) Mutual relations of the trigonometrical lines, 
(sina) 2 + (cosa) 2 = l. coseca.sina = l. 

sin a 1 + (tan a) 2 = (sec a) 2 . 

1 + (cot a) 2 =s (cosec a) 2 . 

versa = l — cos a. 

covers a = 1 — sin a. 

suvers a = 1 -f cos a. 

(Z, 35.) 

(5.) The sine is positive in the first and second quadrants, 
and negative in the third, and fourth ; the cosine is positive in 
the first and fourth, and negative in the second and third 
quadrants : from these data the signs of all other trigonometrical 
lines may be determined. 

sin2ft9r = 0, cos2nir = l, 

tan2n<7T = 0, cot2tt7r=oo, 

sec2tt7r=l, cosec 2tt7r= oo . 

sin (2n -f JLW = 1, cos (2n + XW = 0, 

tan (2n + £)w= <x> , cot (2n + X)7r = 0, 

sec(2w-|-^)7r= oo, cosec (2w-fX) 7r =sl.. 

sin(2» + l)w = 0, cos(2ra + l)7r=* — 1, 

tan (2n + l)?r = 0, cot (2n + 1) *-== - oo , 

sec(2w-f 1)tt= —1, cosec (2n -1-1) 7r=x . 

sin (2w + §)*■=; -1, cos(2» + |)ir=s0, 

tan (2n + |)w = — oo , cot (2n + |)ir = 0, 

sec(2n-h|)7r=oo, cosec (2n + |)7r== — 1. 
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Different arcs whose sine, or cosine is the same. 
sm(2nir + a) = sin(2w + l.'7r : Fa) f 



sin (2n7r 4- a) 



= — sin (2n 4- 1 ,ir± a) ; 
= — sin(2/&7r — a), 



sin (2» + 1 .7t — «) = — sin (2n 4- 1 .7r 4- »)• 
cos(2n7r + a) = - cos(2nw — a), 

cos (2n 4-1.^ — 0)= cos (2w 4- 1 • w 4- a), 
cos (2mr± a) = —cos (2»4-l.ir±a)» 

cos (4- a) sb cos (—a), 

sin ( 4- a) = — sin (— a). 



cos a. tan a. 
cos a 



cot a 



sin(2» + 7.7r±a)= cos(2n-7r±o) J 
cos(2w4-j''»r : F«)— 4 : sin(2wir4-a)> 

A 

sin (2#4-g.7r : £a)= — cos (2nir + a), 

cos(2tt + §.*r±«) = ± sin (2nir + a). 
sin(^r + a):= cos a, 
pos (^tt ± a) sss + sin a. Z,. 36 — 41 ; C. 64 — 81.) 



Values of sin a. 

2.cot^a4-tan^a] • 
iy^sin (30°4-«)-sin (30°-a)} 



l-(cosa) 2 | f * 
H-(cota) f f* 



tana.l 4- (tana) 2 ] 
2 sinXa.cosi-a* 

2 2 

{1- (cos 2a)*} |*. 
2tan|a 
l + (tan±a)*' 



2 



-i. 



1 



2.sin(46°+i«)|*-l- 

l-2.sin(45'-ia)| 2 . 

l-tan(45°-^g)| g 
1+ tan (45°- £<*)]'' 

tan (45° + |o) - tan (45° - fa) 
tan (46° + £ a) + tan (46° - \ a) * 

sin (60° + a) - sin (60° - a). 



(8.) 

sin a 
tana* 

sin a , cot a. 
l-(sina)*|\ 
l + (tana) 2 |~*. 
cota.l + (cota)*]~*. 

(cosia)*-(sinXa)*. 
l-2(sinX a )2. 

2(cos|a)*-l. 
£(l+cos2a)[*. 



FORMULAE RELATING TO TWO ARCS. 

9 

Values of cob a. 
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l-.(tani- g )* 
1 + (tan I-a)** 

cot j-a — tan j-q 
cotia + tania 

2 2 



1 -ftana.tania 



tan (45° + § o) + cot (45° + i o> ' 
2 cos (45 6 + i o) cos (45^ - £ o) - 
cos (60° + o) + cos (60° - a). 



(9) 

sin a 



Fa /we* o/ tan a. 



cos a 




1 


cot a 


- 1 j 


9 


(cos a) 2 


• 


sin a. 1 — (sin a) 2 ] 


1 — (cosa)* 


9 

• 


cos a 




2 tan ^ a 





-J 



2cot|a 
(cot ± of -1 
2 



l-(tanio)« 



cot£a— tan i-a 
cot a — 2 cot 2a. 

1 — cos 2a 

sin 2a 

sin 2a 
1 + cos 2a " 

1 — cos 2a 
1 + cos 2a 

± { tan (46° + JL a) - tan (45 c 
-Formw&B relating to two Arcs* 



-*«>*< 



(10.) 

sin (a + 6) = sin a . cos 6 + cos a . sin 6. 
cos (a 4; b) =b cos a . cos fr ^F sin a. sin £. 
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tana + tan6 
tan (flf+6) = ^-= 



cot (a + 6) = 



1 4- tan a . tan 6 ' 

cot a . cot 6 + 1 
cot 6 + cot a 



(45° + 6)) 1 , , , . .. 

(^T 6) r75 (co86±an6) - 



sin(45°±6) 
cos 



l + tan.6 



tan (45° + &)=-=- -. 

— l + tan.6 

,A~* . i ix l±sin6 cos6 

tan(45 °±£6) = - = -+': . 

— a ' cos 6 1 + sin 6 



J 



/,~n »v l + sin6 
tan(45° + 6) = n . 
v — ' l + sm6 

sin (a + 6) tan a 4- tan 6 cot 6 +• cot a 
sin (a — 6) tana— tan6 cot6 — coto" 

cos (a + 6) cot 6 — tan a cot a — tan 6 
cos(a — b) cot6-f tana cota + tanfr* 

sin a + siri b tan ^ (a + 6) 
sin a — sin 6 tan JL(a_ 6) 

cos b + cos a cot ^ (a + 6) 
cos 6 — cos a tan i (a— 6) 

sin a •+• sin 6 cos 6 — cos a 9 , 

- = — r— 7 =tani.(a + &). 

cos a -f- cos b sin a — sin 6 3 ' 

sin a . cos 6 = I. sin (a •+• 6) + 1. sin (a — 6) . 

2 2 

cos a. sin 6 ==£ sin (a + 6) — i- sin (a — 6). 

2 2 

sina.8in& = £cos(a — 6)— A cos (a + 6). 

2 2 

cos a.cos 6=Xcos (a + 6) + |- cos (a— 6). 
sin a +• sin 6=2 sin 1- (a + 6).cosi (a — 6). 
. cos a + co86==2cosi(a + 6). cos A (a — 6) . 
sin a — sin 6 = 2 sin I. (a — 6) .cos A (a + 6) . 
cos 6 — cos a = 2 sin X (a — 6) . sin i (a -|- 6) . 



formula: relating to two arcs. 
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tan a + tan 6 =■ 



sin (a + 6) 
cos a. cos 6 



sin(a + 6) 
cot b + cot a = . T » 

~" sin a. sin o 



(sin a) 2 - (sin 6) 2 ) . . 

/ ia2 / ' >==sin(a + &).sm(a--6). 

(cos 6) 2 — (cos a) 2 J v / v / 

(cos a) 2 — (sin 6) 2 ) 

/ ia2 / • v 2 >=cos(a + 6).cos(a — 6). 
(cos6) 2 — (sin a) 2 ) \ / \ / 

sin (a -{- 6) . sin (a — 6) 



tan a — tan 6 = 



cot 6 — cot a s= 



cos a. cos 6 
sin (a + 6). sin (a — 6) 



sin a . sin 6 

sin 6 = sin (a -f 6) .cos a — cos (a -f 6) .sin a. 
cos& = sin(a + 6).sina-{-cos (a + 6).cosa. 
sin (a + 2)'a + sinraa = 2sin(ra-f 1) a.cosa. 
8in(w-f 2)a — sinna = 2cos (/&-{- 1) a. sin a. 
cosna + cos(ra + 2) a = 2cos(ra + l) a. cos a. 
cosna — cos(n + 2)a = 2sin(w + l) a. sin a. 

sin (n + 2) a . sin w« = sin (n -f 1) a] 2 — (sin a) 2 * 

(Z,. 4&_54; JT. Ch. ii.) 



(11.) 

sin 2a- 
cos 2a 



Formula relating to double arcs. 



tan 2a = 



2 sin a. cos a, 
(cos ay — (sin a) 2 
2 (cos a) 2 — 1 ; 
1-2 (sin a) 2 . 

2 tan a 
l-(tana) s; 

2 cot a 
(cota) 2 ,-l ; 



tan 2a = 



cot 2a 



sec 2a = 



cot a •— tan a 
(cota) 2 -l 
' 2 cot a 
= -J(cota — tana), 
(sec a) 2 



l-.(tana) 2 ' 
l + (tana) 2 
l^, (tan a) 2 * 



O 
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sec 2a = 



(cosec a) 



£ 



cosec 2a = 



(cota) 2 -l 
(cosec a) 2 



2 cot a 



i „_ 



i£ 

sin ^ a = l. (1 — cos a) | . 



cos-Ia = i-(l +cos a)r. 

2 2 



tan- a 



sina 



1 + cos a * 

1 — cos a 

sin a 



1 — cos a 
1 + cos a 

tana 

- • 

seca + 1 

sec a — 1 

tana 



sec a — 1 
seca-f-1 

cosec a — cot a. 



cosec 2a = 



(cot a) 2 + 1 
2 cot a 



=1. (tan a + cot a). 



cot | a 



1 + cos a 
sina 

sina 
1 — cos a ' 



1 + cos a 
1 — cos a 

sec a -f- 1 
tana 



I 



sec a + 1 
sec a — 1 

s= cosec a + cot a. 



2 sec a 



sec »a = - 

sec a + 1 



j 2 sec a 

cosec* a = =■ 

* sec a— 1 



(L. 65—61.) 



(12.) 



F^wes of the aine, cosine, SfC. of 30% 45°, and 60°. 
sin 30° = cos 60°=£, cos 30° = sin 60° =4/3, 

tan30° = cot 60° =4/3, cot 30« = tan 60°= /3, 
sec 30*= cosec 60° = | /3, cosec 30° == sec 60° = 2. 

sin 45° = cos 45° = \ V% tan 46 ° = cot 46 ° = 1 » 
sec 45° = cosec 45° = / 2. 
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(13.) Formula relating to three arcs. 

sin (a + 6 + c) == sin a. cos fc.cos c + cos a. sin 6. cos c 
4- cos a. cos b. sin c— sin a. sin b* sin c. 

cos (a + b 4- c) = cos a. cos 6. cose — cos a. sin 6. sin c 
— sin a. cos 6. sin c— sin a. sin 6 . cos c. 

, , v tan a + tan 6 + tan c— tan a. tan 6. tan c 
tan(a+6+c) = 



1 — (tan a. tan b 4- tan a. tan c + tan ft. tan c) 

(14.) Relations between the sides and angles of plane 
triangles. 

Let A, B 9 C 9 be the angles, 

a 9 by c 9 the sides subtending them ; 

*=£( a + 6 + c )- 
sin A sin B sin C 
a b c 

\>* + <?-a % 



cos -4 = 



2 be 
2 



sin -4 = — . *(* — «)(* — ft)(« — c)|*- 
(8in^J)^ (a - 6 > (a - C >. 

sin 2 J 4- sin 2 B + sin 2 C=sin A . sin B . sin C. 

cos 2 A 4- cos 22? 4- cos 2 C= 4 cos J . cos B . cos C— 1. 

tan A 4- tan 5 4- tan C= tan J . tan B . tan C 

(JT. CA. ii; Z. 365.) 
The area = *(* — a)(s — &)(* — c)| ; 

2aftc . T T 

— cos£-4.cos£2?.cos±'C 

fl+6+C 2 2 2 
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Let J? 1 be the radius of the inscribed, and J? g that of th$ 
circumscribing circle; then 



8 

= ^.tani-4 f tan^-j8.tan^C, 

4, £ & 



(Legendre, Geom. Note v ; Hind, Trig. 153 — 64.) 
(16.) Values of the side c 

sin C ^ 



a- 



sin A 
a cos B 4- b cos A. 

a 2 + 6 2 -2a&CQsC| 4 . 

(a + 6) 2 _4a&(cos|C) 2 |*. 



(a^6) 2 +4a6(sin|C) 2 |*. 
6cos^±«.l-(sinB) 2 | . 

6 cos J ± a 2 -(6 sin A)*f. 

a 
cos 2? + sin 2?. cot C ' 



(16.) 

sin (A + B). 

— sin J?. 
b 



Values of sin C. 



* 



— & 



V 2a6 / 



1 



sin 5 



{a cos B + &-(<* sialyl*}. 



(17) 

— cos ( A + 2ty. 



. Values of cos C. 



l-£(sini*) 2 



i 



a — e cos 2? 



a (sin Bf + co*B. 6 g -(asinJg) 2 



2*(s — c) 



-1, 



( a «-t- c 2 — 2accosJ?)*" 

(18.) f aftceff of tan C. 

— tan (A + B). 

c sin J5.6 2 — (c sin #) 2 ]*. 

c sin 2? 
« — c cos B 



/ 2«6 y _ 

W + ^-c 8 / 

qcosJ? + 6 2 -(qsin,g) g 1* 
asini?-cot5.6 2 --(asini?) 2 |* 



* Analogous formulae may be obtained by substituting A, «, for B, b, 
and vtc« verca, in this, and several of the following formulae. 
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s 

(19.) Right angled triangles: C, the right angle. 

[l] Given a, 6: tan A=* ~; 

b 

logTan-4* = logr + loga — logfe. 
c=(a 2 + 6 2 ) i ; or 
b 
cos A , 
log c = log r ■+• log 6— log Cos A. 

[2] Given a,c: 6 = (c*-a 2 )*, 

log 6 = ^log (c + a) + ^log (c — a), 

cosJ = -; 
c 

log Cos A =log 6— log c + log r. 
sin jB=cosJ. 

[3] Given J, c : a = c sin J ; 

log as log c + log Sin A — log r. 

£===90°-^ 
6 =s c cos J ; 
log fr= log c + log Cos A — log r. 
or 6 may be determined as above. 

[4] Given A, b : B = 90° - A. 

a=b tan A; 

log a = log 6 -f log Tan A — log r. 

b 

c= -; 

cos A 

log c = log r-flog 6 — log Cos A; 

(W. Ch. v; L. 67—71; Zegr. 4ft— 52; C. 529—58.) 

— ■■ I . .-... 1 . ... , - 1 . . . . , , 

* The sine, cosine, &c, to the tabular radius r will, for the sake of 
distinction, be denoted by capital letters. See (Enc* Met. Art. Trigonom.) 
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(20.) Solution of oblique angled plane triangles* 

[l] Given A 9 B 9 a; 
C=180°-(J + J?). 

sin B 
br=a- — -; 
sin A 

log 6= log a + log Sin J? — log Sin A. 
c may be similarly determined. 

[2] Given B 9 a, b; 

a 

sin A = - sin B ; 
b 

log Sin A =log a— log b + log Sin J3. 

This result is ambiguous if a > b 9 and B is an acute angle. 

C=180°-t4 + J?). 

_ sin C 

c = b-r—; 
sin 2? 

log ess log b -flog Sin C — log Sin B : 
or c = o cos B + b 2 —(a sin 2?) 2 p 
[3] Given C, a, b; 

tan|(^-5) = -tan§(J + B); 

logTani(J-B) = log(a«6)-.log(a+6)+logTan^(^-fif), 
J + J? => 180°- C: 

or thus: suppose a> 6, and let tan# = -; 

log Tan = log r + log a — log 6: then 

tan ±(A - 5) = tan X (A + #) - tan (0-45°), 
logTani(J-#) =log Tanl(J+J?)+log Tan(0-45°) - logr. 
knowing A + B 9 and A — B 9 A and J? are determined. 



csa 
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sin C 



sin A ' 
log c=log a + log Sin C-log Sin A. 

or c = (a 2 4-^ — 2a6cosC)*: 
assume (tan 6f= r- ?-—. vers C; 
log Tan 0=£{log 2+log a+log b +log Vers C+log r } -log (a-6) ; 

then c = ; 

cos 

logc = log(a — 6) + logr — log Cos 0. 

or assume (sin 0)* a - — . (1 + cos C), 

logSin0=l{log2+loga-flog6+log(r+CosC)+logr}-log(a+6); 

then c=(a-h6) cos0; 

* 

log c=log(a + 6) + log Cos0— logr. 

[4] Given a, 6, c. 

JVr*tf Method: sin ^ = — . « (* — a) (« — &)($— c) |*; 

log Sin -4 = log r -flog 2 — log 6 — logc 

-f £ J log 8 -f log (* — a) + log (s - b) + log (« — c) } . 

Second Method: (sin 1. Jf = \ 8 -~ b )\ 8 - c ) . 

2 ' be 

logSiniJ(=i.{log(*— 6) -f log(s — c) — logft — logc} + logr. 

Third Method: (cosj.^) g = * \ ") ; 

x 2 / be 

log Cos ^A^z^ {l°& 8 + 1°8 (* — #) — log.6*- logc} -f logr. 
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(s — b) (s — c) 
Fourth Method : (tynl-J) =i — A / ; 

log Tan ±A — ±{log (s— 6) +log (s— c)— log «— log (*— a) } + log r. 

If J nearly — 90°, the first method is inapplicable. 

The second method is preferable if A < 90° ; the third if 
A > 90°. 

If A nearly = 180°, the fourth method is inapplicable. 
(W. Ch. v; L. 72—84; Leg. 53—7; C. 559—615.) 

Spherical Trigonometry. 
(21.) General Principles. 

Every section of a sphere made by a plane is a Circle. 

The distance between the poles of two great circles is equal 
to the inclination of their planes. 

The pole of a great circle is the pole of all parallel small 
circles. 

If the angle subtended by the arc a is invariable, then 

a oc sin dist. from pole. 

If the intersections of three great circles are the poles of 
three others, the intersections of the latter will be the poles 
of the former. 

The sum of the three sides is always < 360°. 

The sum of the three angles is always > 1B0°, and < 540°. 

The sum of any two sides is greater than the third side. 

The angles at the base of an isosceles spherical triabgle are" 
equal ; and conversely. 

The greater side subtends the greater angle; and con- 
versely. 

(W. Ch. viii. prop. 1—12; L. 102—66; C. 960—1010.) 



RELATIONS OF SPHERICAL TRIANGLES. 
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(22.) Relations between the sides and angles of spherical 
triangles. 

Let S^iA + B + C), 

« = j(a + 6 + c); and 
N=-cosS.co8{S-A).cos{S-B).cos{S-C)\*> 

w= sin*.sin(« — a).sin(* — 6).sin(« — c)y- 
cos a — cos 6. cos c 



cos J = 



cosa = 



sin 6. sine 
cos A + cos B. cos C 



sin 2?. sin C / 

sin 6. sin c. (sin \A)* = sin (* — 6) . sin (s — c). 

sin b . sin c . (cos | -4 )* = sin s . sin (« — a) . 

sin J . sin b . sin c = 2 w. 

sin (a + 6)(sin§C)* = cos|(J + S).cos^(J — i?).sinc. 
sin(a-6)(cos|C) 2 = sinj(J + 5).sin|(J-i?).sinc. 

sinK^ + ^)=^T^cos|(a-6). 

COS sC 

SID st 

i x . «v sin»C i • »x 
cos|(J + B) = — V-cos|(a + 6). 

cos|c 

sinir 
co 8 K^-5)=-r4-«nK« + *)- . 

SlU §C 

sinB.sin C. (sin ja)* = — cos S.eos(S— A). 
smB.smC.(<nsla)* = cos(S-B).cos(S-C). 

sin B . sin C. sin a = 2 JV. 

sin(^ + #)(cos|c) 2 = cos|(a + 6).cos|(a — 6). sin C. 
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sin (A — B} (sin \c)* = sin \(a + b) . sin $ (a — 6) . sin C 

sin*(a-f-&) = . ? cos|0< — 2?). 
. * ' sin^C 

sin s v 
cos J(« + b) = !^lcosl;(A + B). 

cos \(a - 6) - ^fp; sin |(^ + B). 

COS s o 

Mn ^~^ =(tan|C) s .tan|(J + S).tanK^-5)- 
sin (a -|- 6) 

sin (^4 — J?) . . , _ x 

sin(J-fJ) ==(cot ^ tan|(a + 6).tan|(a-fc). 

sin|(a — 6).cot|c sing-(^ — B).cot\C 
cos|(a + 6) ~" cos|(.4-h2?) " 

sin A. sin 2? — sin a. sin 6 = cos A. cos 2?. cose + cos a. cos 6. cos C. 

(sin C) 2 . sin (a + 6) . sin (a — 6) = (sin c) 2 . sin (A + B) . sin (.4 — 2?). 
cos c = cos (a — 6) (cos ^ C) 2 + cos (a ■+■ 6) (sin ^ C) 2 -. 

(sin | c) 2 = sin \{a — 6) . cos \ C \ +sinj(a-h6).sinjC] 2 . 

(cos |c) 2 = cos|(a — 6).cos|C| 2 + cos \{a + b) .sin | C~] 2 - 

f* M i/*\s sin («~&) cos^ + cosJ 

(tan»C) = - — 7 — . =r J. 

sin (a + 6) cos B — cos A 
cos C = — cos (A - 5) (sin |c) 2 — cos (^1 + B) (cos £c) 2 . 

(cos|C) 2 = sin|(J-J?).sin|c| 2 + sin|(J + S).cos|c| 2 . 
(sin } C) 2 = cosi(-<4-#)-sin^| 2 + cos|(J + J^.cos^j 2 . 

, vo sin (A — B) cosfc + cosa 

(cot Jc) 2 = . ; . — - 1 . 

sin (-4 + B) cos o — cos a 
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sin(« — a)= ^ . , . r— p-; 

2sm§.4.cos|2f.cos|C 

= 2--cos^.sin|S.sinjC; 

= (n.cot3.4.tan|2?.tan|C)*. 

. 1 — cos A + cos B + cos C 

cos (* — a) = . . =— ,—- . 

1 4sin|J.cos55.cos|C 

cos (£--4) = n 



2cos5a.sin|&.sin|c' 



= 2 — sin|a.cos~6.cos~c; 

= (iV.tan|o.cot|6.cot5c)i 

. /« >x 1 + cos a — cos 6 — cose 

sin (£— .4) = — 1 . . . — . 

4cos|a.smg&.sin~e 

• i ^ • 1 *> • in sin(s — a).sin(s — 6).sin(s — c) 

sin|^.sin|Jy.sinffC=- 7 t— : — r -; 

sm a. sin 6. sine 

n 2 



cosj-4.cosjB.cosgC= - 



sin 5 . sin a. sin 6 .sin c 
n. sin # 



tan|J.tan|B.tanjC= — 



sin a. sin 6. sine 



(sin sy 



. ., . COS OS- J).COs(£ — JB).C08(/S— O 
COS|a.COS|0.COS«C= « ^ r — ; — ti ■ ^ 

sin J. sin 2*. sin C 



JVT 1 



2 



cos S. sin J .sin 2?. sin C * 



. 1 • ir • 1 JVcostf 

sinta.sin*6.sm»c= - — r—. — . . 
^ sm-4.sinfi.smC 

cot 5 a.cot 5 .6.cotjc= 7^^- 
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n = j. (sin a. sin 6. sine) 2 . sin A. sin B. sin C \ . 
iV=j.sina.sin6.sinc.(sin^.sinB.sinC) 2 | • 

sin « = 2 •—- cos s-i.eos iB.cos sC 

N 2 2 2 

cos*y=2 — sin|a.sin|6.sin|c« 
n 

COS 8 = i. t — ■ ' i p « 1^ ' 

2 sing J. sin ^/J. sin ^C 
1 — cos J. — cos 2? — cos C 



4 sin |-4 . sin \B. sin |C 

. ' 1 - (co s^) 2 - (y»j6)«- (cos|c) 2 

sm o = j j-t J » 

2 cos |a. cos g-o.cos $c 

m 

1 -f-.cos a + cos 6 4- cos c 

4 cos £a . cos $b . cos ^c 

(L. 181 — 201, tab. vin.) 

(23.) Formula for the area (E) of a spherical triangle. 

= 2S — 7T, the radius being the linear unit ; 

= 57 ,2957795(2*y— 180°), the value in square degrees. 

sin -22 = 



cos 



2 2cos|a.cos^6.cos|c 

j cos^a.cosg6-fsin|a.sin|6.cosC 
2-^ = i 

COS*~C 



cos a -f cos b -f cos c + 1 
4cos|a.cosi6.cos|c 

__ (cos \af + (cos ift) 2 + (cos ^c) 2 - 1 
2cos^a.cos|6.cos|c 

tan jjB«= tan $s. tan j(* — a) . tan $(s — 6) . tan |(s — c ) | • 
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!_ tan~a.tan56.sinC 
tan * jl = - — ■ s = . 

1 + tan£a.tan~6.cosC 

sin^a.sinl&.sinC 
"" 4cos|(0 + 0).cos|(0-0) ; 

if cos0 = sin ^a.sin^. (cos jC) 2 , 

and cos^> = ^cos|(a -f 6). 
(JF. Ch. viii. prop. 13; Leg. Geom. Note x; L. 177, 263—6.) 

(24.) Let R i9 jR £ be the circular radii of the inscribed, and 
circumscribing circles, 

» n ^ 

tan It* ^ . — — * — 1 . . 

sin* 2 cos £.4 .cos 1 2? .cos JC 
tan *,= .= "!! - ^ih^iM^. (Jt< 270, 10 

(25.) Solution of right-angled spherical triangles. 

Let J, 5, be the oblique angles, C, the right angle ; 
a, 6, the sides, c, the hypothenuse. 

Naper^s Rules. The circular parts are 

90°- J, 90° — A, 'a, 6, 90°-c; 
any one of which being called the middle part, m, 
the two adjacent to m on each side of it, a v a 2 , 
and the two remaining or opposite parts, o 19 o 2 ; 

sin m = tan ^ 1 . tan a 29 
= COS Oj . cos o 2 » 
[l] cos c = cot A. cot 2?; 
[2] cosc = coso.cos6; 
[s] sin a = tan 6. cot B; 
[4] sin a = sine, sin A; 
[5] cosJ = tan6.cotc; 
[6] cosJ = cosa.sini?. 
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These are all the forms essentially different; four more 
analagous to [s], [4], [5], [6], may be obtained by changing 
A, a, into B 9 ft, and vice versd. 

* These rules may be applied to a quadrantal triangle, in 
which c = 90% if 

A, B, -(90°-C), 90°-a, 90°-ft, • ■• 

be taken as the circular parts. 

Any angle, and the side opposite are either both > 90°, or 
both < 90°. 

An oblique angle cannot be less, if acute, nor greater, if 
obtuse, than the opposite side. 

The sides are both > 90°, or both < 90°, if the hypothenuse 
< 90° ; and one side > 90%<and the other < 90°, if the hypothenuse 
> 90°. 

A side is > or < hypothenuse, according as it is > or < 90°. 

A + B and a + ft are both > , or both < , 180°. 

A + B is always > 90°, and A~~B always < 90°. 

(IF. Chap.x; L. 202—9.) 

[l] Given A, c: sin a = sin e. sin A ; 

log Sin a = log Sin c + log Sin A — log r . 

tan b =5 tant? .cos A ; 
log Tan ft = log Tan c + log Cos A — log r. 

cot B = cos c. tan A ; 
log Cot B = log Cos c -f log Tan A — log r. 

[2] Given a 9 c: sin A = — — ; 

sine 

log Sin A = log Sin a — log Sin c -f log r. 



cos ft = 



cose 



-•• 



cos a 



log Cos 6 = log Cos c — log Cos a -f- log r. 

cos B = tan a. cot c ; 

« 

log Cos B = log Tan a + log Cot c — log r. 
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[S] Given a, 6: cos c== cos a. cos 6; 
log Cosc = log Cos a + log Cos 6 — log r. 



. tan a 
tan A = 



sin b 
log Tan A = log Tan a — log Sin 6 -f log r. 

[*] Given A 9 a ; sin c = - ; 

sin .4 

log Sin c sb log Sin a — log Sin J + log r. 

sin 6 = tan a. cot A ; 
log Sin 6 = log Tan a + log Cot A — logr. 

. _ cos J 

sin 2* =s ; 

cos a 
log Sin B = log Cos J — log Cos a + log r. 

[5] Given -4, b: tanc= -; 

cos J 

log Tan c = log Tan 6 — log Cos A •+■ log r. 

tan a = sin 6, tan A ; 
log Tan a = log Sin b + log Tan A — log r. 

cos 2? = sin A . cos 6 ; 
log Cos B = log Sin A -f log Cos b — log r. 

[6] Given A, B: cosc = cot-i.cotB; 

log Cos c = log Cot A -f log Cot B — logr. 

cos ^4 

cosa= -, 

cos 5 

log Cos a = log Cos A — log Cos B + log r. 
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The results obtained in [2], [4], are doubtful ; the am- 
biguity may in some cases be removed by attending to the 
conditions stated in page 118. 

When a small angle is to be determined from its cosine, or 
an angle nearly = 90° from its sine, a small error in the sine or 
cosine gives a large one in the angle; in such cases some of 
the following formulae will give more accurate results. 



tan |c = 



— cos(J + B) 
cos (J — B) 



. tan(|J + B-45°) 

tan *a = , ■ 

tan(!^-B-45°) 

tan \a = tan|(e + b) . tan |(c — b) |*« 



»— i ^_ sin(c-s6) 

tan » -4= - 7 — 

* sin (c + b) 
tan (45° — jo) = tan (45°— x) I ; if tana? = sine, sin A. 

i 



/j»« ' i « tan|(c + o) 

tan (45°+^) = 1) ( 

s ' ' tan£(c — a) 



tan(^ + ^) = ten f^ + a > 



tan j (.4 — a) 



* 



/«»„ i»v sin (.4 + a) 

tan (46° + |ft) = ^-)- 1 

' an (A — a) 



J 



tan r45«+ i»^ - cot iU + g ) 
tan(45+ ff S)_ ton ^_ a) 

Formula adapted to a table of natural sines. 
Sin a =|Cos(c — .4) — £Cos(c + ^). 
Cose = jCos(a + 6) -f jCos(a — 6). 

Cos A =|Sin (a + B) -£Sin (a- JB). 

(JT. Ch. x; L. §. v; C. Ch. xvii.) 
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(26.) Solution of oblique-angled spherical triangles. 

First Case: given a, b 9 c. 

2 ; $ 

[l] sin -4= - — -— ^ — . sins, sin (s — a}.sin(s — ft).sin(« — c)\ ; 

smft.sme x ' N ' . n 

log Sin A =log 2 + logr — log Sin b — log Sin c 

+ ? { l°g Sin * + log Sin (* — «) + log Sin (s — 6) + log Sin (« — c) } . 

[2] ( 8 inM) a = 8in(a T fe)sip(a " C) ; 

sin 6. sine 

log Sin \A = j { log Sin (s — ft) + log Sin (s — c) 

— logSinft — logSinc} + logr. 
r«l /™« i ^\2 - sin*.sin(s-g) 

L 3 J (COS *A) = r-T— : ' ; 

sm ft. sine 
log Cos \ A = \ { log Sin s + log Sin (s — a) 

— log Sin ft — log Sin c } + log r. 

W, * , sin (« — 6) . sin (* — c) 

7 sin*.sin(«-— a) 

log Tan |a = | { log Sin (* — b) + log Sin (s — c) 

— log Sin * — log Sin (* — a) } + log r. 

[5] Assume cos = cos ft. cose, 

log Cos — log Cos ft + log Cose — logr; then 

A 2 sin |(0 +a). sin |(0- a) 

cos \4 = , I . ; 

sin ft . sin c 

logCos^ = log2-hlogSin|(0Hra)-f-logSin^(0-a) 

— log Sin ft — log Sin c -f log r. 
A _ 90°, and — a have the same sign. 

cosft.cosc 

16 1 Assume tan <p = : , 

J T sin a 

log Tan = log Cos ft + log Cos c — log Sin a ; then 

cos (a -h 0) 

cos -4= — . . . — ; 

cos . sin o . sin c 

log Cos J s= log Cos (a + 0) + 3 log r 

— log Cos — log Sin ft — log Sin c. 

Q 
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Second Case : given A, B 9 C. 
[l] sing= , . .-cosS.cos(S-J).cos(S-B).cofi(S-C)\ . 

Sill JO • Sill Cs 

logSina=log2 + logr — log Sin 2? — log sin C 
+ 1 { l°g ( - Cos S) + log Cos (5" - A) + log Cos (S - B) 
+ log Cos (5- -C)\. 

[ 2 ](sin^=Zf2!^^) ; 

sin 2?. sin C 

logSin|a = logr 

+ H 1 °g(- Cos *) + 1 °gCos(5'-.^)-logSin>9-.logSinC}. 

r«i / i \s cos(S-B).cos(S-C) 

[3] (cos|a)* = 2 — . ' * '. 

7 sin 2?. sin C 

log Cos|a = logr 

+ |{logCos(5'->9)-i-logCos(^-.C)-logSm>9-logSinC}. 

r -. / l vo — cos S. cos (S— A) 
1 41 (tan Bars 7— — — ^-7— — ^—; 

L J N * ; cos^-J^.cos^aS-C) 

log Tan \a = log r + \ { log ( — Cos S) + log Cos (£ — ^() 

-log Cos (S-B)- Cos (Ay- C)}. 

[5] Assume cos = cos B . cos C ; 

log Cos = log Cos 2? + log Cos C — logr: then 

2C0Bi(^ + Q).C0Bl(^-fl) _ 

COS CL — # # ■ 1 

sin5.smC 
log Cos a = logr + log2 + log Cos \(A + 0) + log Cos \{A - 0) 

- log Sin B - log Sin C. 

rz?1 A . cos B. cos C 

[oj Assume tan <p = — — : — ; 

T sin A 

log Tan <p = log Cos B + log Cos C — log Sin A : then 

cos (A — d>) 

cos a = — V — — ; 

sinj3.siiiC.cos0 

log Cos a = 31ogr + log Cos (A — 0) 

— log Sin B — log Sin C — log Cos 0. 
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The same observations as in the analagous cases of plane 
triangles will apply to the numerical accuracy of the different 
methods in these two cases. 

Third Case : given a, b 9 C To determine A and B : 
r-n 1 / a ^v cos? (a — b) , _ % 

[1] UnHA + B)- 1} [ eatiCi 

cos § \a -f Of 

log Tan|(^(+J?)=log Cos J(a-6) +log Cot|C-log Cos|(a+6). 

i / a «v sinwfa — b) , ^ 
tan|(J - B = * v .cot|C; 

sm^a-f-o) 

logTanJ(^-B) = logSin|(a-6)-hlogCot|C-logSin|(a+6). 

[2] Assume tan a = tan a. cos C; 

log Tan a = log Tana + log Cos C — logr: 

and let )3 = b — a, then 

_ sin a 
tan -4 = tan C — — ^; 

sm/3 

log Tan -4 = log Tan C + log Sin o — log Sin /3. 

To determine c. 

[l] 2 (sin |c) 2 = vers (a — 6) + sin a. sin 6. vers C 

, . v0 sin a . sin 6 . vers C 

Assume (tan r = - 7- — ; 

vers (a — 0) 

log Tan = \ { log Sin a + log Sin 6 + log Vers C — log Vers (a — b) } 

then 2 (sin 3 c) 2 = vers (a — 6) . (sec 0) 2 ; 

log SinjC = log Sec0 + J {log Vers (a — 6) — logr — log 2}. 

[2] (sin jc) 2 = (sin | . a + 6) 2 — sin a . sin b (cos | C) 2 . 

Assume (sin 0) 2 = sin a . sin 6 . (cos | C) 2 
log Sin = | {log Sin a + log Sin 6} + log Cos \C~ logr : 
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then (sin Jc)* = sin (|.a -f b + 0).sin (\.a + 6 — 9) ; 



logSin|c = |{logSin(|.aH-6 + 0)-flogSin(|.a-hft-0)}. 

[3] Assume tan a = cos C . tan a ; 

log Tan a = log Cos C + log Tan a — log r : 

&nd let j3 = 6"^a, then 

cos/3 



cos c = cos a. — — , 

cos a 



log Cos c = log Cos a + log Cos /3 — log Cos a. 

If e is small, this formula is not sufficiently accurate. 

WsinC . 
smc= - — -sin a; 
sin A 

log Sin c = log Sin C + log Sin a — log Sin A. 

Fourth Case: given A 9 B> c. To determine a and b : 

[i]t«i(«+»)-~^4=5t«jci. 

cos ^ (-4 -f By 

logTan|(a+6)=logCos^(^!-jB)H-logTan|e — logCos|(J-5). 

w .v sins(^( — E) , 
tan|(a — &) = . t , . — — tan»c; 

logTan|(a-6)=logSinK^--B)-logSin|(J + fi)H-logTari|c. 

as=: |(a + &) + £(«_ 6), 
b=\(a + b)-\(a-b). 

[2] Assume cot a = tan ^ . cos c ; 

log Cot a= log Tan A + log Cos c — log r ; 

and let /3 ^B^a, then 

cos a * 

tana = tanc ; 

cosp 

log Tana = log Tan c + log Cos a — log Cos /3. 
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Required C : 

m • ±1 • .sine 
L 1 J sinC=sm^-; — ; 

sin a 

log Sin C = log Sin A + log Sin c — log Sin a. 

[2] 2 (sin l s C) 4 = 2(cos £ . J+fi) s + vers c . sin ^ . sin B. 

a • ^o vers c. sin ^(. sin B 
Assume (tan Oy = , — ; 

2(cos|.J + B) 2 

log Tan = ?{ldg Verse + log Sin A + log Sin B + logr — log.2J 

- log Cos £(^ + IT) : 

then sin|C = cosj(^ + 2?).sec0; 

log Sin|C = logCos|(J + 5) + log Sec0-logr. 

[3] Assume cot a = tan -4 . cos c ; 

log Cot a = log Tan -4 + log Cos c — log r : 

and let /3 = 2? — a, then 

^ , sin/3 

cos C = cos A -r- 1 - ; 

sma 

log Cos C s= log Cos -4 + log Sin /3 — log Sin a. 

This is not sufficiently accurate, if C is small. 
Fifth Case : given a, b, A. To determine B : 

smB = sinA— — ; 

sin a 

log Sin B = log Sin A + log Sin b — log Sin a. 

sin a . . . 

If -1 — 7 < sm -rf, there is no solution, 
sin 6 

Ti? sin a . 

If -r-£ =sini, 5 = 90% when A and a are of the same 

species; when A and a are of different species, there is no 
solution. 

sin a 
If -t— 7 > sin -4, and < «, there are two supplemental values 

of B 9 when A and a are of the same species ; when of different 
species, there is no solution. 
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If - — r 4: 1, that value only of B is admissible, which is of 
sin 6^ ' J ' 

the same species as ft. 
To determine C 

[1] cot\C = tm\(A + B) — f^ ^; 

log Cot |C = log Tan|(J+#)-Hog Cos|(a + ft) — log Cosj(a-ft) 

£2] Assume cot a = tan A . cos ft ; 

log Cot a =»log Tan A + log Cos 6 — logr : 

, - ~ cosa.tanft 

and let cos p = ; 

tana 

logCos/3 = logCosa + logTanft-- log Tana: 

then C = a±(i; + or — , according as a and /3 are of the same or 

sin a sin a 

different species, if -7—7 > 1 : if -7— < 1, and > sin A 9 then C 

sin ft sin ft 

has two Values, o + /3. 

[3] Assume tan 6 = cos 6 . tan A ; 

log Tan = log Cos ft + log Tan J — log r : 

tan ft 

then sin (C+6) = sin 6 ; 

tana 

log Sin (C + 0) = log Tan ft + log Sin - log Tan a. 
To determine c. 

W. sinC 
smc = sina-: — - ; 
sin A 

log Sin c = log Sin a + log Sin C — log SinX 

log Tan Jc=logTan ^(a-f ft) +log Cosg(^(+ jB)-log Cos|(J-jB). 
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[3} Assume tan a = cos A . tan b ; 

log Tan a = log Cos A + logTan6 — logr: 

. . - cos a, cos a 

and let cos p = — ; 

cos 

log Cos /3 = log Cos a -f log Cos o — log Cos b : 
then.c = a + )3 9 under the same conditions as above. 

Siwth Case: given A, B 9 a. To determine b: 

sinJB 

sin b = sin a - — r ; 
sin J 

log Sin 6 = log Sin a + log Sin B — log Sin A. 

_ . . sin a _ _ ... sin A 

The above remarks on - — 7 may here be applied to — — - . 

sin 6 ' sin 2* 

C, and c may be determined as above ; or thus, 

Assume cot a = tan 2? . cos a ; 

log Cot a = log Tan B + log Cos a — log r : 

- sino.cos-4 

and let sin (5 = — ; 

cos 5 

log Sin /3 = log Sin a + log Cos A — log Cos B : 
then C = o±/3, as above. 

Assume tan a = tan a . cos 2?, 
log Tan a = log Tan a + log Cos B — logr. 

. . cos A 

sin a = sina - , 

cos 2? 

* 

log Sin /3 = log Sin a + log Cos -4 — log Cos B ; 

then c == a + /3, as above. 

( W. Ch. xi ; C. Ch. xviii ; L. 221—62 : Legendre, Trig. 84-91 ; 

Delcmbre, Astron. 138 — 83.) 
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{27.) Series for the sine, cosine, <$•<;. in terms of the arc. 



af 



sma?=a?— 



COSa? = l — 



a? 



w 



1.2.3 1.2.3.4.5 1....7 



+ &c. « 



ar* 



a? 



* 



6 



1.2 1.2.3.4 1....6 



+ &c. « 



a?* 5a? 4 
secar = l+- — 4- , 

1.2 T 1.2.3.4 1....6 



61a! 6 5.277a? 8 50521 a? 10 



8 



,10 



5.540553a? 1 * . 

+ — =^— + &c. y 



12 



la? 7a? 3 31a? 4 3.127a? 7 
cosec a? = - + „ 1- — — - + 4 — 

a 1.2.3 3.1. ...5 3.1. ...7 5.1.. ..9 

| 5.7.73a? 9 | 1414477a?" t &c , 
3.1. ...11 3.5. / .1....13 

a? s 2a? s 17 a? 7 62a? 9 1382 a? 11 

tan a>= ee+ — A 1- — + — : 4- — = 

+ 3 3.5 + 3*.5.7 + 3 4 .5.7 + 3 4 .5 2 .7.11 

21844a? 18 929569 a? 15 

+ tf.«».7.11.18 + 8».6 , .7".11.18 ' 



• sina? = S w (-l)"- 1 



a? 8 *'- 1 
2m- 1' 



fi cosa?=S m (-l)*- 1 



a?*" - 



2m— 2" 



* ■ec»-S«(-l)— »•*- ».»— x a~\\a m .[= — 1— |; 



m 



where flr w - 1 o- 1 = S n (-l)*- 1 o-*.w 4 " -H o 1 "- 1 . 

* coseca?=S w (-l) m - 1 a? ft "- , .w— ^-Sio^,.^-— -?— -t . 

( 2m — 1) 



• tana?=S m (-l)~- 1 a?*»- 1 .S„ 






| 8m-2n+l ' 



( m ~ 1 2m-2J 
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„ ' 1 <v a? 2<v s «? 2* 9 

w 3 3 2 .5 3 3 .5.7 3 3 .5 8 .7 S'.S^.ll 

3 6 .5 s .f.ll.l3 3 6 .5 a . 7.11. 13 ~&.5*.T-U- 13,17 ~ &C * " 
vers^ 1 ^- f ^L i + £L_ &c . f (C. 266-502.) 

(28.) Series expressing the inverse circular functions. 

. _ x , 1 * s 1.3 a> 5 1.3.5 w 1 

sin x <r = a? + - . 1- — . 1 . l & c v 

2 3 2.4 5 . 2.4.6 7 + 

, w* afi a? 

tan-^=a» — - + - — -- +& c . s 

«5 5 y 

_! 11 1 13 1 1.3.5 1 

cosec l w = - + - . — — + — . j l. &. c » 

•* 2 3a?» T 2.4 5ar* + 2.4.6 7^ 7 + 



vers 



>,= (2*)*.jl + - ._ + _ . _ + __ + &c .} 



cob'^ss - — sin*" 1 *?. cot~ 1 o?= - — tan" 1 ^. 

Z 2 

sec A a?= - — cosec "^ 



mK } °* 2m-2n> l^ 1 1.2m- If' 



\2m 



w* m 



* vers^ = S m (-ir- 1 I —-. 

L 
co 11 ' 11 

y- Sin '^g S »»»~1>8 * ^.g m-l,I * 

|2_ 2m-l " [m-l 2»- 1 (2m-l) 



m-1,2 

tan-WSj-l)*"- 1 



es ~$m — 1 



2m— 1 



II 



x - (2m - 1) 



* cosec -1 »=S ■ m ~ 1 ' 8 — 

: -Im-l (2«*-l)2»- 1 



. . - li ■ 



<• (2m -!).»» \4/ J 



R 
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(29.) Series for determining the value of it. 

1=450=, -i+H+i -&c 

11 

Euler's Method. 7 = tan -1 - -f tan"" 1 - , 

4 2 3 

.=5( 1 -5?4 + ^-5* + * c ') 

^S\ 3.9 5.9 s8 7.9 s / 

Machines Method. £ = 4 tan" 1 - - tan" 1 — - , 

4 5 239 

5\ 3.100^5.100* 7.100*^ / 

~" 239 v 3.57lSr + 5.57121 2 ~ &C V * . 
7T = 3,1415926535 89793 23846 26433 83279 50288 41971 69399 37510 
58?09 74944 59230 78164 06286 20899 86280 34825 3421 1 70679 82148 

08651 32823 06647 0938446, &c. 

(Lacroix, Introd. Diff. Calc. 43 — 6.) 

(30.) Formulce involving impossible quantities. 

-> * 1 — 

sin 00 = «=r (e*^ 1 - e-*^" 1 )- 

costf^C^^ + r^ 15 ). 
1 € 2*v^i — 1 

tan ^ = ^7rTV'^-fi\ 

€ ±* v"=i as cos # + >>/ — 1 sin #. 

cos wa? + ^/-rl sin wo? = (cos oc ± ^f— 1 sin a?)*. 

m 

cos — a? + x/ — Ism— <» = (cosa? + N / — lsma?) . 



smwo7 = 



{(coso?+^^l sina;) w — (cos^— ^/--l 




2 

cos nx = \{ (cos<^+ v^l sin a?) w + (cosa?- \/^l sin a?)*}. 
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If (a-h6 N /-l)^^ 1 = Co8c-h N /^TSinc, 
and - = tan#, then c=gx + ^A.log(a 2 + 6 2 ), 

1 . 1 + ^/^ltanc 
c = ==- . log g— . 



(C. ch. viii; jffmd, 24>; L. 357 — 62.) 
log, 1 = 2 (m — 1) 7r >/ — 1 ; *n being any integer. 

Of these values only one is possible, which is obtained by 
putting m=l. (Lacr. Introd. 81.) 

(31.) Formula for the sums of arcs, and multiple arcs. 

Let the sum of the continued products of each combination 
of the sines of m of the arcs, a l9 a i9 &c. a n , into the cosines 
of the remaining n — m arcs, be represented by C n „ m S m ; then 

sin (a x + a 2 + &c. + a H ) = C„- C„_ 2 ,S 2 + C*-^- &c - 
cos (^ + a 2 + &c. + a n ) = <?„_ ^ — C n _ s S 3 + &c. 

Let T m be the sum of the continued products of each 
combination of m tangents, 

/ 7\ — 7 1 , + TV — &c. 

then tan (a, + a 2 + &c. + «„) = i_ y' + y -fcc , ' 

If a x = a 2 = &c. = a n9 then 

/ m.-i • »0&-l)(rc-2) . 

smn»=n (cos ay 1 sm a— :— — — - — 5 — (cos a) H 3 (sin a) 3 + &c. 

to ^(n + 1) terms, if w is odd, and to ^n terms, if n is even. 

cos na = (cos a)* — -^ — — - (cos a)* " 2 (sin a) 2 

w(n-l)(w-2)(n-3) / 
+ ! g 3 4 fa* a ) ( sm a ) ~ &c - 

to^(n 4- 1) terms, if n is odd, and to ^ n + 1 terms, if w is even. 
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(32.) Sines and cosines of multiple Arcs. 

[lj Ascending series, 
sin 2d? = cos a? . 2 sin a?. 
sin 4a? = cos w. { 4 sin a? — 8 (sin a?) 3 } . 
sin 6o? = cos a?. {6 sin a? — 32 (sin w) 9 + 32 (sin a?) 5 }• 
&c. = &c. 

f ■ . m(m s - 2 2 ) . 

sin ra# = cos # jwsina? — (sin a?) 

( 1.2.0 

m(m 2 -2 2 )(w 2 -4 2 ) x5 | 

+ — ^ — ±±-- ^ (sm wy — &c. > . 

1......5 J 

sin So? = 3 sin a? — 4 (sin a?) 3 . 

sin 5a? = 5 sin a? — 20 (sin a?) 3 + 16 (sin a?) 5 . 

, sin 7# = 7 s * n * — fi 6 ( sin W Y + 112 ( s * n a7 ) 5 ~~ ^4 ( sin a? ) 7 ' 

&c. = &c. 

w (m 2 - l 2 ) . 
sm wo? = m sm a? — (sma?) 3 

1.2S.O 

™(m2-l 2 )(m 2 -3 2 ),. xs o 
+ 1.2.3 4.5 ; (— )^ & - 

sin2a? = sina?.2cosa?. 

sin4a? = — sin a? { 4 cos a? — 8 (cos a?) 3 } . 

sin 6a? = sin a? { 6 cos a? — 32 (cos a?) 3 -f- 32 (cos wf J . 

&c. = &c. 

% , .x^ 2 . f m(m 2 ~2 2 ) / 

«inma? = ( — 1) * sin a? jw cos a? — - — V " o ' (cosa?)* 

+ W ^-f)f- 42 >(cos^- & c.} 
1...5 j 

sin3a? = — sina?{l — 4(cosa?) 2 }. 

sin 5a? = sin a? {1 — 12 (cos a?) 2 + 16 (cos a?) 4 } . 

sin 7a? as — sin a? { 1 — 24 (cos a?) 2 + 80 (cos a?) 4 — 64 (cos a?) 6 } . 

&c. =&c. 
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smtnx 



m-1 ( m* — l 2 

= ( — 1) * sin a? j 1 (cos a?) j 



+ 1A4 (co6 * } -: &c -l 

cos 2a? = — 1 + 2 (Cos a?) 2 . 

cos 4a? = + 1 — 8 (cos a?) 2 + 8 (cos a?) 4 . 

cos 6a? ss — 1 + 18 (cos a?) 2 — 48 (cos a?) 4 + 32 (cos a?) 6 . 

&c. == &c. 

cosma? = (— l) a <l — ■=— (cos a?) 2 4- ; (cos a?) <— &c.l 

i X »Jd x •& .O .*x I 

cos 3a? = — 3cosa?-f 4(cosa?) 3 . 

cos 5 a? = -f- 5 cos a? •— 20 (cos a?) 3 -f 16 (cos a?) 5 . 

cos 7# = — 7 cos # + 56 (cos a?) 3 — 112 (cos a?) 5 + 64 (cos a?) 7 . 

&c. == &c. 



— » - (w 2 -l 2 ) / 



coswa?==(— 1) 2 .micosa? — (cosa?)- 

(cos a?) 5 — &c. £ 



(m 2 -l 2 )(m 2 -3 2 ) 



1.2.3.4.5 

cos 2a? ass 1 — 2 (sin a?) 2 . 

cos 4a> = 1 — 8 (sin a?) 2 + 8 (sin a?) . 

cos 6 a? = 1 - 18 (sin a?) 2 + 48 (sin a?) 4 - 32 (sin a?) 6 . 

&c. = &c. 

cos mw = 1 - — (sin a?)* + ^ -^ (sm a?) 4 

w 2 .(w 2 -2 2 )(w 2 -4 2 ) , . - 
lg - (sin a?) 6 + &c. 

cos 3a? = cos a? {1 — 4 (sin a?) 2 } . 

cos 5a? = cos a? {1 — 12 (sin a?) 2 + 16 (sin a?) 4 } . 

cos 7# = cos a? { 1 — 24 (sin a?) 2 + 80 (sin a?) 4 — 64 (sin a?) 6 } . 

&c. = &c. 



cos ma? 



=cosa?n — r -(sma?) 2 + (sm a?) 4 - &c. £ 

v l.a 1.22. 0.4 ' 



134 TRIGONOMETRY 

[2] Descending series. 



.-, , »(»"8)/o__x— 4 



2 cos nw = (2 cos a?)* — n (2 cos a?) n ~ 2 H =— 5 — (2 cos od) 

n(n — 4)(ft — 5)_ x , « . 
t o o -(2cosa?) n ' 6 + &c. 

if ft is even, the number of terms isXft + 1, and the last 
term, 2(-l)*». 

If n is odd, the number of terms is i-(ft + 1), and the last 
term, (- 1)* ( * - J) (2ft cos w). * 

sin ft#= sin a? 1(2 cos a?)*~ * — » (2 cos #) w "" 3 

+ (n-3)(n-4) (2co8a?)w . 8 _ &c | , 

If ft is even, the number of terms is -Lft, and the last term, 
(--l)**" 1 ^ cos w. If ft is odd, the number of terms is 
X (ft + 1, and the last term, (- l)* (w - 1} . 

2 cos ft <p = ( - l)* n J(2 sin w)» - n (2 sin a?)*" * 

ft(ft— 3) ,_ . XM A ft(ft — 4)(ft — 5) ._ . • . „ 
+ -i— — ^(2sin#) - -21 ^(2sm#) n - 6 + &c. * 

r [ft — m 

* 2cosfta? = ftS m (— l) m " 1 JE=2— — (2 cos a?)"-*"* 2 . 



«i — 1 



r=Xft -f 1 if ft is even ; r = -^(ft + 1) if ft is odd. 

r |ft— -ro 

* sinfta7=ssin«.S m ('— ly^JSsL—. (2costf)*"" a * +1 . 

[m— 1 

r = ~ft if ft is even; r = i(ft + l) if ft is odd. 

v If ft is even, 

|w — m 
2cos«a7 = ftS m (-l) m+ * n " 1 ^i— (2 sin a?)*- 21 — 2 ; 



m— 1 



ft — vn 
sbn»=sin^.S w (~ir +1 "" 1 ^^(28in*)"- a «+ 1 . 



*) 



»-« 
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<ra-3)(tt-4) A . x . ) 
+ i o < 2 sin *> &c * r 

2sinratf==<-l)*<*- 1) J(2sina?)* — w(2sin 

w(n-3) . n (rc-4)(rc — 5) . ) 

-j _ (28in^) n 4 — 1 - ~- (2 sin a?)* e + &c.v 

(2sin^) n " 1 — (2sina?)"~ 5 

+ (»-3)(n^4) (28 . n ^. g _ &c | , 

n is even in the first and second of these series, and odd in the 
third and fourth : the last term and number of terms may be 
determined as in the two first series. 

These series are true only when n is #. positive integer. 
(L. 370-97; W. Ch.iii; C 466-84; Lagr. Calc.desFonc.Lef. 11.) 

(33.) - Tangents of multiple arcs. 

2tan<2? 
tan 2a? = 



l-(tana?) s * 



3 tan a? — (tan#) 3 

tan3# = - — . 

l-3(tan*) 2 

\ 4 tan a? — 4 (tan a?) 3 

tan 4a? = - — -z-} xo „ — — —. 

1 — 6(tan#)* + (tan#) 4 



* If n is odd, 

r \n~ m 

2rinn*=»S„(-ir + * ( * +1) .f^^ 



m — 1 



r \n — m 

wn^==cosa?S m (-ir +i( * +1) ^^(2sin^-^ +l . 

Im— 1 
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5 tan a? — 10 (tan arV + (tan a?) 5 

tan 5a? = — , ■ ■■ ■ " - ■ — — —j — . 

. 1 — 10 (tan a?) 2 + 5 (tan a?) 4 

n(/i— l)(w— 2) , • »(»— 1)...(»—4) .. 

wtana?- -z — (tana?) 3 +~ =— (tan*?)*— &c. 

1.2.3 1 . 2 ... 5 

n(n— 1) " n(w— l)(n — 2)(rc — 3) " "~ 

1_ _L_J(tan^ + i J_^L__L_J ( tan,)^ & c. 



tanna?= 



If w is odd the numerator and denominator must each be 
continued to ^(n + 1) terms ; if even, to -Jn, and ^n + 1 terms 
respectively. (C. 494 — 9 ; W. Ch. iii.) 

(34.) Powers of the sine and cosine of an arc. 

2 (sin off) 2 = — (cos 2a? — 1). 

2 3 (sin a?) 4 = cos 4ta? — 4 cos 2a? + 3. 

2 s (sin a?) 6 = — (cos*6a? — 6 cos 4a? -J- 15 cos 2a? — 10). 

8cc. = &c. 

2*" 1 (sin #)*=( — l)«j cos nw — n cos (n — 2)a> 

n(»-l) i |-i 1,3.5 ..(/a-1) 

2* (sin a?)? = — (sin 3a? — 3 sin a?). 

2*(sin a?) 5 = sin 5a?— 5 sin 3a? + 10 sin a?. 

2 6 (sin a?) 7 = — (sin *Jx — 7 s * n 5# + 21 sin 3« — 35 sin a?). . 

&c = &c. 

2*~ 1 (sina?) ,l =(— 1) * Jsihraa? — nsin(n — 2)a? 

n(w — 1) . , 4X -> 
+ T"^ — <T" sm ( w —*) a? — &c-> 






s »<- 1 )'"" 1 T^r( tail *) s "" 1 

* tannar= ■ 




In < 

If n is odd, rs=*=-J(» + l): if n is even, r=^w, and 
• as£n + l. 
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2 (cos a?)* =s cos 2a? -f 1. 

2*(cos a?) 3 =s cos 3 a? + 3 cos w . 

2 3 (cos a?) 4 = cos 4a? -f 4 cos 2 a? + 3. 

2 4 (cos a?) 5 = cos 5 a? -f 5 cos 3a? + 10 cos a?. 

2 5 (cos a?) 6 = cos 6a? + 6 cos 4a? -f 15 cos 2a? + 10. 

2 6 (cos a?) 7 = cos *Jw + 7 cos 5a? -f 21 cos 3a? -J- 35 cos a?. 

2*~ 1 (cosa?)*=cosraa?+wcos(7&— 2)a?+~ — -z—t cos(n— 4)a?+&c. 

If n is odd, the number of terms is \ (n + 1)> and the last 

1.3.5... ti* _!/„ .I 

term is , ^ ^ r-r —- 2** n ~ 1 ' cos a? ; 

1.2.3...£(n + l) 

if n is even, the number of terms is ^ n + 1 ^ and last term is 

1.3.5...(k-1) 
1.2.3... ^n 

The same observations may be applied to the expansion 
of (sin a?) w : in both these series n must be a positive integer. 

(L. 400—2 ; C. 503—10.) 

Sums of Trigonometric Series. 



(35.) sin a? + sin (at + a) + sin (» + 2a) + &c* + sin (a? + ra — 1 .a) 

sin ina . 

= . , — sm(a? + ira — l.a). * 
sin^a v « y 

* 

sin a? — sin (x + a ) + sin (a? + 2a) — &c. — sin (a? + 2r— l.a) 



sin ra 



cos^a 



y— cos(a?-f f — -^.a). * 



fi S • / ; x sin^wa . ' - 

* S m sm(a7 + m--l.a)s=--7-4[ — sin (a? + £w — l.a). 

sin q a 

^* - sin t* a ■— — — — 

7 S OT (— l) w " 1 8in(a? + fii — l.a) = — sin(a? + r — ^.a). 

cos^a * ' 

S 
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cos a?+ ^cos 2a?+ ^cos 3a?+ Jcos 4a? + &c. =— log, (2 sin -| a?). a 

(iacr. Biff. Calc. Tome 2, 466.) 

Ti? w sin a? _ - 

If tany = , then 

1 + n cos a? 

y =7i sina?— -|n 2 sin 2a? + ^n 3 sin 3a?— £ rc 4 sin 4a? + &c. * 

(C. 513.) 
If tany = wtana?, then 

1— n sin 2a? /I— w\ 2 sin4a? /l--7i\ 3 sin 6a? 

^-r^-T- + (r^)-2--(i^)-3- +&c - v 

(Maddy, Astron. 62.) 

123 n n 2 1 A 



cos a? 



J*+*ji+i|i+ +ift+4««!* }*}*= „ 

J ■ 2 3 n n 2 . 1 S5* 

(Hind, Trig. 81.) 
(36.) Resolution of trigonometrical quantities into factors. 

. 7r . 3?r« . 5tt sin(2^ — 1W 1 

sin— .sin— , sin — -... — ^- '— = - — m * 

2» 2w 2ra 2n 2*' 1 

a? a? oo oo ^ . oo 

sina ? .secg.sec^ r .sec~...sec^=2»sm-. • 



g cos ma? 

" S>»— -— = - log, (2 sin \ oo). 
m 



s, , -. n^.sinwa? 



e !/=s ra (-ir~ i 



1 — n \m sin2ma? 



• / I — n\ 

OT 2n 2*" 1 

JL a? .a? 

• sina>.P w sec— =2"sm — . 



m 
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cos«r 

tt_ 2.2.4.4.6.6.8.8. &c. 
2"" 1.3.3.5.5.7.7.9. &c. 



$ 



s+^^^^ity *)(i-^| ).te 



(L. 420 — 5 : Lacr. Dif. Calc. Tome 3, Ch. vi.) 

■ 

Approximate Solution of Triangles. 

(37.) Given J, B, c; A and B being small, 

a + 6 — c = }gABc 9 nearly. 
Given a, fc, and the contained angle, tt — 6 ; being small, 

c=a+6- , nearly; 

2 (a + 6) 

Jas J+» + l^T&Fe ' nearly - (^W-«.) 



* smar = #.P 



m 



(W 2 \ 







COS 



•=p«(: 



2w 



(2»»— l)ir 
(2m) 2 



)• 



2 "*(2TO-l)(2m+l) 



* e' + c* 



= 6 i<^>P m (: 



w±y 


)■ 


(2m-l)-x 


CO 
'•'ill 


»\ 2 


W7T 
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cos a?+ ^cos 2a? + ^cos 3a?+ £cos 4a? + &c. = — log, (2 sin -| a?). a 

(Lacr. Diff. Calc. Tome 2, 466.) 

_ - w sin a? _ • 

It tan y = , then 

1 + n cos a? 

y = n sina?— ^n* sin 2a? + ^w 3 sin 3a? — ^ w 4 sin 4a? + &c. * 

(C. 513.) 
If tan y = n tan a?, then 

1— n sin 2^ /l— ra\ 2 sin4a? /1—tz\ 3 sin 6a? . 

(Maddy, Jstron. 62.) 

123 n nSlr- 6 

COS a? 

•1 2 3 n n 2 1 ^ 

(fitncZ, THjgr- 81.) 

(36.) Resolution of trigonometrical quantities into factors. 

. 7t . 3tt« . 5tt sin(2» — 1W 1 , 

sin-— .sin— .sin—- ... t- — —-r— f * 

2ra 2w 2rc 2rc 2 n ~ 1 

a? a? a? #«,..# 

sina?.secg.sec— .sec~...sec-=2»sm— . • 



» cos mw 
' m ~~m~ = ~~ g ' * 2 SiD « •)* 



« y -s.(-ir- 1 



n m .sinwa? 



1 — n\*» sin2ma? 



*" 2» ~2"- 1 



• sin«.P ) „sec^,=2"sin| : . 



m 
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*""('-$)(>- (&)(>-<&)* 



7T 

4^ 



/, 4^\ / 4a? c \ /, 4# 2 \ o 

= ( 1 -^)( 1 -(8^)( 1 -(6V?) &C 



cos a? 

tt_ 2.2.4.4.6.6.8.8. &c. 
2 _ 1.3. 3. 5. 5. 7. 7. 9- &c 

^ 7T 



$ 



X>-#IV 



37T 

2< 



'-^-—•*CTO(i-^|)(i-^2 >. • 

(i. 420 — 6 : Lacr. Df^! Cafe. Tome 3, Ch. vi.) 

Approximate Solution of Triangles. 

(37-) Given A, B, c; A and B being small, 

a + b — c — iABc, nearly. 

Given a, b, and the contained angle, tt — 6; 9 being small, 

ab&* 



c=a+b— 



, nearly ; 



A = 



2(a + fc) 
aO ab(a-b) 3 , , r ntf .' < 

ZVb + T&W" 6 ' nearly - (^ 9 7- 9 -) 



sin*=*.P m (l-^). 



/9 



COS 



m \ (2m- 



(2»» — 1)7T 

(2ro) 8 



')• 



y ' r _p 

2 * , (2m-l)(2»» + l) 



f + c*» =,!«*» P. (l- 



^±y 


)■ 


(2j»-1) w 


00 




mir 



=F 2, 
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(38.) Solution of triangles by series. 

[l] Given the sides a, 6, and the angle C of a plane triangle : 

b . 6 2 b s 

B— ~smC+ — -sm2C + — sin3C + &c. •" 
a 2a? 3a 3 

b b* > b x 

log f c = log f a cosC — — — -cos2C — — - cos 3 C — &c. * 

a 2a* % 3a 3 

[2] Given the sides a, 6, and the angle C of a spherical tri- 
angle : 

i(^ + 5)=90=-iC + t -^sinC-(^#) 2 ^ + &c. r 
* * cot la \cot±aJ 2 

w, ™ ™« i^ tan ^6 . „ /tanlfe\ 2 sin2C . ■. 

l(J_. J B) = 90 o -lC f-sinC~( ^-) — ^ & c - 

2V ' 2 tan^a Vtan^a/ 2 

tan — 6 
log i ffln£c = log I (sin£a.cos£&)- — f^ cosC 

tani&\ 2 cos2C 

— &c. * 



(tan^o\ 
tania/ 



*- 2 



log f cos^c = log f (cos^a.cos^&) + tanla.tan^6.cosC 

cos2C 



— (tania.tanlft) 2 . — - — + &c. e 



52 /6Y n sinmC 

■ B 



m 

b\ m cos mC 



* log 6 c = log 6 a-S OT ^-j . 

, ^ £ • -v ./tanlfcx"* sinmC 



2 

« /tanife\*» sinmC 



*-' m 



' »W-*>-«»-K-*.(i=£) ' 

y . i .',. J /tan 16 \ m cos »» C 

• log, sin ^c =p log, (sm i». cos £6) - S m ^^f^j • 



9W «» 



$ log < cos^=log i (cos^a.cos^fe)+S ro (-l) m " 1 (tanla.tan^fe)^ 



« • 
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(39.) Correction for a compound base. If the base be com- 
posed of two straight lines a and 6, inclined at an angle 
180° — a/', the correction is 

_ f^L 0,00000000001175. 

(40.) Reduction of an oblique to a horizontal angle. 

Let a, /3, he the angles of elevation of two objects ; 
y, their angular distance ; 
C, the horizontal angle : then 

[1] C- 7 = i{(a + j 3) 2 taril 7 -(a-/3) 2 cotl 7 }. 

rm / • i/tv> sini(a + a — )3).sinl(a — a — /3) 
[2] (sinAC)~ = ^ dl _^ £!?; 

u - " cos a. cos p 



logSinlC = -|{logSinl(a + a~/3)+logSinl(a-a-/3) 

— log Cos a — log Cos /3} + logr. 

_ . ■ . . _ * cos observed 2 

For a single object, cos reduced L = — : — . 

D cos z of elevation 

(41.) Reduction of a spherical to a plane triangle. 

Let C be the spherical angle, 

• C — on the corresponding plane angle ; then 

[1] j?=l{(a + 6) 2 tanlC-(a-fe) 2 cotlC}. 

[2] Legendre^s Theorem: 

^ = areaoftriangle = ^ + J + c _ 18()0) 

Tire value of a? in seconds is 

area of triangle 
3r* x 0,000004848 ' 

If the area be found in feet, and a degree on the Earth's 
surface = 365155 feet, then log 10 divisor = 9,803894. 
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Reduction of a plane to a spherical triangle. 
Let y be the plane angle contained by the sides a, /3 ; 
C the corresponding spherical angle ; then 



cosC = 



cos<y — 4 a/3 



I* 



(l-£a 2 )(l--i/3 2 ) 
(L. 293 — 313 ; C ch. xx ; W. ch. xii ; Erie. Met. V. i. p. 698,9.) 

Formula for the Construction of Tables. 

(42.) cos30° = l(H-^)| i = c 1 ; 

cosiSO^a+c,)!*^; 

cos£30 o =4(l+c 2 )| =c 3 ; 
&c. = &c. 

sin \ 15° = \ (1 + «0».- i (1 - * x )* = «, ; 

sin \ 15° = £ (1 + «*)* - £ (1 - «*)* = «, ; 

&c. = &c. 

15° 
By continuing this process we obtain sin --^ , and thence 

sin 1' by taking it proportional to the arc. 

15° / l ,,s 

2io 



/ 1"\ s 
= ( 4" ) = 52" 44'" 3"" 45 v . 



Another Method. 

sin i°=i-ii 1 -( sina ) 8 l*| 4; 

Bni«=i-itl-(rfni*)»J*|'; 

&C. = &C 
1 T 7 * \*)*' 
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Let 2 sin 6° si?, then 

a/*— 5^ + 5<tf— 1 = 0, 
which equation may be solved by approximation* 

sin(a + 6) = sina4- {sin a — sin (a — b)} — 4 sin a. (sin -£&)*: 
Putting b = 1°, we obtain Delambre's formula, 

sin (a+l°) = sin a+ {sin a— sin (a— 1°)} — 4 sin a. (sin 30')*. 

sin (60° + a) = sin a + sin (60° - a). 

tan (45° + a) = 2 tan 2a + tan (45°— a). 

cosec a = cot a + tan ^ a. ( JF. ch. iv ; C. ch. vi.) 

(43.) Sines of (ires ewpressed by surds. 

8111 "8/2" (t/5 - 1 > 8 — V* + ^' 

i/3 

s in6'=-i(i/5 + l)+ ^n/S-'S. 

sinl2»= - ^(•S-l) + ^-s/STTS. 

8inl5 ° = 272 (/3 - 1) - 
sin 18° =£(1/5-1). 

Mn21°=-g^-(/5 + l)+ — g— V5-V5. 

8in24«=^?(V5 + l)- i l^ N /5376. < 

sin 2/» = - ^ ( /5 - 1) + £ VST^S. 

sin30°=$. ' . 

«n 33° « ^±1 (1/5 - 1) + ^=^ ^/sTTs. 

8111 ^'^Ta*/* 3 ^ 
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V3+1 , l/3— 1 » ■■ ■■ , 

sin 42°= - £ (1/5 - 1) + ^ J 5 + ^6. 

sin 46°= 4s- 

1/3' 1 

81,1 67> = - -^r (t/6 - 1)+ ^^ n/sTW. 

sin60°=^t/3. 

sin 66»=i (V'S + 1) .+ J^g ^JT^i. 

8in7SO=te 2^ ( ^ 3 + 1 )- 

1/3 



an 78° = £ (V5 - 1) ■+ ^ V5 + VS. 

Sfa 81 ° = 4?2 (V/5 + 1} + W 5 ^ 75 "- 

i/3 1 

sin 90° = 1. (C304.> 
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(44.) Lengths of arcs in terms of radius, and their logarithms. 

log w 1° +10= 8,2418773675/ 

logio 1' +10=6,4637261171. 

logii 1"+10= 4,6855748667- 

1* =0,0157079632679; logw l g + 10 =8,1961198769, 

log* *r =0,4071498726. {Enc. Met. V. i. p. 672.) 



1° =0,017453292520 
1' =0,000290888209 
1"=0,000004848137 



(45.) Series for the construction of tables* 

m 

sin 2 . ~ = 2 x 1,57079632679*827 - ^ X 0,645964097506246 

+ -7 X 0,075692626246167 - -7 X 0,004681754135319 

tn 9 m 11 
+ 4r X 0,000160441 184787 tt X0,«0000359884323$ 

m 13 m u 

+ -53 xO,O0O000056921729 - ^j XO,Q00000000668804 

+ ^U X 0,0000000000006067 - ^m X 0,^000000000000044. 
n * w 

amS 4 

cos2.-=l-~x 1,233700550136170 + — X 0,253669507901048 

- ^ X 0,020863480763353 + 3 X 0,000919260274839 

- 2- X 0,000025202042378 +^-X 0,000000471087478 

m l * fit 16 

-~jX 0,000000006386603 + -& X 0,000000000065660 

- -^ X 0,000000000000529 + I3o" x 0,000000000000003. 

A few terms of these series will generally .be sufficient, as it 

m 
will never be necessary to take — > ■£.. 

The sines of the lesser divisions, as minutes, are. usually 
found by the method of differences, which will be explained 
hereafter. 

Series for calculating the tangent and cotangent, inde- 
pendently of the sine and cosine. 
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tan^J=-^xO,6866197723675818 ^ ' 

« 2 . » 2 — «r 

•+• - x 0,897556782059734 + ^ x 0,01868*650277330 
+ ^ X 0,001«*247520S610 + ^- X 0,000197580071 520 
+ ^ x 0,000021697737325 + ^ X 0,000002461 * 36991 

13 n^ 

+ \* 0,000000266413503 + ^ X 0,000000029586468 
+^ 7 X 0,000000003286788 + 2^ X 0,000000000365 175 
^5 sr XftO0000000()040754 + jp X 0,000000000004508 

*ot™.- =- xO,*60i97733675813t :k; - ; , 
n % m 

o . > :j>;>'i. -i^S-^x 0,3183098861837907 --'- - 
-* S x?G>8G$a88889414508 - -^ X 0,006551074788218 
*-. 2£ x 0^00034529255397 - ^ X 0,000020279106052 

4«9 7W 11 

— ^ X 0,000001286652716 ft x <W)00000076495882 

-^.X 0,000000004759738 - ^ X (H000000000296905 

.«* ZL ,xO>000000000018541 - ^ XQ/)OOO0O0OOOO1153 

> . ; -,* ^Q,(X«)0pO0OO0(K^ ^ ^0,000000000000005. 

(46.) Construction of logarithmic tables, i 



log w sin - . £ = logio w+logw (2 » -7 w) + log 10 (2 »+**)- 3 log 10 w* 



+9,594059885702190 



m 



a y w 4 



X 0,070022826605902 --rX 0,001 1 17266441662 

— 22L X 0,000039229146454 - -5 x 0,000001729270798 



m w _ *_* ™ U 



X 0,000000084362986 -^X 0,000000004348716 
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frit* m^ 

- -15 X 0,000000000231931 - *TF x 0,000000000012659 

m18 • myflto 

- ^jg- X 0,000000000000703 - -gg- X 0,000000000000040. 
logic cos - . g = tog 10 (» «- f^ + log 10 (» -hm) - 2 logio » 

~ -* X 0,101494859341893 - 4- X 0,003187294065451 

--5 X 0,000209485800017 - -j- X 0,0000168483*8598 

- -jy X 0,000001480193987 -r -tj X 0>OOOOQ01 36502272 
--^ X 0,000000012981715 --jy X 0,000000001261471 

- -iy X 0,000000000124567 - tj X 0,000000000012456 

- ~& x 0,000000000001258 - -gy X 0,000qp0000000128. 

If m is small, log ( 1 -) may be expanded into the series 

which will render the calculation independent of logarithmic 
tables. 

If we find the logarithmic cosines of arcs < 45% and the 
logarithmic sines of arcs between 45°, and 90°, the rest may be 
found from the formula ' * 

log 10 sin a = log M sin 2 a - log 10 cos a + 9,698970004336019. 

.■,.■.•... (JBn&Met. Trig. §. 10.) 

(47.) Logarithmic eerim for the dn^ cosine, and tangerti. 
. . . f/p 2 a? 4 w 6 x* 

ke, m «»]og fl «- x — + ^3^ + 3^7 + 2 3. 3 3. 62 . 7 

10 691 a? lg , 2« M 



3 4 .5 4 .7.11 T 2.3 7 .5'.7*.11.13 3 6 .5*.7M1.13 

a«i7« M r 

+ 2 4 .3 7 .5*.7 8 .11.13.17 + ) 
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tat o>* m 6 \1w* Six 10 

lOff « COS X = — - \ -*» 4- 4- -4- -f — , 

691 j" 10922 x u 929569* 1 ' ) 

+ 2.3 5 .5 8 .7.11 + 3*.5 8 .7«.11.13 + 2*.3 S .6 8 .7 S .11.13 + J 

. . (*? 7** 62* 6 127x 8 

!og.tap*=lo g .* + {3 + prj + ^ + 2*^7 

146j 10 1414477 *" 32764*" 

+ 3*.5 e .ll + 3 7 .5 S .7*.11.13 + 3*. 5 4 . 7*. 11. 13 

16931177*" . ) ,„„««** 

+ 2.3^^7.11.13.17 + &C ] (C - 4 ° W) 

(48.) To find the logarithmic sines and tangents of small arcs. 

log 10 Sin x = log 10 n + 4.6855749 - J (10 - log 10 Cos x) ; 

log 10 Tan m = log w n + 4.6855749 + §(10 — log 10 Cos x) ; 

n being the value of x in seconds and decimal parts of seconds. 

(Taylor, Log. Introd. p. 17.) 

* 

(49.) Formula for the verification of tables. 

sin a + sin (36° - x) + sin (72° + #) = sin (36° + a) + sin (72° - a). 

(Euler, Anal. Inf. V. 1. p. 201.) 

ein (90° - x) = sin (54° + x) + sin (54° - x) 

- sin (18° + x) - sin (18° - x). (Leg. 40.) 

cos (36° + x) + cos (36°-a?) = cos x + cos (72° + x) + cos (72°— x) : 

this is only a particular case of the more general theorem 

cos # + cos (2 - +x) +cos(4~ +x) +&c. 



-f- COS ^2 - f»J T cos {* ~ -f a? 1 -t- etc. ^ 

n n I 

•f cos (2- — #) + cos (4- — #) +&c.J 



» » 
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cos (— + ai) + cos (3 - + w) + &c. 
n n 

4- cos(— — ai) +<»s(3- — w) -f&c. 
n n • 

in which each series is to be continued until the angle attains 
its greatest value next below 90°. (Enc. Met. V. i. p. 695-) 

Trigonometrical Solution of Equations. 
(50.) Quadratic equations. 

[l] $— pw + q = 0. 

4o 

Assume (sin0)*=— ; then 

p* 

#=p(sin^0) 2 , orp(cos^0)*; 

or w=\Sq.tsax^0 9 or\/q.cot^Q. 

[2] w* + px — g = 0. , 

Assume (tan0) 8 = ~|; then 

p 

xzsz^ptmO.tan^O, or — £ptan0.cot£0; 
or w*=Vq tan£0, or — i/?cot£0. 

The equations aP+px + q, and ^— par — g = 0, have re- 
spectively the same roots as the above forms, but with contrary 
signs. (C. 810—23 ; L. 426 ; Hind, Trig. 285.) 

(51.) Cubic equations. 

[l] tf+'qw^rssO. 

2/q\i 
Assume tan = ""( 5 ) > an( * tan ^>=(tan^0)*, then 

* 

*=± 2 (i?)*-cot20. 
[2] a? 3 — 94? + r = 0, and 4^ < 27 r*. 

2 /g\* 
Assume sin0=-( ) , and tan 0= (tan £0)*, then 

sin 20 
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[3] * 3 — qar±r=sO, and 4^^ 27 r 2 . 

Assume sin 3 9 = - ( - j , the three values of w are 

a?=±2(Jg)*.sui0, 
= ±2(£g)i.'sin(6O°.--0), 
-+2(J?) i .sin(6O° + 0). 

(C 824—45; Z* 437; Zfiwd, 286—90.) 

(52.) Solution of the equation a?" + 1 = 0. 
a? n — l = (a? — 1) ira? — cos-Tr-f v — l.sin -tt! 

>• 2 ,— - . 2 y* 

I # — cos- it — Li — l.sin^ 9T J >... 
V n n /) 

{¥ * » — l"* / — =- . n— 1 x 

Hai- cos it + *J — 1 .sin tt J 

|\ w ^ n / 

(n — 1 y — - . » — 1 \) 
# — COS TC—sJ — l.Sin — 7T 1 > , 
w ^ W /J 

(2 -- x • f? x » 4 \ 

a? 2 — 2cos-9r.a? + rif or 2 — 2cos~7r.a?+l 1... 

(V — 2 cos— w.# + l); if wis odd: 

(• 2 \ / ^ 4 x 

#* — 2cos~?r~.#+l Jf^- 2cos-"tt.^+1 1... 

(_ ^ w — 2 ,\ .- . 

ar — 2cos — — - 9r.a? + l 1; if w is even. 

(1 x / ■ 3 i! < •• ^ \ 

a? 2 — 2cos~ 7r.^-fl )f ar— 2cos-?r.a?+l 1... 

(ar* — 2 cos w.a? + lj; if wis odd: 

= (oP — 2 COS- TT.^'+lj^a? 3 — fecOS - "JT.V-f l)... 

(n — 1* - * x 
a? 2 — 2cos — 7r.# + l ); ifwiseven. (G.-4. ch.xi.) 
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(53.) Solution of the equation of* - 2 cos 0. a?* + 1 = <>• 

g 
a? 2 * — 2cos O.aP + 1 = (a? 2 — 2 cos- a? + 1) 

,. 2tt + 2(^-1)^ + ... 
(or — 2 cos— - — # + 1) ... (ar— 2cos ^r * + !)• 



w 



n 



a>* n + 2cos0.a^ + l = (a^-2cos?^^ * + l) 



n 



» 



(#wd, 291,2; G. A. 71.) 



Properties of a Quadrilateral inscribed in a Circle. 

(54.) Let A y B 9 C 9 D, be the angles ; 

a, 6, c, d, the sides AB 9 BC 9 CD> DA, respectively ; 
a; (Z 9 the diagonals AC, BD ; 
<j> their angle of intersection ; 
* = .|(a-f b + c + d): then 
a * + <F-b*-c* 



cosJ = 



sin A = 



2 (ad + be) 
2 



ad + 6c 



in£j = 



• (« — «)(« — &)(*•- c)(* — d)|*« 

* 



sm 



cos^J = 



(* — a)(« — d) 

ii- ■ i. I i l i n 

ad-f6c 
ad + 6c 



tan^J 



(*-q)(*-d)* f* 



a = (ac + 6d) 



ad-f6c 



/3 = (ac + 6d) 



a6 + cd 

The area = (*.— a)(* — 6)(* — c)(* — d) |* ; 
= ^ a/3 . sin 0. 



a6 + cd 
ad + 6c 



i 



sin0 



ac + 6d 



.(*_ a )(*_6)(«-c)(*-d)(* 



U 
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The radius of the circumscribed circle 



__ . (ab + cd)(ac -f bd)(ad + be) 
""*• («- a )(«-6)(«-c)(c-d) 

(JKrcd, TWjgr. 166 — 74; £eg. Geotfl. Note v.) 

Properties of Polygons. 
(55.) Let A v Aq 9 &c. „4 rt , be the exterior angles, 

a v a 2 , &c. a n , the sides A 1 A 29 A^A Z , &c -4 n -4 15 respectively: 
& area = a x { a 2 . sin -4 2 -f a 3 .sin (-4 2 -f -4 3 ) + &c. 

+ a n .sin (A 2 + A 3 + &c. + JfJ} 
+ a 2 {a 3 .sin J 3 + &c. + a n .sin (J 3 -f &c. -f -4„) } 
4- &c. +«„_!«„• sin -4 n . a (Lhuilier, Polygonom. viii.) 
o 1 = a 2 . cos a 19 a 2 •+- 3 . cos a 19 a 3 + &c. -f a rt . cos a 1? a w . 
a* = a 2 2 +a 3 2 + &c. -fa/— 2 { a 2 a 3 .cos a 2 ,a 3 + a 2 a 4 . cos a 29 q A + &c. } . 

(Hamilton, Analytical Geometry, 41.) 
(56.) Let a^a^ &c. = a n , 

R x , the radius of the circumscribed circle, 
R 2 , that of the circumscribed circle : then 

w — 2 ^ ^ t ^ ^ . •*" 

,4 = 7r; a = 2 Jf x tan - =2 fi 2 sin - . 

n n n 

fl 1= £atan-^-7r; fi 2 = £asec-^~ tt. v 

t&# 2 yj — 2 

The area = —7- tan — — 7r 1 «• 

4 2n 



1^= £rca(4fl 2 2 --V)* 

9T 2^T 

» i?! 2 . tan - = 1 w i? 2 2 . sin — 
n n 



{Hind, Trig. 175^-82.) 



n— 1 n— ♦» r 

* 2area=S m a m .S;« m+r /sinS,-4»+,. 
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(1.) Method of representing algebraical quantities geometri- 
cally. (H~ A. G. Introd. 6—10 ; (?. G. A. 1—6; Bvot, Ch. i.) 

(2.) Analytical solution of determinate geometrical problems. 

(H. A. G. 14— 30 ; G. G.A.^; Biot, Ch. ii.) 

(3.) Relation of indeterminate equations to Geometry; and 
definitions. (S. A. G. 43-r-8 ; Biot, 29 — 40 ; L. A. G, §• 2.) 

Analytical Geometry of two Dimensions. 
(4.) The straight line. The equation to a straight line is 

Let the line be represented by I, then if the co-ordinates 

sinZ,a? 
are oblique, a = - — - — ; 

$in/,y 

if rectangular, a= tan/,#. 

The equation to a straight line may be put under the form 

a b 

The equation in terms of p, the perpendicular . from the 
origin is at . cos p,w + y . cos p,y = p. 

(H. A. G. 49—61 ; G. G. A. Ch. ii; Biot, 41—7; L. A. G. §. 3.) 
(5.) The equation to a straight line passing through the point 
{a l9 y x ) is y-yi = a(#-a?i)- 

If the line passes through two points, {x»y^), (^2^2)9 ^ e 

equation is y — y x = — ; (# — a? a ). 



# 2 — a? x 



» 4 
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The co-ordinates of the intersection of two lines 
y^c^w + b^ y=za 2 w + b 2 ; 

*> 6 *~ 6 i _ aj> 2 -a % \ 
are w = , y = z — • 

a x — a 2 «i — a 2 •- 

If a third line, y=a s ar + b 39 passes through the point of 
intersection, then 

(a t b 2 - a 2 b t ) - {a x b 3 - a s b t ) + (»A- a s b 2 ) *= tf. 



Let the two given lines be represented by l 19 l 2 \ then 

_ o, — a 2 

tan Z l5 t = sin #,y - - ^ . 

1% * 1 + (^ + (12) cos w 9 y + (1^ 

If the two lines are. perpendicular to each other, 
1 + {a x + a 2 ) cos w,y + a x a 2 = 0. 

If the co-ordinates are rectangular, then 

a i — a 2 
tan l iy l 2 = ■ , 

1 + ^Og 

a i ~~ a 2 

sin LJ = 2* 



l + a^g 



COS hJo— Y i« 

1 a+oa+01 1 

If in this case the lines are perpendicular to each other, 

1 +^02 = 0. 

The distance between two points, (% v y^), (# 2 >y 2 )* 

= (o7 1 -a? 2 ) 2 + (y 1 -y 2 ) 2 | . 

Let p be the perpendicular from a given point, (#i#i)* on 
the line y ~aw + b 9 then 

P - (l+a £ )* * 

If (#i#i)j (^£#2)* O^fia)* are tne angular points of a triangle, 
Area = -| { (^y 2 - ^yj - (« x y, - w zVl ) + (w 2 y s - i? 3 y 2 ) } . 
(H. A. G. 52—9 ; H. C. S. Ch. ii. ; Biot, 48—53; L. A. G. §. 4.) 
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(6.) Let 0, y, be the co-ordinates of any line, 

^19 9i9 the co-ordinates of the same line in another system 
having the same origin, then 

• 1 

y = _. ( w , gi n x x + y . sin y a). 

sin x 9 y 

If the axes in the original system .are rectangular, and in 
the new system, oblique, the above formulae become 

# = ^ cos a v w + y x cos y 19 co 9 

y =s w x sin ^,07 + y x sin y v w. 

If the original axes are oblique, and the . new ones rect- 
angular, then 

* ~ ^T7 ^i 81n *»* + y * cos "i#)» 
sm ar 9 y 

1 

V— ■ . ■ (a? t sin^-j^ + f/j cos #?,,#). 
9 sino?,y y 

If both systems are rectangular,- then 
# = w x cos ^,/r — y t sin # 19 0, 
y = a^ sin ay^a? + y x cos a? 15 a?. 

If it be required to change the origin, as well as the di- 
rection of the co-ordinates, then a, 6, the co-ordinates of the 
new origin, must be respectively added to the values of w and 
y in the above formulae. 

If the origin alone be changed, the direction of the co- 
ordinates remaining the same, then 

a? = a -f a? x , 
y = b + y v 

(H. A. G. 71-6; L. A G. §. vi; G. G. A. Ch. iii; Biot, 86-96.) 
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(7«) Transformation of polar co-ordinates. 

Let a, 6, be the coordinates of the new pole, u, the -radius 
vector, and a the angle which the axis to which u is referred 
makes with the axis of #, then 



y=b + u 



sin x,y 
sin (0 + a) 



sin #,3/ 

' If the axes are rectangular, these formulae become 

co = a -f tt cos (6 4- a) , 
y = 6 + w sin (0 -f a). 

(#. ^. G. 77--80 ; Jfto*, 100.) 

The Circle. 

(8.) Let a, /3, be the co-ordinates of the centre, r the radius ; 

then the equation to the circle is 

(at-af + (y- (})* + 2(w-a)(y- (S).cos*,y==r 2 . 

The equation betweenVectangular co-ordinates is 

(*-a)* + (y-/3)* = r«. (1) 

If the axis of <#, or y, passes through the centre, the equation 
becomes respectively, 

or (■» — a) 8 + y* = r s . *• ' 

If the origin is in the circumference, (1), (2), become 
respectively, 

a* + 9 s -&a«-2/fy»0; (3) 

«* = 2ry-jr. K } 

If the origin is at the centre, then 

#« + y 2 = r*. (5) 

of these forms, (4) and (5) occur most frequently. 
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*The general form when referred to rectangular co-ordinates 

is y* + afi + Jy + Bx + C^O. 

(9) The polar equation* Let a, 6, be the co-ordinates of the 
pole, u the radius vector, and the angle u, w = ; 

the polar equation is 

w 2 ± 2 (a cos0 + 6 sin0)tt + a 2 + 6 2 — r* = ; 

■f or-, acting as the pole is situated within or without the 
circle. (H. A. G. Ch. v ; G. G. A. Ch. x ; Bwt 105 — 14.) 

(10.) The intersection of the circle or + y 2 = r 2 and the straight 
line y = ax + b may be determined from the equation 

2b b*-a*r* „ 

a e + l J1 cr + 1 

which having only two roots, it follows that a straight line 
cannot cut a circle in more than two points. 

The equation to a tangent at a given point (p^y^) in the 

circumference, is 

' a l + y l iX}BW 9 y 
« — «!= (# — a?*), 

jff+ 4^008 0,9 v 

if the axes are rectangular, 



#, 



awt + yy^r*. 

To draw a tangent from a given point (# 2 >y 2 ) without the 
circle : the co-ordinates a? 1? y x , of the point of contact may be 
determined by the solution of the equations, 

^i + y^i^ 

(H. A. G. Ch. vi; H. C. S. 37—43; Biot, 115—23.) 
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Conic Sections. 



THE PARABOLA. 



(11.) The parabola referred to its awis. 

Let S be the focus, P any point in the curve, and PQ 
perpendicular to EQ the directrix y then PS=*PQ* 



a 
z 






PX 


Y 




L / 

I • 


\ 


T E 


A 

1 


oi 


S N G 



Let PT be a tangent at the point JP, and PG the normal. 

If the origin is at the vertex, and the axis coincides with 
the axis of #, the equation is 

y 2 = lm#, 

or PN* = 4AS.JN. 

£QPT=jlSPT. 

SP=AN+AS=ST=SG. 

The intersection of the straight line y = aw + 6, 

and the parabola y 2 = 4m<2?; 

may be determined by the solution of the equation 

a 4m 4m6 
f y+ =0: 

a a 

which has only two roots ; hence a straight line cannot cut a 
parabola in more than two points. 

The equation to a tangent at the point (a?^) is 

2m, 

or yy x = 2m (a? + ^). 
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The attbtangent, NT=2AiV. 
The equation to the normal is 

»-*r -£(•—»)■ 

The subnormal, NG = 2AS=2m. 

To draw a tangent to the parabola from a given point (a,b) 

without it : m l ,y i the co-ordinates of the point of contact may 

be determined from the equations 

, 2w», ■ 
6= — (a + m,), 

Sr 1 s «4w« 1 . (H.C. 5.46—62; Bust Prop. 3— 7) 

(12.) The parabola referred to the focus. 




The polar equation, the focus being the pole ( is 
2m _ m 
m l + cos0 ~ (sin£0)*' 

»+£-»■ «*•**■ p. i*) 

SP.Sp = JS.Pp. 

The tangent at any point, and the perpendicular on it front 
the focus intersect the axis Ay" in the same point. 

sp. sA*=sy*. 

Let Z be the intersection of the tangent with the directrix, 
SZ is perpendicular to SP. (H. C. S. 6*-71 ; Huat . Prop. 8.) 
X 
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(13.) The parabola referred to any diameter. A diameter 
and the tangent at its vertex being the axes, the equation is 

or QV* = *SP.PV. 

The parameter = 4 SP. 

2m.qF=PF.FP\ 

PF* = 2m.Pr. 

If 4nn 19 4m £ are the parameters corresponding to the 
ordinates Pp, Qq respectively, then 

±m t .EM=PM.Mp. 




PM.Mp : QM.Mq :: w x : m 2 . 

Pif : Jfp :: BE : EM. 

The subtangent J^T is bisected by the curve at A. 

If from the several points of any line given in position 
pairs of tangents be drawn to a parabola, the chords -joining 
the corresponding points of contact will pass through the same 
point. 

The chord of curvature through the focus = 4 SP. 

2SP* 

The radius of curvature = . . 

SA* 

{H.aS. 71—84; HusL Prop. 9—15; Biot, 191—223; 

G.G.A. Ch. xii-) 
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The Ellipse. 



(14.) The Ellipse referred to Us awes. Let S be the focus, and 



a 






t 




m 


M 


Y> 


Ii/ 


\a 


Hr 


T E 


A / s 3^f 


C H . 






b 





PQ perpendicular to EQ the directrix ; then 

SP : PQ :: e : 1 ; 

c being a constant quantity, and < l r 

The equation referred to the axis, and a tangent at the 
vertex is 

b* 

The equation referred to the centre and axes is 

6 s 

a 2 + 6* • 
AS.Sa = BC*=ACSL. 

The intersection of an ellipse with the straight line, 

may be determined from the equation 

a a + o or a + o 

which has only two roots, hence a straight line cannot cut an 
ellipse in more than two points. 
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The equation to a tangent at the point {at^y^) is 

Let PT 7 be a tangent at the point P, tBen 

CN.CT=JC i ; Cn.Ct + BC 
PF.PG-BC 1 . 

The subtangent, #7*= ° ~** . 

If the ordinate iVP be produced to meet the circumference 
of a circle described onia in R, the tangents at the points 
P and JB will meet the axis produced in the same point. 

The equation to the normal PG is 

The subnormal NG= ——. CN. 

AC 2 

To draw a tangent to an ellipse from a given point (# 2 ,y 2 ) 
without it: the point of contact (ff 19 yd must be determined 
from the equations 

y*yi , »«*! , 

(JJ. CS. 89—111 ; J7««f. Prop. 8—12; Biot, 133—60.) 

(15.) The ellipse referred to the focus. Let S, H, be the 
foci, then 

SP=za — eXy HP~a + ea>. 

SP + HP = 2a = Aa. 

The polar equation to the ellipse, the focus being the pole, is 

u = a- -;. 

I +e cos v 
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SP= 



BC* 



AC-SC.cosPSN' 



SP + Sp "" SL ' 

If the centre is the pole, the equation is 



t£ = a. 



1-e 



,2 



l-(ecos0) £ 

The angle SPT=HPt 

If #yF, fi'Z be drawn perpendicular to the tangent, the 
points Y, Z are always in the circumference of a circle described 
on Aa. 

PI=AC. 

SY.HZ= BC*. (#♦ a S. II2-22 ; Hmt. Prop- L-7-) 

(16.) The ellipse referred to any conjugate diameters. 




If CD is conjugate to CP 9 conversely CP is conjugate 
to CD. 

A tangent at P is parallel to CD. 

The axes are the only conjugate diameters that are perpen- 
dicular to each other. 

The equation to an ellipse referred to the centre and any 
conjugate diameters a l9 b t is 



»i 



*i" 
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If the extremity of the diameter is the origin, then 

PV. Vp : QV* :: CP* : C2>«. 

CF. CT=CF*; and C« . Ct=CD*. 

If any chords Qg, J?r, parallel to CD, CP, respectively, 
intersect each other in 0, then 

QO.Oq : RO.Or :: CD 9 : CP*. 

If o l5 6 1 , are any conjugate diameters, 

The area of all circumscribing parallelograms is constant, and 

-iCD.PF=4,JC.BC 
If o 1 = 6 i , thena 1 =^(a s + 6 8 )[ i ; 

5 

tan a,jft = ** . 

SP.HP=PT.Pt = CIT. (See Fig. p. 163.) 

AM.am=BC z . 

Let Pp be the diameter drawn through any point JP, whose 
po-ordinates are w 19 y^ and PQ 9 Qp the supplemental chords : 
the equation to PQ being 

the equation to Qjp is 

y + yi^-rr^+^i)- 

If the chords be drawn from the extremities of tip axis 
major , their equations are 
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If two diameters be drawn parallel to any two supplemental 
chords, they are conjugate to each other. 

tan^Pas— _ 

(H. C. S. 127—64 ; Hust. Prop. IS— $ ; Biot, 161—90.) 
Radius of curvature = 



Chord of curvature through C— 



2 CD* 
CP ; 



Chord through the focus = 



2C*2> S 



AC 

The Hyperbola. 
(17») The Hyperbola referred to its awes. 



(Hust. Prop. 19.) 




SP : PQ :: e : 1 ; e being > 1.* 

If the curve is referred to the axis, and a tangent at 
the vertex, the equation is 

AN.Na : AT* :: AC* : BC 2 : 

If the origin is at the centre, the equation is 

b* _ ^ ^ 






a" 



jn ' 



v * The lines in the above figure are analogous to those in the ellipse, on which the 
same letters are placed. 
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The equation to the equilateral hyperbola is 

w* — y 2 = a\ 

a AC 
The intersections of the hyperbola with the straight line, 

may be found by the solution of the equation 

26 2 /3 6 2 (a 2 a 2 -/3 2 ) A 

a a — cr a a — o 

Which has only two roots ; a straight line therefore cannot cut 
an hyperbola in more than two points. 

The equation to a tangent at the point (a^yj is 



or 



"*1 Ml -_ ! 



a 2 6 2 
CN.CT=CA*. 
Cn.Ct =CB\ 



The subtangent, CT= ± 



as — a* 



a 1 



The equation to the normal is 

a 2 i/i 

6 2 BC 2 

The subnormal, NG = — #. = — — CN. 

a* l ^C* 

To draw a tangent from a point (a 2 ,y 2 ) without the hyper- 
bola : the point (a^y^ at which the tangent meets the curve 
must be determined from the equations 



a* 


— 


b* 


= 1, 




— 


y? 

6 s 


= 1. 



(H. C. S. 172—94; Hust. Prop. 7, 8; Biot, 224—44.) 



■ j 
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(18.) The hyperbola referred to the focus. 

SP=ew — a; and HP = em + a. 

HP^SP=2AC. 

The polar equation, the focus S being the pole, is 

e*-l 

u = a- -. 

1+e cos d 

If H be the pole, then 

e*-l 

u=z — a 



SP= 



1 •— CCOS0 

BC 2 



AC -SC. cos PSN 



— JL JL 

#p. ^ = ia (e* - i)o$p + s». 

If the centre is the pole, the equation is 



e*-l 
u=za. 



1 - (e cos ey 
z HPT= z SPT. 

If SY and fi"Z be drawn perpendicular to PT, the 
locus of the points Y and Z is a circle described on -4 a. 

PI=Pi = AC. 

SY.HZ^BC*. 

(H. C. S. 195—205; Biot, 259—63; Hust Prop. 1—6.) 

(19.) The hyperbola referred to any system of conjugate 
diameters. 

The locus of the points of bisection of all parallel chords is 
a diameter. 

The co-ordinates of the points of intersection of any 
diameter y = ax with the curve are 

ab aba 



x (6 2 - a V)* ' * * (6 2 - aV)* ' 

Y 
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In order that the diameter may meet the Curve* a mast 



V h A b 

be < - , and > . 

' a a 



If the diametei* a t is conjugate to i 19 b x is conjugate to a v 
The equation to the diameter passing through (w 19 yj) is 

y= —a- 

the equation to the conjugate diameter is 

The equation to an hyperbola referred to the centre, 
and two conjugate diameters a 19 b 19 is, 



or 







If jP, the extremity of a l9 is the origin, the equation is 

^=^!(^ + 2a 1 a ? ). 
a* 

PV.Vp : QF 2 :: C7* : CD 2 . 

CV.CT=CF*; Cv.Ct=!CD*. 

If from the several points of a straight line given in 
position, pairs of tangents be drawn to an hyperbola, the lines 
joining the corresponding points of contact will all pass through 
the same point. 
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QO.Oq : RO.Or :: CD? : CP 2 . 

If tangents to the conjugate hyperbolas be drawn at the 
extremities of the conjugate diameters, the area of the paral- 
lelogram is constant, and = 4 CD . PF—4tAC . BC. 

SP.HP^CB*. 
PT.Pt = CB*. 

If the equation to PM is 

y-yi=«(*-*i)> 

the equation to mp is 

a x *a 

If diameters be drawn parallel to any two supplemental 
chords, they are conjugate. 

(H. C. S. 206 — 45 ; Biot, 246 — 58 ; Hust. Prop. 15 — 8.) 

(20.) The asymptotes of the hyperbola. If the origin is at 
the centre, and a 9 b are any system of conjugate diameters, the 
equation to the asymptotes is 

or 




RQ = rq. 

QI.Qi=BC~. 

QR.Qr^CI?. 

If the asymptotes be the axes, and the centre the origin, 
the equation to the hyperbola is 
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The equation to a tangent at the point (w^y^ is 

The area of a triangle contained between these axes and 
a tangent is constant, and =-^ (a 2 + b*) sin #,y. 

Let (#!#!) be any point in the curve, and a 19 b t the con- 
jugate diameters to that point, then 

a 1 = + 2 (^ . y$ cos w,y ; 6 X = ± 2 (^ . y$ sin a?,y. 
If *7W^ is parallel to Ci, then UW = Wu. 

(H.C.S. 245—59; Biot, 250—8; Hust. Prop. 11 — 5.) 

Discussion of Lines of the Second Order. 

(21.) The general form of an equation of the second degree 
containing two unknown quantities is 

ay 2 + bwy + co? + dy + ex +/= 0. 
From the solution of this equation 

Ad JuCtr 

a) =-^±?±l-.(b*-4ac)y i + 2(be-2cd)y + e*-4cf\ i . 

which values of w and y may be thus represented : 

bx + d + 1 ———^ 
2a ~~ 2a ' 
bv + e 1 - il. 

A straight line cannot cut a line of the second order in 
more than two points. 

The locus of the middle points of any number of parallel 
chords is a diameter. 

If the chords drawn parallel to any diameter are bisected 
by another diameter, then the chords parallel to the latter, 
will be bisected by the former. 

The co-ordinates of the centre of the curve are 

2ae — bd 2cd—be 

W ~ b 2 -4ac ; y= 6 2 -4ac" 
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If 6 2 — 4ac<0, the curve is an ellipse; 

ft 2 — 4ac>0, ..an hyperbola; 

6 2 — 4ac = 0, a parabola. 

If b = 0, a and c must have the same sign in the ellipse, 
and different signs in the hyperbola. 

If the curve is an ellipse or hyperbola, and the axes parallel 
to any system of conjugate diameters, the form of the equation 

is ay 2 + car 2 + dy + ew+f— 0. 

If the origin is at the centre of the curve, the equation 
becomes ay 2 -h bxy + car 2 +/= : 

and if the curve is also referred to conjugate diameters, then 

ay 2 + caf 2 ^f=0. 

If the axes are parallel to the asymptotes of an hyperbola, 
the form of the equation is • ' 

bcoy + dy + ex +/= 0. 

If e 2 >4c/, the curve intersects the axis of x in two points ; 

e 2 = 4 c/, ...... . touches the axis of x ; 

e 2 <4c/, does not meet the axis of a?; 

The same conditions exist with regard to the axis of y, 
according as d 2 >, = , or < 4a/. 

If B 2 >AC, the curve intersects the diameter, y= — — ; 

BP — AC, touches that diameter ; 

B 2 < AC) does not meet it. 

(22.) Determination of the species, and their varieties. 
[l] If A < 0, the curve is an ellipse. 
If the roots of the equation 

+ ~d a;+ A Z= ^ 

are equal, the ellipse is reduced to a point. 

If the roots are impossible, the ellipse becomes an imaginary 
line* 

If a = c, and 6 = 0, the ellipsfe becomes a circle. 
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[2] If A > 0, the curve is an hyperbola. 

If the roots of the equation (a) are possible, the diameter, 

bw + d 

cuts the curve ; if impossible, that diameter does not meet it. 

If the roots are equal, the hyperbola becomes two inter- 
secting straight lines. 

If a = — c, and 6 = 0, the hyperbola is equilateral. 

[3] If A = 0, the curve is a parabola. 

If B also = 0, and 
C>0, the equation represents two parallel straight lines, 

C = 0, . . one straight line, 

C < 0, ...,.,.,,,.,. an imaginary line. 
(H. A. G. 81-89, 184-213 ; G. G. A. Ch. iv ; Biot, 264-304.) 

Summary of Equations. 
(28.) Rectilinear equations. 

[l] Let the curve be referred to its centre, and principal 

diameter, then 

b* 
in the ellipse, y 2 = — (a 2 — or) ; 

a 

*>* 
.... hyperbola, y* = — (a? 2 — a 2 ) ; 

a 
. . . .circle, y 2 = a 2 — a? 2 ; 

, . . . equilateral hyperbola, y 2 = a? 2 — -a 2 . 

[2] Let the curve be referred to the principal diameter, 
and a tangent at the vertex, then 

6 2 

in the ellipse, t/ 2 = ~ (2aa? — a? 2 ) ; 

a 

6 2 
.... hyperbola, y 2 = — (2aa? + a? 2 ) ; 

u 

. . . .parabola, y 2 = 4wa?; 

. . .' .circle, y 2 = 2aa? — a? 2 ; 

.... equilateral hyperbola, y 2 = 2 a a? + a? 2 . 
The general form of the equation is y 2 = /w a? 4- nor. 



n ii (1 ; 



•^ 






SUMMARY OF EQUATIONS. 175 

The same equations subsist, if a and b are any system of 
conjugate diameters to which the curve is referred. 

(24.) Polar equations. 

[l] Let the curve be referred to the radius vector, and angle 
contained between it, and the principal diameter, then 

1. The Centre being the pole ; 

• xi. n- o o 2 (l — e 2 ) 
in the ellipse, u 2 = — ) ' , 

1 — (e . cos 0) 

i, u i £ « 2 (e 2 -l) 
. . . .hyperbola, u 2 = 7 ; 

(e . cos 0) 2 — 1 

2. .The focus being the pole ; 

1 At IT ©(I— e 2 ) 

m the ellipse, m = — — , 

r 1+0.COS0' 



, , . a(e 2 -l) 
. . . . hyperbola, u*= , — , 

' r l-hecos0' 

. . 2m 

. . . . parabola, u • 



1 + cos 

[2] Equations between the radius vector, , and a perpendicular 
on the tangent from the pole. 

1. The centre being the pole : 
in the ellipse, p 2 r- 



.... hyperbola, p 2 = 



a 2 + b 2 -u 2 ' 
a 2 b 2 



u 2 -(a 2 -b 2 ) 

a 2 
.... equilateral hyperbola, p = — 

2. The focus being the pole ; 

in the ellipse, p 2 = 



u 



4 *■ 



. . hyperbola, p 2 = 



J>*u_ 
2a — u' 
b 2 u 



2a + u' 
. . . .parabola, p 2 = mu. {H.A.G. 183,) 
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Analytical Geometry of three Dimensions. 

(25.) The straight line. The equations to a straight line 
referred to three rectangular co-ordinates, are 

w = ax + a, y = 6#4-/3: 

which are the equations to its projections on the planes of wx 9 
yx respectively. 

The - equations to a line passing through the point 
0»i>yi>*i)> are 

The equations to a line passing through two points fa^y^^y 
(*g>Sb*s)> «* 

^2— *1 *£ — *1 

In order that the two lines 

{w = a 1 x + a 19 (af = a s x + a 2 , 

? = &!* + &; Iy = fc 2 * + j3 2 > 

may intersect each other, it is necessary that 

<»i — « 2 _ & — A 

«l- fl 2 fe l — 6 2 

The co-ordinates of the point of intersection are 

a i«2 - a 2 tt l „, *lA— AA ^ a 2"" a i 
07= j Jf = j *= . 

a x — a 2 a 1 — a 2 a i— «2 

The distance (c^) of a point (^^yx^) from the origin ; 

<*i = « + »i 2 + *i 2 )* = *0- + « 2 + ^) l ; 

if a? = ax 9 y = bx are the equations to the line passing through 
the given point, and the origin. 

The distance (2>) between two points fart^x^, (# 2 #2>*2) 5 



D = fa- a J* + (yi-y 2 )* + (*i-* 2 V 



li 



k 



= d x 2 + d 2 2 — 2 fo * 8 + y x y 2 + ar^) | , 
d^ being the distance of fa 9 y 2i x 2 ) from the origin. 
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The inclination of a straight lipe I to each of the axes ; 

7 ±1 

co S ^- (1+o2 + 62)i , 

(cos /,#)* + (cos Z,y) 2 4- (cos /,#)* = 1. 
If l 9 wy 9 &c. denote the angles which Z makes with *the 
planes xy 9 &c. theil 

(sin l&yY + (sin /,a?#) 2 + (sin Z,y#) 2 = 1< 
The mutual inclination. of two lines, l 19 l 2 : 
cos l i9 l 2 = cos li 9 a? . cos Z 2 ,a? + cos l i9 y . cos l 29 y + cos Z t ,# . cos l i9 z. 
_ 1 + Qi« 8 + M 8 

"" ~ (i + oi 8 + W+«.*+V)l r 

The equations to a line in terms of the angles it makes 
with the axes are 

cos Z,a? cos l 9 y ~ 

# = T-x + a 9 y=: - i * + /*. 

cos l 9 % cos l 9 « 

(G. G. A. Ch. xvi; H. A. G. 229—61 ; Biot 9 54—69.) 

(26.) The plane. The most general form of the equation to 
a plane is 

Aw + &y + C* + Z) = 0, or 

x^A^+B^ + Cy 

The equations to the traces of the given plane on the planes 
of wy 9 wx 9 yx 9 respectively are 

Aat+By + D = 9 Aa>+Cz + D = 9 By + C% + D=0. 

If a 9 b 9 c 9 are the distances from the origin at which the 
plane cuts the axes of w 9 y 9 #, respectively, the equation becomes 

a b c 

If p is the perpendicular on the plane from the origin, then 
p = a? cos p 9 w + y cos p,j/ + # cos p 9 x. 

Z 
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The equation to a plane passing through the point (#i#i>#i)> 
and parallel to the plane Ax + By + Cz + D = 0, is 

^(a?-^) + B(y-y x ) + C r (»-it 1 ) = 0. 
The co-ordinates of the intersection of a straight line 

x = az + a 9 y = &* + /3 

and the plane Aw + By + C% + D = 0, are 

__ q(Jg + Bb + C) - a(^q + Bfi + D) 
X *~ Aa + Bb + C ' 

_ P(Aa + Bb + C)-b(Aa + Iff + D) 
V ~ Aa + Bb + C ', 

Aa + Bfi + D 

*~ Aa + Bb + C' 

When the line and plane are parallel, then 

Aa + Bb+C = 0. 
The equations to a perpendicular p from the point 
(*i#i>*i) on ^ plane, are 

_ ^^H-gyi + Cyi + D 
p "- ± (J' + IP + C 8 )* * 

The equation to a plane drawn through a point (#i#!,*i) 
perpendicular to a given line, is 

a (a? — wj + bfy — y^ + % — z x = 0. 

The angle contained between the line Z, and the plane P; 

. Aa + Bb + C 

sin LF = =*tt • 

(1 + a « + &*)( j* + H« + c 8 ) |* 

(87*) ^"he inclination of a plane x P to the co-ordinate planes : 

- ± B 
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(cos P 9 wy)* + (cos P,a?#) 2 -f (cos P 9 yx)* = 1. 
The mutual inclination of two planes P 19 P 2 ; 
cos P 19 P S = cos P 19 wy . cos P^ooy + cos P 19 wx . cos P 29 wx 

+ cos P 19 yx . cos P i9 yx. 
__ J^ + fl^ + fiC, 

(Af + ^ + CftU" + B 2 * + C 2 2 ) J* ' 
If the planes are parallel, then 

-«2 ■**« ^2 
(#. J. G. 252—74 ; Bwrf, 70— 85 ; G. G. A. Ch. xvii.) 

The Oethogonal Peojection of Plane Figures. 

(28.) Let A represent the area of a plane figure, A^ A n9 A^ 
the areas of its projections on the planes wy 9 xx 9 yx respectively, 

then AJ + AJ + AJ^A*. 

If A, A^, be projected on the plane y^x^ of some new 
system, then 

Ay iZi = A y% cos a?t,a? + A^ cos w l9 y + A v cos w 19 x. 

If A l9 A z9 A 39 &c. are any areas in different planes, 
X 9 F, Z, the sums of their projections on yx 9 wx 9 coy ; 
-Xi, Y v Z l9 y^p a?^, a?,^ ; 

then -X\ = JTcos <v l9 w + Fcos w l9 y + Z cos #i,#, 

Y x = -Ycos y lt # + Fcosy^y + Zcosy l9 x 9 ' 
Zx = JTcos «/ lf * + Fcos x l9 y + Z cos #j,#. 

X 2 + F 2 + Z 2 = X* + F, 2 + Zj 2 , 

If the triangle formed by joining any three points in space 
be represented by a, and the perpendicular on the plane from 
the origin, by p 9 the equation to the plane passing through 
(he three points is 

a pK .at + a^.y + a^.x^ap. 

(H. A. G. 275—90 ; G. G. A. p. 327—32.) 
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* 

.Oblique Co-ordinates. 

(29.) The equations to the line I referred to oblique co- 
ordinates are 

sinZ^,* sinZ ,* 

#= -r- r £5 — x + a, y = . .** — % + p. 
sm l n9 ary sm l yz9 wy 

The distance of the point (w 9 y 9 x) from the origin 

= a? 4- y 2 4- *' 4- 2 (wy cos #,y 4- #* cos w 9 x + y% cos y,#). 

The distance between the two points {^ v yiiX^) 9 {w ft9 y %9 x^ 

= ("i - **)* + (Vi - y*) 2 + (*i - **)* 
H- 2 { (a?! — ^(sfi — y 2 ) cos #,y 4- (^ — # 2 )(*i — * 2 ) cos #,* 

+ (»i — y 2 )(*i — * 8 ) «>s y,*} . 

The inclination of two lines 

(w = a l x + a 1 fn (w = a 2 % + a 2 ... 
ty-M + ft W > ty=^ + ^ («■ 

, , sinL,y# _ Bmlo 9 a% , sinZ 2 ,#tf 

COS U 8 = -r: COS L 9 W 4" ^ COSZ.,0 4" COS l l9 X 9 

smx 9 y% sin y 9 atz x sin x 9 aty 

sin l 19 yx sin l 19 atz ' sinZ^y 

= — cos L 9 x 4- - — « cos/ojV 4- - cos Za,# ; 

s\nw 9 yx smy 9 w% s\n % 9 wy 

did'z+bibz+l +(a 1 b 2 +aJ>i)cosa? 9 y +(a 1 +.02)cos#,# +(bi+b a )caBy 9 % 



i 



{ a^ + 6 t 2 + 1 + 2 (a x fc x cos #,y 4- « 2 cos oo 9 x + fc 2 cos y,#) } 
x (a 2 2 -f 6 2 2 + 1 + 2 (a 2 & 2 cos w 9 y -f a 2 cos as 9 x + fc 2 cos y,#) } 

The inclination of a plane P to each of the co-ordinate 
planes : let p be the perpendicular from th£ origin, then the 
equation to the plane is 

p = a cos p 9 w 4- y cos p$ 4- x cos p 9 x 9 

= Aw + By + Cx. 

n 1 . cosyx 9 xx ^ cosf/#,<rt/ 

cosP,y*=-, ^4- . y g+ . v ' y C 9 

sm w 9 y % sin y,## sm x 9 wy 

1 cos atx 9 y% cos at x 9 my „ 

cosP,a?* = -; J? 4- -: — ^ 4- -i — C, 

sm y,a?# sm tv 9 yx sm #,#y 

__ 1 „ cos xy 9 yx cosay-arz ^ 

cosP 9 wy= - £7 + . w A 4- . y> 5. 

s\nx 9 ooy s\n oo 9 yx s\ny 9 xx 
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cos P 9 yx cos P 9 aox cos P 9 my 

sin x 9 yx sin y 9 oox sin x,xy 

Let Z xy 9 xx = a, Z ®y>y% = /3, Z wx 9 yx = *y ; 
/ sin#,y# = d, siny,##=:£, sin x 9 xy =/: then 

-4* 5* C* _/^B JC ^ SC \ ' 

a 1 = 1. 



a~ js- c* ^/AB AC n BC 

^ + "T + ■72"" 2 (t7" cos 7+ "T? gos P + ~F cos 
dr e 2 . f* \4e ' d f . <>f 



The inclination of two planes 

A 2 ar + B 2 y + C 2 z = p Q ; 



(*i) 
W 



— cos P X ,P 2 = 



^4 

d* 



5^2 ^Cj A 1 B 2 -\-A 2 B 1 A 1 C 2 -\-A 2 C 1 
+ -^ £ — ^ — — i cos7 ^ — cosp— 



/• 



de 



<*/ 



BiC s +B i C 1 

ef 



COS' 



{ 



A 2 - s, 



2 /"» J 

+ C1 



-»( 



V i cos»y + ' j^, cos pH r-cos 



S, 8 



«/ 



-) 



•B 2 C 2 



i 



/* "V d* "" ' ' d/ 
(^ + ^ + ^^ 2 /'^^cos v + ^cos/3+^^cosa > jl 

(Whewell, Camb. Phil. .Tram. V. 2, Pt. 1 ; H. A. G, Ch. ix, x.) 

The Transformation of Co-ordinates. 

(30.) Let w, y 9 x 9 be the original, a 19 y 19 x 19 the new co-ordi- 
nates, then 

1 

x = - (w x sin x 19 y % -f y x sin y 19 yz + * x sin x 19 yx) 9 

smw 9 yx 

1 

y = - (w x sin w 19 wx + y 2 sin y i9 xx + » x sin x l9 arx) 9 

smy 9 a?x 

x = - (w x sin ^,#0 + y x sin y 19 xy + # x sin z 19 wy). 

sm *,a?y 

* 

If the primitive axes are rectangular, and the new ones 
oblique, then 

co = x 1 cos x 19 w -f y t cos y 19 x + #j cos #!,#, 
. y = a %1 cos d? 19 y + y x cos y 19 y + * x cos x 19 y, (1) 

# = #! cos tfj,* + j^ cos y j,* 4- #1 cos #!,* : 
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(cos x i9 ai)* + (cos #i#) 2 + (cos x x9 x) 2 = 1* 
(cos y x9 w) 2 + (cos y^yf + (cos y x9 xf = 1, 

(COS X^O?)* + (COS #!#)* + (COS #!,#)* = 1- 

If both systems are rectangular, then 
cos x x9 x . cos y 19 x + cos w x $y . cos y 19 y + cos #!,# . cos y x ,ff = 0, 
cos x x9 x . cos x x9 x + cos ^,y . cos x 19 y + cos # 19 '# . cos x 19 ss = 0, 
cos y 19 x . cos #!,# H- cos y 15 y . cos x x9 y + cos y x ,ar . cos x x9 x = 0. 

(31.) Let t represent the trace of the plane xy on x x y x9 then 
if both systems are rectangular, the position of the new axes 
may be determined from the three angles 

t 9 x = (p 9 i.w^yf,, <3?y,<a? 1 y 1 = x- 
The formulae (1) become respectively 

a? = x x (cos <f> . cos \f/ + sin <p . cos \j/ . cos x) 

+ y x ( — cos . sin \}/ + sin ^> . cos \j/ . cos x) — x x sin ^> . sin x* 

y=zat t (sin d>.cos\^ — cos 0. sin \^. cos ^) 

— ^(sin^isin^H-cos^.cosx^.cos^) + # x cos ^) . sin x> 

#»«? x x sin >|/ . sin ^ H- y x cos \// .sin x 4- x x cos x« 

If t be supposed to coincide with w 19 these formulae become 

x = a? x cos + y x sin ^> . cos x> 

y = x x sin <p — y x cos . cos x + *i cos • s * n X' 00 

«=S/i sin X + *i cos X- 
If the origin alone be changed, then 

x=:w 1 + a 9 y = y x + b 9 x = x x + c. 

If the position of the origin, as well as the direction of the 
axes be changed, then a 9 b 9 c 9 the co-ordinates of the new origin 
must be respectively added to the above values of a?, y 9 and x. 



(32.) The equation to any surface being given, to find the 
equation to the curve formed by its intersection with a plane : 
let the equation to the surface be 

and the plane of x x y x the intersecting plane, then the trace of 
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w 1 y 1 on coy being assumed the axis of a?, and a line perpendicular 
to w t in the plane oe 1 y 1 the axis of y l9 (2) become 

a? = ^cos^H-^sih^.cds^ (3) 

y = # x sin (p — y x cos . cos ^, 
* = y lS in x . 

Tfyese values of w 9 y, # being substituted in the equation to 
the surface will give the? equation to the curve required. 

(33.) Transformation of rectangular to polar co-ordinates. 

Let u be the radius vector, u sy its projection on the plane 
xy 9 and a, 6, c the co-ordinates of the pole, then 

w = u cos u xy9 u . cos u 9y9 co + a 9 

y = u cos w,y,w . sin u sy9 x + 6, 

*=« skiiu xv9 u + a 

^The radius vector must always be considered positive. 

(H. A G. Ch. xi ; G. G. J. Ch. xviii ; Biot 9 97—103.) 

*The Sphere, 

(34.) Let a, /3, 7, be the co-ordinates of the centre ; and r 
the radius ; the most general form of the equation is 

2{(#— a)(y— /3)cosa?,y+(A?— a)(*— 7)cos#,*+(y— /3)(#— 7)cosy,*} 

If the origin is at the centre, the equation becomes 
# 2 + y 2 + ^ + 2 (a?y cos #,y + ## cos a?,# + y % cos y,#) = r 2 . 
If the axes are rectangular, (1) becomes 

(*-«)•+ &-#)*+ (*- 7 )« = * 

If the origin is on the surface of the sphere, then 

^ + y 2 + ** - 2 (a w + /3 y + 7 *) = . 
If the origin is at the centre, then 

#* + y 2 h- # 2 — f 2 . 

The equation to a plane touching the sphere at the point 

Oi>yi>*i) is 

(0-0)^-0) + (y-(Z)(y 1 -p) + (x-v)(x 1 -y) = f*. 

If the origin is at the centre, this- equation becomes 

aw, + y y t + ** x =» r 2 . (H. A* G. 323— -9.) 



/ 
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The Cylindee. 



(35.) The general equation to a cylindrical surface, the 
directriw of which is in the plane ooy 9 is 

f(po — a%j y—b%) = 0. 

The equation to an oblique cylinder on a circular base, in 
the plane «ry, the origin being in the circumf e ren ce of the baooj 

is (# — a%y + (y — b%) 2 = 2r(a? — az). 

Every section of this cylinder made by a plane inclined to its 
axis is an ellipse, or a circle. (H.A.G. 331 — 4.) 

The Cone. 

(36.) Let a, /3, 7, be the co-ordinates of the vertex, and let 
the directrix be in the plane ooy y the general equation Jto a 
conical surface is * 

J \*~7 * — y) 
The equation to a right cone on a circular base in the plane 



2 



~~ ■ 2" 

7 



<a? — a\ y — fi 
xy is + ~ — — 

#—71 % — 7 

If the origin is at the centre of the base, the equation 

- ■ * ^2 

becomes w* + y* = ~ (# — y)*. 

7 . . 

The equation to a right cone, of which the base is the ellipse 

a*^ b* 



—o + 7£ = 1 is 



tf ?*_ * — 7 
a 2 6 2 7 

The equation to an oblique cone on a circular basfe, the 
origin being in 'the circumference of the base, is 

(a# — 7#) 8 + (fix — 7#) 2 = 2r.(*— 7) (a* — yw). 
If the origin is at the centre of the base, the equation 
becomes (a* — 7a?) 2 4- (/3*— 7y) 2 = r2 (* — 7)*- 
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(37.) The equation to the intersection of the cone 

* 2 +y 2 =4(*-7)< 

7 
with a plane passing through the origin, perpendicular to the 

plane wz, and inclined to the plane xy at an angle %, is 

{ (7 cos x) e — (r sin yf } y* + y*w* + 2yr 2 sin yVi — r 2 y 2 = 0. 

If tanj£<— , the plane is inclined to the side of the cone, 

and cuts only one sheet of the surface ; in this case, the curve 
is an ellipse. 

If tan % = -£ , the plane is parallel to the side of the cone, 

and the curve is a parabola. 

If tan 5( > --> the plane cuts both sheets of the surface, and 

the curve is an hyperbola. 

The equation to the intersection of the oblique cone 
7 2 (** + y*) + (a 2 - r*) %* - 2aypx + 2ar 2 * + 7V = 0, 

and a plane situated as above is 

{(ycosx-asinx) 2 — (r sin x) 2 }yi 2 +7 2 #i 2 +2ar 2 cos x-#i— 7V=0. 
The curve is an ellipse, a parabola, or an hyperbola, ac- 

7 
cording as tan ^ <, = j or > — - — . 

2ay 



If the section is a circle, tan ^ = 



a 2 — 7 2 — r- 



(H. A. G. 335 — 46 ; G. G. A. Ch. xv ; Biot, Ch. vi.) 

.Surfaces of the Second Order. 

(38.) The general form of the equation to a surface of the 
second order is 

Aa^+Bf+Cz 2 +2(A i yx+B 1 offx+C i xy+J 2 af^B^+C 2 x)+D=0. 

If the axes are parallel to any system of conjugate diametral 
planes, the equation becomes 

AaP + By 2 + C* 2 + 2(A 2 w + B 2 y + C 2 *) +D = 0. (1) 

A straight line cannot intersect a surface of the second 
order in more than two points. 

Aa 
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The equation to a diametral plane, which is the locus of 
the points of bisection of all chords parallel to the line 

w = m% 9 y=zn%, is 

(Am + C x n + B x ) w + (C x m + Bn + A 1 )y + (B x m + A x n + C)z 

+ A 2 m + B z n + C 2 = 0. 

The number of systems of conjugate diametral planes 
is unlimited; of these, however, only one system can be 
rectangular. 

The co-ordinates of the centre are 

ABC + 2A 1 B 1 C l -AA l *-BB*-CC 1 * 
B t (B* -AC) + C S (A A, - B, C,) + A i (CC, - A l BO 

y = -. — 



*= 



ABC + ZAiB^-AAf-BBf-CC? 

C t (C* - AB) + A z (BB, - A, C,) - B 2 (A A, - B x CJ 



ABC + 2A i B 1 C 1 - AA* - BB* -CC? 
If the surface is finite, then 

A?-BC<O t B*-AC<0, C*-AB<0, 
AA* + BB* + CC* - ABC - 9 ^S^ < 0. 
If the surface has not a centre, then 

A A* + BBS + CC* = ABC + 2A 1 B 1 C l . 

(39.) Surfaces of revolution. If the axis of revolution coin- 
cides with one of the co-ordinate axes, as x, the general equation 
to a surface of revolution is 

y* + **=/(*). 

The conditions which determine u surface of the second 
order to be a surface of revolution are 

Afii (C - A) - B, (C* - Aft = 0, 
B 1 C l (C-B)-A l (C*-B*) = 0: 
also A l9 B v C 1 must all have the same sign. 

The equations to the axis of revolution are 

C x C x 

A x o Y 
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The equation to the paraboloid is aP + ff — 4tmz; 

aP + y* z 2 V 
spheroid . . . - — ^ — + ~ = 1 ; 



aP^-ff z 2 
hyperboloid . . ^ — : — -- = — 1. 



(H. A. G. 347—68 ; G. G. A. 194—9 ; Biot 9 312—21.) 

(40.) Surfaces which have a centre. . If the origin, is trans- 
ferred to the centre, the general equation becomes 

Ax 2 + By 2 + Cz 2 + 2(A^z + B Y wz + C x xy) + D =±= 0. 

If the axes coincide with any system of conjugate diameters, 
the equation is reduced to 

x* y* ** . 

a 9 b 9 c being the semi-axes ; in which case, the co-ordinates are 
rectangular. 

Let a 19 b 19 c x be any system of conjugate diameters, then, 

a 2 + b 2 + c 2 = a 2 + b 2 + c\ 

If the surface be referred to the diameters a 19 b 19 c l9 then 
Ca 1 & 1 . sma? #) 2 +( a i c i . sin w 9 z) 2 +(b 1 c 1 . siny,#) 2 ==a 2 6 2 +a 2 c 2 +6 2 c 2 . 
and a*b 2 c* = a 2 b 2 c 2 {1 — 2 (cos x 9 y . cos w 9 z . cos y 9 z) 

— (cos x,y) 2 — (cos a? 9 z) 2 — (cos y 9 z) 2 } . 

(41.) The species of the class of surfaces defined by the equation 

w 2 y 2 - z 2 

depend on the signs of a 2 , b 2 9 and c 2 ; the equation to 

a? y 1 ' z 2 
a 2 b 



the ellipsoid is — + — + — =1 ; 



x 2 y 2 z 2 

the hyperboloid of oile sheet, -~ + -— = 1 ; 

Jr a 1 b" c 2 

" x 2 y 2 z 2 
the hyperboloid of two sheets, — — ~ —.-5. ==!• 
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In the ellipsoid, the three traces, or principal sections are 
ellipses, their equations are 

■75 4- =1, the trace on yx\ 

a? 8 # 8 „ . 

— 8 + 1 =1, ...... .**; 

«** y 2 , 

If two of the quantities a 2 , 6 2 , c 8 are equal; the surface 
is a spheroid, if they are all equal, a sphere. 

In the hyperboloid of one sheet, the principal sections are 

aP y* 
an ellipse, - + - 2 =1, 

an hyperbola, — - =1, 

Oi c 

• ••••••■ """" ■■" *■"■!! «— JL. 

6* c 8 
The conical surface the equation to which is 

& V 2 * 2 
a 8 ^ b % c 2 
is an asymptote to the hyperboloid. 

In the hyperboloid of two sheets the principal sections are 

** y* 

an hyperbola, — _ — = 1. 



a? x 



s 



a 8 c 8 



y* ** 

an imaginary curve, — + -5 = — 1. 

The plane yx does not meet the surface. 
The equation to the asymptotic cone is 

<r 8 y* x 2 _ 
a 8 "" T s "" ? "" ' 
(if. J G. 359—81 ; G. G. ^. 200—24; .Bio*, 322—30.) 
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(42.) Surfaces which have not a centre. If the origin is at 
the vertex, and one of the co-ordinate axes* as ar, coincides with 
the axis of the surface, the general form of the equation is 

This class consists of two species, 

the elliptic paraboloid, ny 9, + m*r*= 4&mnx 9 
the hyperbolic paraboloid, w^-w^ss^wo?, 

The principal sections of the elliptic paraboloid are 

a parabola, y 2 = 4m#, 
...... # 2 = 4wa?, 

a point, ny 2 + m%* = 0. 

This surface will be generated by the par&bola ar 2 = 4n# 
moving parallel to itself so that its vertex may describe the 
parabola y 2 = 4wo?. 

The principal sections of the hyperbolic paraboloid are 

a parabola, y 2 =4ma?, 

# 2 = — 4n#, 

two straight lines, ny 2 — m%* = 0. 

All, sections parallel to wy and x% are parabolas, and par- 
allel to yz 9 hyperbolas. 

The two planes defined by the equation ny 2 — mss*=z0 are 
asymptotes to the surface. 

This surface will be generated by the parabola * 2 = — knx 
moving parallel to itself, so that its vertex may describe the 
parabola y*= 4m#. 

(H. A. G. 382—95 ; G. (?. A. 225—31 ; Biot, 331 — 4.) 

The Intersection of a Surface of the Second Order 

and a Plane/ 

(43.) Let the surface be referred to its centre and axes, the 
equation is A or* + By* + C%* + D = 0, 

The equation to the line of intersection is 

{A (costpy -f B (sin0) 2 } a 2 + 2 (A — B) sin (p. cos (p. cos x^ff 
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the equation to a curve of the second order, which will be an 
ellipse, a parabola, or an hyperbola, according as 
J J B(cos^ 2 +.C(sin x ) 2 {JJ(sin0) 2 -f.^(cos0) 2 }>, =,or<0. 

In" the ellipsoid, every section is an ellipse, or one of its 
varieties. 

In the hyperboloids, the section may be either an ellipse, 
a parabola, or an hyperbola. 

(44.) If the surface have not a. centre, the equation is 

M y* + Nz* + Pw = 0. 

The equation to the line of intersection is 

{ M (cos <p . cos ^) 2 + N (sin ^) 2 } y* + N (sin ^>) 2 a? 2 

— 2M sintp.costp.cos^wy + Pcos(p.cos^.y + jPcos^>.ti? — 0; 

the equation to a curve of the second order, which will be an 
ellipse, a parabola, or an hyperbola according as 

ilfjV(sin tp . sin ^) 2 > , = , or < 0. 

In the elliptic paraboloid the section is an ellipse, and in 
the hyperbolic paraboloid an hyperbola, except when = 0, 
or ^ = 0, in which case the section is a parabola. 

(45.) If the surface has a centre, the section will be a circle, 
when 

J(sin0) 2 +S(cos0) 2 =C^^ 

2 (A — B) sin <p . cos . cos % = 0. 

These equations will be fulfilled if the plane is 

perpendicular to yx, and tan^= + ( ~- j , 

/A-B\* 

......... Wy^ ...... — + I -pj zr I > 

of which three quantities only one is possible. 

If the quantities a 2 , 6 2 , c 2 , be arranged in the order of 
magnitude, the section intersects the mean axis 26 in the 
ellipsoid, and hyperboloid of two sheets, and the greatest axis 
2a in the hyperboloid of one sheet. 



MX, 
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The inclination of the section to the plane wy is 

" c /a 2 — b\l 
in the ellipsoid, tan" 1 + - I — ^ 1 , 

c /a* — 6 2 \ 4 
.... hyperboloid of one sheet, tan" * ± r ( -5 $ ) 5 

_ , c /a 2 + & 8 \* 

two sheets, tan" 1 4- — I 75 5) . 

~~ a \6 2 — cv 



(46.) If the surface has not a centre, the section will be a 
circle, when 

M (cos ^ . cos <py + jV { (sin y)* — • (sin 0) 2 } = 0, 

2 J/ sin 0. cos (p.cos % *= 0. 

These conditions will be fulfilled if the plane is 

perpendicular to ##, and sin j£= + f —1 , 

/M\* 
wy 9 and sin <p = + 1 — I • 

(#. ^. G. 396—401 ; Biot, 332—4.) 

« 

The Tangent Plane* 

(47») If the equation to the surface is 

Aai* + Btf+Cz z + 2(J 2 w + B 2 y + CtX) + D = 0; 
the equation a plane touching the surface at the point (jxf iy y v %^) is 
(A^+J^w+iBy^B^y+iCx^C^x+J^^B^y^C^^D^O. 
If #■— a? 1 = a(» — * A ), y — y l = b(% — #j) ar,e the equations 
to a line passing through two points (#,y,*), (#i#i>#i)> the point 
(* 2 ,y 2 ,«g) in which the plane passing through these points touches 
the surface may be determined from the equations 

Am* + By* + Cm* + 2 ( A^ + B s y t + C s x 9 ) + D = 0, 
(Aw 2 + A s ) w l + (By e + B 3 ) Vl + (C* 8 + C t )x t 
+ A i w i + B 2 y 3 + C 2 x 2 + D = 0, 
Aaw ti + Bby s + Cx 2 = 0. 
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If the equation to the surface is 

the equation to the tangent plane is 

Awx x + Byy x + Cxx x + D =0 ; 
and the equations to the normal are 

If the equation to the surface is 

Mff + Ntr + Px^Q, 
the equation to the tangent plane is 

M yy x + Nzm x + £P(ff + * t ) = 0. 

If three planes perpendicular to each other are tangents 
to the surface 

a* + b* + ? ' 
the locus of their intersection is the sphere 

ff 2 + y 2 + * a = a 2 + 6 2 + c 2 . 

If a conical surface circumscribes a surface of the second 
order, the line of contact is a plane curve. 

If any number of planes passing through a given point 
intersect a surface of the second order, and at the lines pf 
intersection conical surfaces be circumscribed, the locus of 
their vertices is a plane. 

(H. A. G. 364, 86; G. G. A. Ch. xx ; Biot, 335-^8.) 
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(1 .) Differentiation of algebraic functions. 

d x (u x + u 2 + &c. + u n + const.) = d x u x + d x u 2 -f &c. d x u n . " 

d m au = ad x u, if a is independent of a?. 



d x aP =mw M "\ 



d x u x t d x u. 



d x u x u 2 =u x d x u 2 + u 2 d x u x = u x uJ—- + -— )• 

(d x u x d m Uo . d x u n \ 

d x u 1 u 2 ...u n = u x u 2 ...u n l 1 h&c H ). 

V u x u 2 u n / 

, u vd x u — ud x v u/d*u d x v y 



B 



*v v* 



_ u /a x u a x v\ 



d "i"£ — "„ _ U x U 2 ...U m { d x U x + .^ + & ^ C^ 
*«!*£ — «» «!««...«» I «i " 2 ' U m 

d x v x d.Vo n d M vJ) 

" d x u expresses the same quantity which has usually been 
denoted by — . (See L. C. D. Vol. n. p. 527.) 

n n 

d *(S m u m + const.) = S m d»« m . 



6 d,? M u m = F m u m .S 



1> X d,u m 



Bb 
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(2.) Differentiation of exponential functions. 



d x sin x = cos x. 
d a tan x = (sec a?) 2 . 
d x sec x = tan x . sec «r. 
d a vers a? = sin x. 

# a 2 

d ' tan_1 ; = ^r^- . 

x a 2 

o^sec" ^ = / o jtt. 
a x(x' — a*)* 

x a 

divers- 1 - = — -r. 

a (2a# — x-y 



d *log a a? = 



lo g«e 



# 



d x a 9 = log, a. a*. 

*£,. cos a? = — sin a?. 

e^ cot a? = — (cosec a?) 2 . 

c^ cosec a? = — cot a? . cosec #. 

d. covers x = —cos a?. 

is 

x — a 

d.cos" 1 - = 



a (a 2 — a? 2 )* " 



-i 



x 



— a* 



d K cof - = . 

a a + # 

* a x(x* — a 2 )b' 

d -^ = — a 

* a (2aa? — a? 2 )* 



Successive Differentiation. 
(3.) d x x n = nx H ' 1 . 
d^rs^w— l)a? n - 2 . 
&c. = &c. 

d?x n = n(n— l)...(ra — m+l)# w - w . 
d%x n = n(n— 1)...2.3.1. 

d, w = wd,« -f vd^w. 

d*uv = ud*v -f 2d x w.d x t> + t>d*«. 

dJtuv^udfv + SdsU.dfv + S.dZu.diV + vdJIu. 
&c. = &c. 

dZuv^dfu.v+ndf-^.dsV + n ^ n "" J d*'*u.d% + &c. 

1.2 

w(w— l)...(n — r + 1) . 
4- , Q -d/- r tt.d> + &c. + wd> 



n+1 



a d jr n :w« = S m d, w - w,+1 :w.d jr m - 1 :v. 
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(4.) d>* = Qog t a) n (f. 



d* sin x = — sin x 9 
d, sin x = sin a?, 
&c. = &c. 






sina? = (— l)*-*sin#. 



k»-l 



d, sin x = cos a?, 
c^sin<ff= — costf, 
&c. = &c. 

d* n - 1 sinx=z(— l)"- l co8« t 

d, tana? = 1 H- (tana?)*, 
<2 r 2 tana?±=2tan<r{l + (tana?) 2 }, 
d, 3 tan# = 2{l + (tana?) 2 }{l + 3(tano?) 2 }. 
&c. = &c. * 

d, sec a? = sec x . (sec a?) 2 — ll* . 
d^sec x = sec x . {2 (sec a?) 2 — 1 } . 

d^seca? = seca?. {2.3(sec a?) 2 — 1 } . (sec x*) — 1 1 . 
&c. = &c. 

These differential coefficients may be adapted to cos x 9 cot x 9 
and cosec x by substituting these quantities for sin x, tan x, and 
.sec a? respectively, and changing the signs of those coefficients 
the index of which is an odd number. 

(5.) d,sin-\2?=:(l— # 2 )~+. 

d^sin" 1 a? = a?(l— x 2 )"^. 

d x 3 sin- 1 o? = (l— x 2 )--* + 3o*(l —a?) 2 " t. 
&c. = &c. 



* r^-^tana? 



S (-l) ro -*cos# „ „ , S (- 1 ) 



m - n sin# 



2m — 2n+l 



2m — 2n 



•in — i „-l. 



d 2 *- 2 :tan 



a? 



-S.ti^=V--u-+s. ( -=^ 



m — » — 1 



COSd? 



* \2m — 2n 

l (— l) r " 1 cos-» 

ja 2r _ 2 =- 



2l»-2w-l 



w* , - 1 .a-*. 



2r — 2 



> a sr-i — 



(— l) r sin x 



2r 



sin #j 
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d^tm" 1 w = — 2a?(l+a?*)- 2 . 
^ 3 tan- 1 «»=-2(l+V)- 2 + 2 3 .a? 2 (l+^)- s . 

&c. = &c. 
d a ,sec~ 1 a? = ^'" 1 (^ 8 — 1)""*. 

1 3 * 

d 3 sec- 1 # = 2#- 3 (^-l)~ , +tf- 1 (^-l)~' 2 + 3#(# 2 -l)~V 

The coefficients of cos"" *#, cot" 1 ^, cosec ~ l w may be found 
from these as above. (L. D. C 34—48.) 

(6.) d x <j>(u) = & u <j>(u) . d x u. a (L. C.D.llyL. D. C. 16.) 

Differentiation of Functions of Superior Orders. 
(7.) Let d x <f)(w) = <p'(x}> then 

d„ sin w # = cos a? . cos sin a? . cos sin 2 a? . . . cos sin n ~ * w. v 
• d?:<b(u) = & m d?d>(u) — '—, {a r _ t =d;:u}. See Appendix. 

Tim 

A few applications of this important theorem may here be 
added : 
d x t :u m = w n .a m , {a r _ 1 = d x r - 1 :u\. 

d x :&nu 

-S^-l)— 'costt^-, + S,(-1)"siiii*- 



2m— 1 
d?:cos u 



2m 



'X 



r ,__»-2»»+l „2m-l n-r _»-2»» ^IZot 



2m 



[2m— 1 
|a |w-1 = d^:^; r = ln, if w is even, r = ^(w— 1), if wis odd.} 

n 

v d a .sin tt a? = P m cossin m ~ 1 #. 
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d x cos n w = (— l) n sin a?. sin cos a?. sin cos*#...sin cos""" x w. * 

Development of Functions. 

(8.) d,f(x + y) = d y f(w + y). 

- Taylor's Theorem. Let E x (u) represent what u becomes 
when co + Dw is substituted for w> then 

E x (u)=u + dju H-d*w- - +d*u± - + &c. * 

' * 1 1.2 * 1.2.3 

If the n first terms of this series be taken, the limits of 

(Dw\ n 

error are the greatest and least values of d?u 

& * 1.2. 3... n 

provided there be no value of x between #, and x + Dw that 
renders w or any of its differential coefficients infinite. 

(L. C. D. 169.) 

MaclaurirCs Theorem. Let 00*=o> d^=o^ represent the 
values of w, d£u 9 respectively, when # = 0, then 



* d x cos*0 = (— l)*P M 8inco8* -1 af. 

« dJog>=P m (log."- 1 ^)- 1 . 

• £,« = S m (2>^)" , - 1 .d,"- 1 :«. 

Let -E^w — « = D x u, then 



* ill- ■■■ -^— —» - 

where o r _ x =ad/ +1 :«. 



> « = L«*- 1 .dS; 1 :«. 
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(9.) Taylor's theorem applied to two variables. 
E g Ju) = u+{d x u.Dw + d y u.Dy] 

+ ^{d*u(Dwy + 2d x d y u.Dx.Dy + d$u(Dyf} 

+ 3d x d^uDw.(DyY + d>(W} + &c. a 
d^d> = d y w d x m w. (L. C. D. 25—30.) 

(10). Laplace* 8 Theorem. Let y = ^{# + ®-<p(y) }> in which 
* is independent of x and y, then 



or - .' .-.,.. a? 2 



Lagrange's Theorem. Let.y = # + a?.0(y), then 

Xy)=X*) + ^(*)-<*,/(*)} + ^AWM/C*)} 

a? s 

This theorem is a particular case of the former, in which 
>H# + #0(y)} =» + *. 0(y). 



eo m 



- JB w («) = S,S ll (I)^r-".(I)y)"- 1 .cI, l "- |l :rf/- 1 :u. 

If a third variable % be supposed to receive an increment, then 

co m n 

^, y » = S m S„ S r (D»)— . (Dy)""* . (Dzy* . dr^:d^:dr l :u- 
Maclaurin's theorem applied to a function of two variables. 



00 



«=s««»- , .s.^- i .d:^«Co:«, 

{Jarrett, Camh. Phil. Trans. Vol. in, Pt. 1.) 



2 #"* 



/&)=/*(*) + S.g.rf.-M W*)1"«W(*)}- 



oo #»» 



* Ay) =/(*) + S-p-d."- 1 {0Wl"«U*)i- 
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If fty)=y> then 

co . . . a? _ — — -i„ a? 3 



y =* + - . <f>(z) + — . d^(zjf + j^- s . d!$Wf + &c. « 

(L. C. D. 107 — 9 ; 7V. i. Note E ; ,L. D. C. 49r-6l.) 

Implicit Functions. 

(11.) Let d x u = M 9 d v u = N 9 then 

M + Nd x y = 9 

from which equation the value of d x y may be found. By 
successive differentiation, the following equations may be ob- 
tained, in which u l9 u &9 &c. are functions of w and y : 

u i + u* d x y + Us ( d xVY + *?d?y = 0, 

^4 + u 5 d x y + u 6 (d x yf + u 7 (d x y) s + (w 8 + w 9 d x y) d, 2 y + Nd?y=0, 

&c. Sec. 

from which the values of d/y, dj*y, &c. may be obtained. 

(L. C D. 41 — 8 ; L. D. C. 100*— 3.) 

Transformation of the Independent Variable. 
(12:) dm=— -, d 2 a>= — — , 

K y * dy ' (d xy y 

' $&? ' 

If a? and y are considered as functions of a third variable £, 
then 

a t w 



d t x.d?y — d;aj.d t y 



>3 * 



3 __ (d t x)* .dfy — $d t w.d*x.dfy + 3(d*doy *d t y— d t a}.dfw.d t y 

d,y ^3 , 

&c. = &c. (£,. C. D. 57 — 69.) 



•■ at* 



'y+s-j^-^wr- 
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(13.) Elimination of cm arbitrary function. 

Let x = <j>f(M,y) s =<f)(t) suppose, then 

d x z = d t <j>(t) . d x t, and d y # = d t <p(t) . d p t, and hence 

<^» = d x f(x,y) 
d y x d y f{w,y) ' 
In the same manner, by repeating the differentiation of 
any given equation, two or more arbitrary functions may be 
eliminated. (L. C 2). 77 — 9-) 

Particular Values of the Variable. 

(14.) Let w = 0, when at = a, then u must be of the form 

v (w — a) m , 
t> being a function of oo not containing the factor w — a. 

d x u^'o 1 (jB — a) m ~\ 

&c. = &c. 

d?u = v n (a>-a) m - n , 
n being the greatest integer }> m. 

If <m = n> then d^u = v n9 which is the first differential co- 
efficient that does not vanish, when a? = a. 

If m is not an integer, then d? +1 u and all succeeding co- 
efficients become infinite, when # = #. 

Let u = - when w = a 9 then 




m 



^(a? — a) 

tt= -^ — . 

v 2 (x-ay 

Let w, r be the greatest integers }> m, p respectively, then 
when = a, if n>r 9 u = 0; 

n < r, w, and all its differential coefficients are 

infinite ; 

W = F = w« Vi = *— - = » ; 




tfc = r = ©, t$= — - =0; 



PARTICULAR VALUES OF THE VARIABLE. SOI 



when #=a, if w==r, and m >p 9 w = 0; 

«» = ©, w= — ; 

m<p, w= » . (£,. C. D. 143-53.) 

/w O 

If u = -7-- = - , when 4? = a, the value of ft may be thus 
<p(x) ' J 

found : substitute a + Dw for a? in jf(a?) and 0(#), and expand 
in series of ascending powers of Da 9 then 

_ a^Dx)™* + a^Dw) 9 ** + &c. 
W " &! (D#) n i + 6 2 (Da?)* 9 + &c. 

If m^n,, w=-^ — -^ — . _^ * - — 

ft 1 + 6 2 (2>tf)*«-*\+&c. 



If w 1 <w 1 , « = 



5= 0, when Dog = 0. 



ft x (Da?)*' - m » + 6 2 (Da?) n « " w » + &c. 
= w , when Dan = 0. 

a x + a 2 (Da?) m »- m » + &c. 

Ifm i =» 1 ,W=T — , * (t\ \n -n — ; o_ •' 

1 * b x + & 2 (Da?)*» "» + &c. 

= t 1 , when D# = 0. 

1 
If « = /)(#) .^(4?) =5=0.00 , when a? = a, put 0(<0)=;T7-r> 

/fa) , 

then w= ^~4 = - , when a? = a. 

<p(#) 

If w = ;, = — , when a? = a, then 
0(a?) 00 

«•■= cV' A , = ~, as before: 
{/fa)}" 1 ° 

under which form the value of u may be determined as above. 

(L. C. D. 12 ; L. D. C. 107.) 
Cc 
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(15.) Let/(##) = 0, be an equation cleared of irrational quan- 
tities in which y is an implicit function of w 9 then (Art. 11.) 

M + Nd x y = 9 (1) 

Ui + u z d x y + Ut(d x yf + Ndly = 0, (2) 

and by eliminating d x y we obtain an equation of the form 

M 2 + Nd?y = 0, 
and generally an equation may be obtained of the form 

M H + NdZy = 0. 

If the values of cc and y which satisfy the equations 

f(a>,y)= 0, M n = 0, 

do not satisfy iV=0, then d*y = 0. 

If the values of w and y which satisfy the equations 

/(*#) = °> JV=0, 

do not satisfy M n = 0, then d?y = oo . 

If f(®,y) = 0, M = 0, iV=0 be satisfied by the same values 

of w and y 9 then d x y= , the value of which may be obtained 

from (2) since N~0 9 unless u v u 29 u s vanish for the same 
values of cc and y 9 in which case we must differentiate again, 
and obtain an equation of the form 

v i + v i d *y + «3 ( d *y) 2 + *>4 fay)* = o ; 

and so on until we arrive at an equation the coefficients of which 
do not vanish for the proposed values of oo and y. 

If d"y = ~ , its values may be similarly found. 

If for any system of values of the variables, any differential 
coefficient has more than one value, then that coefficient obtained 
from the differential equation of the corresponding order must 

appear under the form?. 

(L. C. D. 135— 7 ; L. D. C. 109 — 13.) 
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(16.) Let the values of u corresponding to a + Dx, a — Dx 
be u x , u_ x respectively; then if u — u x and u — u_ x have the 
same sign for all values of x from a to a + Dx, the value of u 
when <v = a is a maximum or minimum, according as u— u x and 
w — u mmX are both positive or both negative. 

When d 9 u = 0, u is a maximum or minimum, according 
as d*u is negative or positive. 

If the same value of x makes d%u =5 0, there is no maximum 
or minimum unless d*u also vanishes: and generally there is no 
maximum or minimum, unless the first differential coefficient 
that does vanish with any given value of x is of an even order, 

Let the value of x which makes d™u = 0, make d x m+1 u = <*> : 
w — u x and w — u_ x may be thus developed in ascending 
powers of Dx ; 

u — u_ x = a x (— Dx)™ x + 2 (— Dx) m * + &c. 

w — t^ = a x (Dx) m * + a 2 (Dx) m * + &c. 

then if any of the indices m x , m s , &c. have an even denominator, 
or if m x has an odd numerator, there is no maximum or mini- 
mum. 

If m x has an even numerator, u will be a maximum or 
minimum, according as a x is positive or negative. 

(L. C. D. 154—64.) 

(170 Let u ~J\x,y) : the values of x and y which make 
d 9 u = 0, d p u = 0, give a maximum or minimum value of u, 
provided d*u, d M d y u, and d*u do not vanish for the same 
values of x and y, and that 

d]u . d, u > (d^uf. 

d*u, and d*u must evidently have the same sign: and 
generally there will be no maximum or minimum, unless the 
first series of differential coefficients which do not vanish for 
any given values of x and y be of an even order ; and unless 
the series of vanishing differential coefficients might be the 
coefficients of an equation of the same dimensions, which has 
no possible root. 

(Gamier, Diff. Calc. Ch. xxw.y 
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Fundamental Formula. 



(1.) f a d a u =u + const. 
J* a au = o,f a u y if a is independent of ,v. 
/A**! + "* + &c. + u n ) =/X +f x u 2 + &c. +/X- 
Jlu.diVxxuv—J^v.diU. 

y-» d s u __u p udjo 

of** 1 

fat*— - + const. 

J * m + l 

(2.) Inverse circular functions. 

ya . _ w 

— — -snr = sin *~ + const. 
*(ar — ar)* a 

y-» — a Y at 

*Tz — ^i 53008 " ~+ const. 
* (or — arp a 

y-» a 2 47 

-s s =tan -1 - 4-cow^. 
*ar + ar a 

y-> —a 2 .x 

-— sscot" 1 - + const. 
* a* + ar a 

ya* x 

—j-z rr. = sec~ 1 - + const. 

-7-5 rr-r = cosec * — y const. 

7- rri =vers" 1 - + const. 

y-» — a a? 

— rrr= covers" 1 - -hcons^. 
* (2aa? — arp a 
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(3.) Logarithmic integrals. 

y- =log s o? + const. 
* 00 

y-» 1 1 . /a + #\ 
-s s = r" lo g» l J + const 
*ar—ar 2a ° \a — #/ 

y-» 1 1 _ (x — a\ 
-s 5 = — log, I I + const. 
xoo* — a* 2a * \a? + a/ 

P 1 x /a~^(a*±a!*)t\ 

J'*(a*±a?)* = Ta l ° g * \a + {a*±a*)0 + ^ 

Decomposition of Rational Fractions. 

(4.) Every rational fraction may be reduced to the form 
A m oo m + A m _ l oo m - 1 + hQ.+A 1 w + A /U\ 

B n oo* + 5 lt _ 1 ^ n " 1 + &c + B x oo + B * \v) 

in which m may be considered less than n. 

Let a 19 a a9 &c. a n be the roots of the equation F=0 ; and 

[l] let these quantities be possible, and unequal. 

If (#)*=«> d*=» r respectively represent the values of £7, d, P, 
when w = a, then 

Or thus : let F= (a? — a t ) Q, and assume 

U_J[ 1 _ P 

"f" » — a t + Q' 

then ^ - ( - ) , and i>= ^ . 

W,=», *~ a i 

The other partial fractions may be similarly found: 
U—K r Q being always divisible by x — a r . 
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[2] Let the equation V= have r equal possible' rbot$> . 
Assume V - (^ + (^F 1 + & " + ~ + «' 

&C. = &C. JT = jr- r .d£—. 

r 1.2...(r— 1) """Q 
Or thus: assume ~ = U t , then JT, = ( — i ) 



&c. =&c. . 



• • *- Hfb 



• • • • 

[3] Let the equation F = have unequal impossible roots, 
and let 

Q not containing the factor op + c x x 4- e r 

Assume g,^^(^eJ + P 

and let M+NaJ^-L be the value of u— {K x + I^tf + %c x ) }Q 
when ax + /3i\/ — 1 is substituted for a; ; from the equations 

Jif=0, iV=0, 

JT, and L x may be obtained, and P= ^~{^i + Z i(" + I c i)1Q : 

the other partial fractions, which will be of the same form, may 
be similarly obtained. 

The values of K x and L Y may sometimes be more conve- 
niently obtained by substituting — — -==r.d a V for Q in the 
quantity Z7— } K x + L x {at + ^cj } Q, and proceeding as above. 
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[4] Let the equation F=o have r equal impossible roots. 
Assume y - ( ^ t + em+e y ■ + (- , + „ + a y-» + &c ' 

a? 2 + ca? + e Q ' 

4r + 007 + 

8 a^ + c^ + e 

&c. = &c. 

r aP + cx + e 

the constants K 19 L l9 K 29 L v &c. may be obtained from the 
quantities U> U 19 &c. as in the preceding case. 

The resolution may in all these cases be effected by the 
method of indeterminate coefficients, by clearing the equation 
of fractions, and equating like powers of a?; this method is 
however usually much more laborious. 

(£,. C. D. 380 — 2 ; Hirsch, Int. TabJ) 

aT 



(5.) Decomposition of the fraction 



x"+l 



rw (r+l)w rw ^(f + l)ir 

f cos cos a cos 3 cos 3 w 

of 2 1 n n n n 

-- — = _ \ + + ... 

ar+\ n j tt o 7r 

I a?~ 2 cos— 47 + I a? 8 — 2 cos 3 — o?+ 1 

cos(2«»— l)r cos(2m— l)(r + l)— .# 

... + — V &c. 

op — 2 cos (2 m — 1) — 47 + 1 

to ^» terms, when n is even. 
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.cosr cos(r + l)— # 

ff__l (-l) r 2 J n v 'ft 



#* + 1 n to+l n I w 

ar — 2 cos— 07 + 1 
n 



T ••• 



cos(2m— l)r cos (2m— l)(r + 1) — # 

... + +&c. 

o? 2 — 2cos(2m — 1) — w+ 1 



cos2(r+l)— #— cos2r— 

" + ••• 



to ^(n— 1) terms, when ft is odd. 

o? w — 1 n\o?— 1 o?+l/ n { o ** 

or — 2 cos 2—o? + 1 
n 

cos 2m (r + 1)— o? — cos2mr — 

ft ft O 
... + h &c. 

o? fi — 2cos2m — o?+ 1 

ft 

to -^ft^— 1 terms, when n is even. 

cos2(r + l) — a? — cos2r— 

of\ . 1 1 2 1 ' n n 

+ -<- ■ +... 



o? tt — 1 ft o?— 1 n J w 

1 — 2 cos 2—a? + 1 

ft 

cos2m(r + 1) — o? — cos2mr — 

ft ft „ . 

... H + &c. >■ 

or* — 2 cos 2m — x + 1 
to ^(ft— 1) terms, when n is odd. 

The partial fractions of which the fraction is com- 

posed may be obtained from the preceding by putting r = 0. 
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Let A denote a rational function. 
Differential coefficients of the form 

. !? £ L • 

[l] R {at* a?", a?% w'y &c.} 
may be rendered rational by assuming 

[2] R {w 9 (a + bw)~% (a + 6a?)% &c. } ; 
Assume a + bx^if 9 '" 

I V^ + 6^/ Vaj + o^/ J 

a + bw 

Assume r— =*y f- " 

a x + 6 x a7 » 

[4] ^ {#, (a + 6a? + ex*)*} ; 

Assume (a + 6a? + car 1 ) = c (or -f y) 2 . 
[5] jR{a?, (a + 6a? -co? 2 )*}; 

let (a + 6o? — ca?*)*= {^(a? — ej^ — a?)}*, 
Assume (a + 6a? — ca> 2 )* = (a? — e,)cy. 

[6] R { Wi (a .+ &*?)*, (a x + 6^)* } ; 

Assume a + boff = (a 1 + b 1 w)y i i 

[7] 'ar m ' 1 R{ar m 9 Of*, (a + bw*) 9 }; 
Assume a-f6a? w = y ? , 

whieh renders the function rational if — is a positive integer. 

[8] af n - 1 (a + b<t*y .R(ar»). 

>■ 

Assume a + 6a? n = y q , if — is a positive integer, 

n 

aa?" w + 6 = y g , if — h — is a negative integer. 

[9] af*" x R {a?*, (a + &a? w .+ ear 1 *)*} ; 

inay be reduced to [5] by assuming a?" = y, if— is a positive integer. 

ft 

Ds 



X* 



810 INTS6BAP CALCtriUS. 

[10] ^ n-1 # { *", (a + 6V)t, [*** + (« * tf*«»)i]} ; . 

Assume y **&** + (* + ****)*. 

Assume (a + &#*) =y- 

Assume I - — -J = d**" # 

(X. D. C. 215—21.) 

05.) The preceding are particular cases of the following more 
general forms, in which R 19 R 29 Sec. denote any rational functions, 
and Rf l 9 Rf 1 , See. the corresponding inverse functions. 

[11] R{a 9 Rr l <A\i 

Assume iJf 1 ^) = t>. 

Dl2] R [m 9 Rt\w), R^RT 1 ^ &c. R?R;1 X ...if *(*) } ; 

Assume ft' 1 R^ . . . R^Qxf) = v. 

[is] M^ 9 RT\a) 9 W^ 9 ^T^ u f^)^ 

Assume JBf 1 («?)=»t> mn "• 

[14] d x R^).{R 2 (wy 9 R^R^)}^ 

Assume jff 2 (#) = t>. 

[15] ^{^^f'A.C.)}; 

this formula may be rendered rational if we can determine 

R; l R n (*) = R n (w}M; l (p). 

I 16 ] d x R^oi),R{R m a>,R; l R n R m w\^ 
this formula may be rendered rational under the same condition 
as the preceding. 

[17] R \w 9 R?(x% faB^i*), <k&r l (")> &c} 
may be reduced to R {v 9 ^(t>), <f> 9 (v) 9 &c.} by assuming 

Rf l Qv) = v. 

(Bromhead, Phil. Trans, 181&J 
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tn h ■■ p u — ■■■ " H. ' M ' 

Integration of w m ~ 1 (a + bx n y. 

(7.) Leta + 6#» = X 

If— is a positive integer, for «t? substitute its value in terms 
of X obtained from the above equation. 

If — h p is a negative integer, assume as " * + ft = Z, ancr 
substitute for a? Us value in terms of Z, 

* 

If neither of these conditions is fulfilled, the indiees of a and 
X may be reduced Jby some of the following formulae: from 
which however no result can be obtained if any of the coeffi- 
cients become infinite. A result may in these cases be obtained 
by substituting in the given formulae for a 9 b 9 m, &c. the values 
which render the coefficients infipke. 

/ an m ** 

= . — , J—-f* m - n - 1 X p+ K 

(p + l)nb (p + l)nb J * 

(in + np)b (m+np)b* / * 
aTX p pna 



***** 

i * 



m+np m + np* 

In J.11M.A. v* 



(p + l)na (p+l)na 

7* l l m+n(p-l) f i 

x w m+1 X p " (p-l)nad*2P~* + '(p-l)na J x aT^X p ' v 

~~~*naarX*-**~ ma J x *r- n + x X** 
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+ (- l) i - 1 A i a^'- in }X' +1 + (- l^Alm-it^a^ar-**- 1 ^ 
4 _ I j _ (m-n)a A (m-2n)a . 

1_ (f»+»p)6 ; **~ {m+n(p-l) \b li Ai ~ {m+nip-2) \b " 

j_ {m-(i-l)n}a 
<~ {m + n(p-i + l)}b Jl " v 

» { A^JP + A t X'- 1 + A s jr*- 2 +&c. + AtX*-'* 1 }* 1 

+ A i (p-i + l)naf x ar- 1 X>- i : 

a i . d _; j>»o , ■ , _ (p-i)»« , . 

1 ?» + ## m + n(p— 1) wt + «(p — 2) 

_ (y — i + 2)roo 
•*•—„, + (p-i + i)^ 1 ' 

= {4 1 *»-^ ? /»»+» + J 3 * m+2 "-8ec. + (- ly-tJif+Q-^X** 1 



1 ma' 8 (m + n)a * 3 (»» + 2«)a 

Ai ~ {m + (i-l)n}a *~ v 
= - { A\X'*i + A g X» + * + A 3 X* +S +•••.. + AiX***^ 

+ Ai(m + n.p~+i)f x ar- *X»+* : 

_ 1 A — m + n (P + ')- A • J — OT + n (P + 2 ) J . 

. yt + w(p + i — 1) . 
Ai=s (p + i)na Ai ~ v 

(8.) aa? + btf +n = X. 

• ,x ~m+pk + l m+pfc + l^' 

r j-r _, - — — — / «"*-*<y. 
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J * ®" ~ (m-p.kTn-l)*™- 1 "' m—p(k + ri) — lJ*of-*' 

«^* aP (rn,-pk~l)asf+ 1c - 1 ( m —pk—l)a J* d*-* 

y-* of _ <r »i-*-n+i #»— pfc'— n + 1 ^af"-*-" 

• 5? " " (p-i)n5JT»- 1 + (p-l)w6 «/• JT*- 1 # 

J* X*~~ (p-l)naX*^ ! (p-l)»a J * X*~Y 
(9.) a + 6a? = X 

y->of __ of a pof' 1 

of of ma /» a?"*"" 1 



y* or or- ma f OB"' 

* T* "" (m-l)6Jf "" (m-l)ft«/« ~X 

y-> 1 _ _ 1 b s* 1 

*ofX" (m—tyaof' 1 "" a,J *of~ l X* 

y* 1 __ 1 w6 •> l 

• ^F 2 (w-^aaP- 1 ^ ~ (ro-l)a*/* of- x X* ' 



(10.) a + 6a*=X. 

y^J # 2p — 3 •» 1 

»?"" 0»-l)6~ bJ»~lT' 

y*of __ of- 1 (w— l)a s*of- 2 

* * 2 "" (w-3)6Jf"" (w-s^t/*"!^"- 

6 x> 1 

aP- 8 JT' 



y" 1 1- 1 6 •» 

- * 0>^X (m — l)©^" 1 ~ a*/* 

/> 1 1 (*» + l)& /* 

J*ofX?~* (nb—i)aof- 1 x" T (m -i) a J * 



of~*}? % 
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t/* m + 1 w* + 1*^ * 






+» 



*~- *JT 3 (m-l)« 



«/» (»» + » + 1)6 (*» + n + i)o«'* 

it 

aPJT'e + / af*X* . 

• m + n + 1 m + n + l'S * 



.5+i 



• /- ?"(»-«)«x*- 1 ~<»- , > a,/ '*z*- 1 ' 

(11.) aw + baP=zX. 



J* (m + n + l)b (m + n + i)ZbJ* 

J*~oF (m—n—l)^' 1 «(»» — n— 1)«/» «** -1 ' 

.,£* 2X* +1 (w-re-2)26 ^. 2T 1 

J *!&* ~ (2w— »— 2) a*"* "~ {2m — »— 2)«*/»«* _1 

y, a^» 2/b* 2(»» — » + 2) •> a**"" 1 
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(12*) a + bai n + car ln = X. 

f+*z*J^JZ* f*^jp- x -^ f ******* : 

(m + 2pra)c (m + 2pri)c*s * 

{m + 2pw) c ^ * 

#"X P 2©na /. „ „ pnft >, 

= -f - / of*" 1 JP P ~ 1 4- / ^ OT+n " 1 V*"* 1 * 

m+%pn m+2pn*s A fn+£|m«^' 

^X^ 1 {* + n(p + l)ift /• x , . 
ma ma J * 

{m + 2n(p + 1)1 c /. ^ , 
— i- — , y^ '* f a/ m +* n - l X p . 

(13.) a + &*» + o0 4 :sX. 

I ___ 6cay* + (6 g — 3flc)# (4p — 5)6c /• tf 2 



* X p " (p-lXP-iacOSaX*- 1 + (p-l)(6 2 -4ac)2a*/* 

g(p— i)(^ g — 4ac)-fggg— y f 1 

2(p~l)(& 2 — 4ac)a J* x p ~ x ' 



'P-i 



y» ?* _ *g^ +g -W(fc g -2og)^ w>+ (4p — w — 5)6c ^. # m+2 

* JT p ""2a(|>-l)(6 2 ^4ac)^- 1 + 2(p-l)(& 2 -4ac)a^ * jF 7 * 

2(p- l)(5 g -4ttc) + («t + l)C8ae— y) ^ ^ 

2a(p—l)(6 2 — 4ac) J* x v - x * 

= ^ n ' 3 (m — 3)a >. # ,,, - 4 - 

"" (m — 4p + l)cJP" 1 "" (m — 4p+l)c*/* JS* 



(m — 2p— 1)6 y.^' 



/ 



,*» — 2 



(m — 4p + l)c»/* Jf* 

I 



y» * __ 1 (ffl-f 2ff— 3)6 >• 



(m + 4p — 5)c >• l 
(m—l)a J* rf*~ A X p ' 
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« 

(14.) a + ba> + car*=zX. 

y* 1 __ 2c#-f b (2p — 3)2c p 1 

* 3F ~ (p-l)(4ac-#)X , ~ 1 + (p-l)(4ac-6 8 )*/* X*- 1 ' 
y-> y» ^ aT" 1 "" 1 a p m m ~* b p a"" 1 

* X "~ (m — i)c "*" ft^/« ~~X c«/» X " 

y*<r"*_ a?*- 1 (m— l)a p of" 2 (w — 2)6 p af"" 1 

'^""(w-Sjcx"" (m-3)c*/* X s "~(ro — 3)c*/* X 2 

/--i^ * -* r_i s /■-J—. 

y> 1 1 w6 /» l 

* a^X* """ "" (m— l)***""^ "" (m — l)a«/« ^ T X* 

(m + l) c /» 1 
" ( w -l)at/*a^- 2 X 2, 

•^* m-fl m+l*'* *i+l^« 



yr» «* a* 1 * 1 - (to*-l)a y» 

* JP =S ^^ipTOc^- 1 "" (m — 2|) + l)c</* 



— •« 



(*»— p)b pa?*- 1 



f 



(m — 2p + l)c«/* JT* 

/•£!__ ^r p yft y. a?- 1 2pc_ y. jp- 1 

J * at* ~" (m— l)^" 1 tn — 1</* af"" 1 i»—l ■/•"«?"* 

pJ?_ -*P ^ 2pa >. J^" 1 

«/»"5" "" (m — 2p— l)^' 1 w» — 2p — l/* 



p6 /.JT"-* 



m—ip 



-/■— . 



,. 1 1 (m + p-2)5 j. 1 

Jx^pXp'~~ (m-l)aa m ' 1 X p ^ 1 (w-l)a ^*aT' 1 X p 

(w + 2p — 3)<5 /» 1 

(Hirsch, Int. Tab.; L. C. Z>. 391 — *04.) 



INTEGRATION OF IRRATIONAL FUNCTIONS. 217 

(15.) Development off x aT - % (a + bx n ) p by series. 
f x ar~ 1 (a + ba> n Y = 

l*» a *» + /& 1.2.a 2# m + 2n 
6 3 l»(p-l)(p_2)a»> 



1.2.3. a 3 * m + 372- 



+ &c 



•} 



lm+wp 6 m+w(p— l) 1.2.6 2 m+n(p— 2) j 






-* A«« a*\^.*.-2» 



(m — n)a# 



m-f wp)(w»+w.p— 1)6 2 
(ro — w)(m — 27&)g 2 df 3 * * 

(m + np)(m + n.p — l)(w + n.p — 2)6 3 J 



(ma m(m + n)a 2 



a? n 



m(m + n)(w + 2tt)a 3 j 

_^« X p+i f__L_ . « + n(p + l) 

l(p +-l)na (jp + l)(p + 2)rc 2 a 2 

+ (w + n,p + i)(m + n,p + g) x « + ^t 
0> + l)(p + 2)(p + 3)ra 3 a 3 7 

*»^{-I_ + pna X-* 

l#».+ rap ( w + ap)( m + w.p — l) 

P(P— *)n 2 a* . i 

(m + rap)...(w + tt,p — 2) j 

(w m (m + ft) * JT m(m + ra)(w& + 2ra) \jpy j 

^-n™+if_J m ~" £ - 

I(p + l)n6 (p + l)(p + 2)rc 2 6 2 V 4 

(m — w)(m — 2n) /-*V ) 

* ip + l)(p + *)(p + 3)n*» ' V7 ^ &C J 

(7V. Z. 175 — 80; Hirsch, Int. Tab.) 
Ee 
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(16.) Reduction of ^ = in- 

y J (a + a^ + a^ar 1 + a 3 ar + aior)* 

Assume a? = — — r- , then the denominator, which may be. 

1 +y 

represented by X 9 becomes 

(e 4- e x y + <? g y 8 + <? 3 y* + e 4 y 4 )* 

0+y) 2 

in which e 9 e l9 &c. are functions of a, Oj, &c 6, and c. 

Let the values of 6, and c be determined from the equations 

«i = 0, e 3 = 0; 

^ r R (*)u e R W> r R W) 

then / -— ^ becomes / -r— g 4 . , or / — — - : 

this again may be separated into „ 

/-Rib?) A /» y-W) • -■ 

Let »*-., then / ^MQ becomes / , * ( *> ^, , 

which may be integrated by preceding methods. 

If Hj is an integral function, each term of/ — ^ — ma y 
be integrated, or reduced by preceding methods to the form 

/f ot Xt- 

If Rxijf) is a fraction, it may be decomposed, and each 
separate fraction may be integrated, or reduced to the form 



/ — 



{f + a)Y- 
i 

a. -X. n. m J- ft. in* 

R(x). 



a -\-a t af -f a^a? 



b + b x w + b 2 a? 



may be reduced to the form ' 



X 

by multiplying the"numerator and denominator of the fraction 
by the denominator. „ ' 
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/ 7 x 3 gri may be separated into two toarts 

* * (a + «!#* + a^ar + a 3 o? 6 )* J . r 

/R(w) 
-^ by separating 1Z(#) into R^aP), and x.RJjxl 1 ), and 

putting # 2 t=y. 

/ = — - it may be separated into two parts 

/• ^W and /• ««*«(«») : 

«/*(« + a^ -|- a 2 # 4 )* ' •/*(« + c^tf 2 + a 2 a? 4 )* " 
to reduce the first of these, assume 

(a -f «x#* + « 2 # 4 )* == #y ; 
to reduce the second, assume 

(« -fta^d? 2 + a 2 # 4 )* — * ; 
then by substituting for w its value, we obtain respectively 

f y*-W) and /• - * 2 .fl 4 (* 4 ) ... 

./y (a/ — 4aa 2 -f4ay 4 )*' •/* (a/ — 4aa 2 + 4a 2 # 4 )*' 

y^ JR(a?) . a + <*!«* + ««»* | and /^ #(#) • «> + «i <» 2 + a 2 a? 4 | if 
may be transformed in the same manner as the preceding 
formula. * 

To reduce f x R(w) .(1 + ^0; + a & a? + a^aP f* assume 

a + a,w + a 2 w* + a 3 w s |* = «* + **> or = a,*» + ir, 
by either of which assumptions, the term a 3 a? 3 will disappear 
from the radical. 

To reduce / (g + ^ + ffi ay + a*p ^^ 

R(a>) into R^J) and *.£,(**)» and put y = ^: the part 
corresponding to R&f) may be further reduced by assuming 



1 



(L.C.D. 406 — 11.) 
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(17.) Integration of j— — -^f ^ . 

Let a -f o 1 » ? -f- a^oo* = (6 X + ^a? 2 ) (6 2 4- 2 # 8 )> 

s^.&^i +c 1 2 .^)(l +e 2 *.ar*). 

£l] Let the quantities e l9 e 2 be very unequal, and e x > e 2 % 
assume e^aPssy*, then 

f R W becomes ^^ /* *^ 

./.(• + •,* + *••)* ^ {(l + y 2 ) (l + ^)}* ' 

(e 2 \~* 
1 + -^!/ 2 ) may be expanded by thebinomial theorem 



•a«. 



in a series which converges rapidly, if — is small, the required 

e i 

integral will depend pn f - — |X . 

[2] If e x and e 2 are nearly equal, put the given function 
under the form 

_l R(oo) 

a, . *». * 771 \ / 1 vTl * 



'■•••{(? + ") (?+«*)} 



1 1 

and assume — =r* — ft, and — = r 2 + ft, then by substituting 



•1 ** 



R(w) 



these values we obtain f -t-t-z 1/ TQ1X 

/• d/ f * * ** 1.3 ft 4 ) 

a series which converges rapidly if r 2 is positive, and ft small: 
the required integral is thus made to depend on 



/. R(w) 



* 



Lagrange's Method. Assume y = -- . -i- — i-_ 



, then 



&i b 2 + c 2 w* 



INTEGRATION OF IRRATIONAL FUNCTIONS. 231 

where p*y* and <fif are either both positive or both negative, and 

P = ( ± <*A)* + { ± (*A - VJ}*> 
? = (±*A)*- { ± («A- V*)}*> 

or ?«{±(«i*«--*i<v)}*--(±*A)j 

+ or- according as c 1 and 6 2 have the same or different signs : 
and the second value of q must be taken, if c t b 2 and b x c% have 
different signs. 

The same transformation may be repeated by assuming 

&c. &c. 

where Q^ represents { (l ± ftj.jf *) (1 ± rf.y J") }* : 
*>r the values of p 19 9 19 &c. may be thus calculated; let 

P +9 =■••» JP -9 =*> 

&c. &c. 

then r l aar + *, and ^s^f*)*, 

&c &c. 

by this process we obtain a series of the form 

in which, since p^q continually increases, p 9 ^q n may be 
made as large as we please. 

Similarly by assuming 

P-P-i + (P-i-?-i)*> ?=P-i-(2>ii-?ii)*, 

&c. &c, 

«r P-i=£(P + ?)> ?-i = (P?)*> 

&c. &c. 
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we may obtain a series of the form 

y - *- ±p4»-sd)0 ± ql-yD r 

in which P-a"^-* jmay be made as small as we please: in 
either case, the value of the last term may be expressed by 
a converging series, by the methods already given. 

(L. C. D. 423 — 6.) 
Integration of Transcendental Functions. 
(18.) JEwponential and logarithmic functions- 

J - = log, ce + const. 

ya* s= - 1- const 
* log, a 

/#*.« af.d^u of .dlu 
a*.u= _ - ^rsH- 7; ^— ; — &c 
log,, a (log, a) 2 G°g.«) 

yr» of i not*' 1 n(n — l)#*~ 2 „ ) 

log. a i log, a (log, a) 2 J 

y* a? . oo. log , a (# . log , a) 2 Cw . log, a) 3 

* oo e 1,1 1.2.2 1.2.8.3 

./* iWi (m + 2) 2 ' (m + 8)* & °7 

na.log. a? / 1 noo (nooy \ 

^ 1 \m + 2 (m + 3) 2 ^(m + 4) 3 / 

(wa?.log,a?) 2 / 1 noo (nooy \ 

+ Ti r \w + 3 "" (m + 4) 2 + (m + 5) 3 " / 



+ &c 



}■ 



yr» ,5 (nat.logtwY- 1 * ( — no;) 8 - 1 

r-1 '(m + r + «—!)* 
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&.t> 



Jl u fog, x =. log, #y^ u - y^ 






y] « (log, #)" = (tog. fl)"^ « - n (log, a?)" " * r - f t u 
+ «(»-l)0og^)»-/l/i/«^&c. 



/. 



u 



u.# 



(log, a?) 1 



d^ua- 



(w-l)Goge^r- 1 (rc~l)(rc-2)(Iog,a?) 



»-2 



— &C. 



(tt-l)(rc-2)(rc — S)(log 6 a?) w - 

^ciog,^— {cog.*)-- — Gog.*)- 1 

7^ ^(log,a?) n - 2 -&c> 

(w + if J 



+ 



IS 



/. 



a»" 



Gog,*)' 



=-« w+1 ( 



m-J- 1 



l(«-l)Gog,aO n_1 (« ! -l)(»~2)Gog.tf)"- , 
(»»+l) 



+ (n-l)(n - 2)(» - 3)Gog, *)" - » + &C ) 



*yy G og.*r=— s,(— ) .[».Go g .*r 

^ * (log, a?)* 



+ 



(m+l) 

L 



w— l.(log £ a?)*-* 
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» log, a? 6 * 1 1.2.2 1.2.3.3 

(L. C. D. 427—37 ; Tr. L. 181 — 91 ; Hirsch, Int. Tab.} 

(19.) Integration of circular functions. 
y]|.cos o?= sin a? -f eon«£. 
^ sin a? = — cos df + cow*/. 

y; ^ — fx ( sec #) 2 = tan a? -I- con**. 
*(cos#) 

yr; — r« = f x (coseca?) 2 = — cota? + contf. 
* (sin aiy u ' 



8111(27 



/• Sill iV ^ 

/ — = /.tana?.sec#=sec# + cow*f. 

•/*(cosa?) 8 *" 



cos at 



yf www ^ 

— — - = /Lcota?.cosec#= — cosec at -f- const. 
* (sin aiy " 

J* x sin <a?. cos #=£(sin a)* + cow*^. 

y* - — = f x coaee at *=los tm&w + const. 
* sin at " ox 

y* = /I sec a? =log cot (45° — ia/) -f c(m«£. 
*cosa? • / * o \ » / 



cos# 

sin at 
cos a? 

cos a? 



yr» sin at „ J . 
ss /Itan#= — logcosa?-t-c(m$£. 



f = /I cot # = log sin # -f cofwf. 

•/ * sin <j? ^ 

i 

y'" — = log tan # + const. 
* sma/.cosa/ 



r 1 -w^^S (1 °^ 



(log, a?) 



9» 
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(20) Formula for the reduction ofJ* x (sin a?)*, (cos a?)". 

^(sina?) m .(cosa?) n . 

(sinary+^cosa?)*- 1 ra-1 r , . Xm .<>,- Xn 2 

= - * '- H / (sma?Y w+2 .(cosa?) w - 2 ; 

m+1 ro+l«/* v ' v ' 

(sino?) m " 1 .(cosa?) n+1 m— 1 P , . v _ , v ^„ 

= - 1 d i 1 + f (sinaO w - 2 .(cosaO n+2 ; 

n+l n+l** v ' . ' 

(sina?Y w ~ 1 .(cosa?) n+1 m — 1 >. , . v • , 

=» - - - '- — + / (sin a?)"- 2 , (cos*)*; 

m + n m + n** ' ' 

(sin/t?) w+1 .(cos^) w * 1 n— 1 p ,.' , . - 

= - - + / (smart*, (cos a?)*" 2 ; 

m + n m + n*'* 

(sina?) m+1 .(cosa?) M+1 m + n + 2 P ,. x ^ a , 

= - ^ - + / (sinaO m+2 .(cosa?) w ; 

n+l m+1 J * v y v ' 

(sina^+i.frosaQ ** 1 m + n + 2. Pr . 

= — h / (smart", (cos a?) n+2 . 

n + l n + l J * ' v 7 

/> .. Ntt (sin a?)*" 1 , cos a? w — 1 /> . . N a 

„ . . sin a? (cos art" - 1 n— 1 •» 
/,(cos<r) n = i * + f (cosart"- 2 . 

y l _ cos a? w — 2 ^ 1 

* (sin a?)* ~~ (n — l)(sin a?) n " * n—lJ * (sina?)*"" 2 * 

y> 1 __ sin a? ra — 2 •. 1 

*(cosa?) n (n— ^(cosa?)"" 1 w — i */ * (cos #)*~ 2 * 

(Z,. D. C. 250 — 8 ; L. C. D. 441 — 8.) 



« c /;(sina ? ) w =-cosa7.S lw -2=icL (sin a>)» ~ * m + 1 + ±&a>,(n even); 

|n |2 y 

= -cos^.S«5=i=i-(sii»d?)»-«"+ 1 , (re odd). 

Ff 
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(21.) f s & ****=> 

— cosa?{a? n — n(n— l)ff*- 2 + n...(n — 3)#*- 4 — &c.} 
+ sinar{n# n -\— n(n— l)(n — 2)#*- 3 + n...(n — 4)j?*- 5 — &c.}. 
y^.coso^sina?^" — w(n— l)a? n - 2 + n...(n — S)^*- 4 — &c.} 
-f cos^n^*- 1 — n(n— l)(n — 2)#*- 3 + n...(n— 4)^*"^- &c.}. 

sefimaiy^r ^-^ — TT^l 



+ 



n(n— 1) 
a 2 + n* 



y^c^Csina?) - 2 . 



/l(cosd7) n = sin*.S OT ^is^-(cos^)»- 2ro+1 + ±5da?, (n even), 
y In I 2 

* m,— 2 4*1,2 



4(n+l> 



W— 1 



= sin # . S OT m ~ 1 '" 2 (cos #)» - 2w + S (nodd). 

m,— 2 

./ 7^77^ *= -"•••S i rfSi=Sj.(«ir»)-<*-«»+»>, (» even), 
«-^ * (sin w) n — l 



m,-2 



n — 2 



= -cos^.S w Jl=^(sina?)- (w - 2 '»+ 1) +-p2=^ 

m,— 2 i(n— 1),2 

. In — 2 

C - == sin w . S m m ~ 1> ~ 2 cos w *" <" ~ 2 ™+ x) , (n even), 

*/«(cos«») n In— l 



1 



«»— 2 

sin *' "•fSS" COS T* H * ,M,+ fP 21 **• ^ (*« , -4*)» ( n ^d)- 

^" _ * ■ i I. 



m,— 2 



i<»-r),2 
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r a*/ n- € a *(coso?) w " 1 (acosa? + nsin^) 
/■^(cos*)^ — * v i 



a 2 + rc 2 



cr + n* J * 

n »* • » e a *,(asin6# — bcosbai) 
<v + b 9 

n _ T e°*(acos6a? + &sin&a?) 

f.r. *»*»■■ ^^s -' • 

From these formulae f x €** . (sin bai) n . (cos cw) n may be 
obtained, if (sin&#) n and (cos cx) n be expanded jn series of 
multiple sines and cosines. 

m.)f—± — 

*^ * a + ocosa? 



_ * , (6 + «)(1+ cos wj\ + (&- a)(l - cos *?)1 

<7> 2 -« 2 \J lo £« >, " ,x — .. J l + const, 

iP-*J*. (b + a)(l + cos a?) I* — C^ — «)(1 -cos a?) |* •=■ 

1 6 -f a cos a? -f sin xQy 1 — a 2 )* 

= 775 KX lo g« n hco#$/. if a<b: 

{Jr — a*)* a + ocosa? 



= ~ . tan iw 4- const, if a = b: 

ft. ** 



a 



2 tan- l (q " 5)(l " C ° Sd?) 
(«*-?)* (a + 6)(l+cosa?) 

1 



+ const. 



cos 



- & + « cos <0 . 

-a ^_ con ^ # if « > ft. 



(a«_ #*)i a + 6cos«r 

/» sin w 1 

/*. — TT ^ "" r l°gt (« + 6 cos <r) + const; 

•s * a + b cos a? 6 e v ' 

P cos a? was* l 

t - / * a + 6cos# 6 S*-' * a + 6cos#" 

•» q^+fetcosa? _ ^ (g^ — a { b) sin a? 

*^*(a + &costf) n (w— l)(a 2 — 6 2 )(aH- 6 cos ^t 1 . 

* p (rc - l)^ - 6^) + (n - g)^ „ gi ft) cq S ^ 

.(rc-l)(a*-~6 2 )t/* ' (a + fccosa?)*" 1 



then 
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f x (l + e.cosa?) m = ^a? + A x sin a? + ^ J 2 sin2a? + £ J 3 sin 3a? + &c. 

m(m— 1) 1 m...(m — 3) 1.3 4 
1. 2 2 1... 4 2.4 

fwi 1 m(m—l)(w — 2) 1.3 

T 1... 5 2.4.6 J 

^ 2 " (m + 2)e ' 3 (m + 3)e 

4 (m + 4)e 

If y^ (i + e . cos a?) " m = ^ a? + A x sin a? + \ A 2 sin 2 a? + &c. 

JB= t 57 — - =^+ ~^> 

2m(l — e 2 ) m 

2A — B . , e 

B x = : = J X + ~deA> 

2 e m 

&c. == &c. = &c. 

f log. (1 + e.cos so) = — a? log, — 

+ 2 {&. cos w — ^/g 2 . cos 2a? + ^fc 3 . cos 3a?— &c.} 
where fc= -{l-(l-**)*}- (Z. C. 1>. 449— 66.) 

Approximate Values of Integrals. 
(23.) Let f s=a u represent the value of f x u, when a?=a; then 

/,=^«-/~ tt =< w >~I +d -- u "T* +d - u 'T^7s +&c - 

This series does not converge with sufficient rapidity, 
unless b is very small: the following more convergent series 
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may however be obtained, by dividing the difference between 
the limits into n equal intervals; 

b* 

1 .S5.3 

+ &c. 

= - { (")«*» + («).=»+» + >«• + («)«*H* } 
1 .Z 



— &a 



a 



= I { ("W& + & C « + («Wl|» + *&• (") M + («}«*» } 

+ — 'KO-C**! 

+ &c. 
The values olf x u between the limits a? = a, and # = « + »& 
determined from the first series are always less, and from the 
second, alternately greater and less than the true value. The 
third series, which is half the sum of the two first, is more 
convenient for calculation. 

This method is inapplicable, if any value of x between the 
assigned limits renders any of the differential coefficients infinite. 

(L. C. D. 467 — 73 ; Tr. L. 209 — 13.) 

-s r (-iy- l pS.ceHi«. 



uoo 
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Successive Integration. 
(24.) /?u = wf x u-f x uw. 

J] «= j^i*/*"— '**/*»" +*"/*«* ~f*"*} 

&C. s= &C. 

f u \ A«*-> f u- 1=1+- f 

J* 1.2. ..(n— 1)1 «^* 1 »^* 

+ (w 7 1)(n 7 2 ■ *"- s /, «*'-»c. + (-i)- 1 ^ «^-»} - 

(25.) Series independent of the integral sign. 

1 (2 1.3 * 1.2.4 * J * * 

&c. = &c. 

y^n a? fl a? a? 2 ,« _ ) 

* 1.2...(n— l)l» l(w+l) * 1.2(n+2) J 

c 19 c 2 &c. being arbitrary functions. (Z. C D. 483 — 5.) 

Integration of Functions of Several Variables. 
(26.) If u is a function of oo and y, then 

an arbitrary function of y, which would have disappeared by 
differentiation, .being.iidded instead of an. arbitrary constant. 



rc — l 



1 f n u= . S m (~i)~- A -24 **-• /* waT- 1 . 






J * n—1 wV ' n + mr~l 
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If d,d y w = v, then d x u=*J* y v +/(&)', and 

u =f*fv v + 0i(*)'+ fate)- 

Similarly if d s d y d z u = v 1 then 

u =f*fvf* v + 0i W + 0*(sO + 0s W 5 
and so on, whatever may be the number of variables. 

(L. D. C. 279 — 81.) 

Differential Equations. 

(27.) If any equation <f>(x*y) = contains n independent 
constants, then • 

[l] n differential equations of the first order may be 
obtained, from each of which one of the n constants has 
disappeared : 

[2] any one of these n equations will be of the same 
degree with respect to the differential coefficient, as the highest 
power of the constant which has disappeared : 

[3] there will be "(—')(—»)•-(»—»+ m ^_ 

1. 2 . 3 ... m 

tial equations of the m^ order, each involving w-wof the n 
constants : 

[4] there will be but one differential equation of the n^ 
order, which contains no constant. 

From any differential equation of the m* order m equations 
of the (m — I) 01 order may be obtained, in each of which one 
constant has been introduced. (Z*. Z>. C, 287—~^04.) 

(28.) The criterion of integr ability. If the equation 

M + Nd x y = 

can be obtained by di ff e r ent iation alone from the equation 
u = 9 then 

d,M=d x N, 

and «=L&+f*(W-dJ,*n- 

f x d 9 M^d 9 f x M\ by means of which either of the co- 
efficients M , N, may be obtained from the other. 
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If the equations M+Nd x y=0 9 M+Pd s x=0 9 N+Pd^O, (l) 
may either of them be derived from the same function u 9 then 

d,M=d,N 9 d z M=d x P 9 d z N=d y P; 

and u 19 u 29 u 3 being the integrals obtained from the equations 
(l) respectively, 

= u 3 +f s (M — d M u 3 ) . (L. D. C 282 — 6.) 

(29.) Separation of the variables. All equations of the form 

X+Yd s y = 9 

in which X and Y are functions of x and y respectively, are 
immediately integrable ; the integral is 

f*x+f u r=o. 

The equations F+ Xd x y = 9 and X X Y+ XY^y^O 
may be reduced to the above form by dividing them by XY. 

(30.) Homogeneous equations. Any homogeneous equation 
between two variables, .each term of which is of m dimensions 
may be rendered integrable by dividing every term by af, and 
assuming y = %w, then 

and the given equation may be reduced to 

Z 1 + Z 2 (% + wd x ») = 9 
in which the variables may readily be separated. 

The equation a x + b x w + c x y + (a 2 + b 2 w + c z y)d x y = 
may be rendered homogeneous by assuming 

a 1 + b 1 w + c x y = w, a % + 6 2 a? + c s = v 9 



whence d x y= — 



ft^d.,0-6, 



c x .d u v^c 2 
(31.) The linear equation 9 d M y + X x y + X 2 = 0. 

This equation may be rendered integrable by multiplying 
every term by e^ mXx : the required integral is 

y = e ~ f * Xx \f x X 2 e*** 1 + const. \ 
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(32.) RiccaWs equation ; d^ y + atf + bw m = 0. 

If m = 0, the variables are immediately separable : otherwise 

assume y = -- + — , then 
ar aw 

,d x x S«>. \ 

or or ax- 

substituting these values for y and d^y respectively, we obtain 

a^d x % + a%* + 6aT +i = 0. 

This equation is homogeneous, if m = — 2 ; and if w = — 4, 
the variables are immediately separable : otherwise assume 

1 

, * ..... 

and by substituting these values, the equation will be reduced 
to its original form, and the same process may bfe repeated. 

The given equation is integrable if m hfe , the value 

of n being 0, or any positive integer. 

THE INTRODUCTION OF A FACTOR WHICH RENDERS A 
DIFFERENTIAL EQUATION INTEGRABLE. 

t 

(33.) Let M + Nd x y = be an equation which does not fulfil 
the condition ...--*' 

d y M=d x N, 

and let V=c be the primitive equation, and 

u u 

then the given equation may be rendered integrable by intro- 
ducing the factor u.<f>(u) : in the simplest case <p(u) = 1. 

To determine u we have 

u{d 9 if- d x N) = Nd x u - M d„u, 

this however usually presents greater difficulties than the given 
equation. 

6a 
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If u is a function of w only, then d y u = 0, and 

hence u = e^' x . 

If u is a function of y only, it may be determined in a similar 
manner. 

If M and N are homogeneous functions, then 

1 
w= — — . 

Mod + Ny 

(34.) The required factor may sometimes be conveniently found 
by transforming the equation 

M+Nd x y = into iT+Z,d,tt = 0, 

in which the relations between #, y, £, and ti, are known, and 

K L 

finding a factor V such that -— may be a function of t, and -- 

of u: then if the values of t and u 9 in terms of* a? and y, be 
substituted in F, the quantity obtained will render the given 
equation integrable. 

The equation P+ Qd t u=z0 may be rendered integrable by 
the factor pT ]_ QU if 

V being any function of t and u 9 and T and U 9 of tf and w, 
respectively. 

The equation ^xy + (y + JT 2 )d x y = may be rendered 
integrable by the factor — — ~- . 

The equation X x y + (JT 2 y + X^)d x y = may be rendered 

integrable by the factor - — ^— — if 
8 ' (l+Xy)» 



SINGULAR SOLUTIONS.' 235 

X i ^(m--n + 2)aX M 9 
X 3 =:bX m+1 -h(m + l)aX n " 1 . 

(L. D. C. 316 — 23 ; L. C. D. 567 — 80.) 

Singular Solutions. 

(35.) Let /(#,y,c) = 0, c being an arbitrary constant, and 
let <f>(x 9 y 9 f/ 9 c) = 0, in which y represents d x y 9 be derived from 
the former by differentiation ; from these equations, another of 
the form ^(#,y,y') = may be obtained by the elimination of c. 

If u is such a function of on and y 9 that 

<p(v>y9y>u) = 0, 
may be derived by differentiation from 

f(a! 9 y 9 u) = 0, 

then \f/(w 9 y 9 y t ) = o will result from the eliminaticfn of u 9 and 
j\p 9 y 9 ii) = o may be considered as the primitive equation. 

Such values of f(# 9 y 9 u)=zO as are not included in the 
general form f(x 9 y 9 c)=zO are singular solutions. 

The equation d u f(oe 9 y 9 u) = must be satisfied by the values 
of u which give singular solutions. 

All singular solutions will be found amongst the equations 
obtained by substituting in /(#,y,c) = those variable values 
of c which satisfy the equation 

d cA w >y> c ) = °- 
The values of c which give singular solutions satisfy the 
equations d x c = oo , d y c= oo ; 

they also render d*y= - . 

Iff(a? 9 y 9 c)=0 9 the general solution of a differential equation, 
represents a class of curves, each of which is determined by 
assigning a particular value to the arbitrary constant c, then 
the singular solution, which is independent of c, represents the 
bounding or circumscribing curve. 
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If a given differential equation f(w 9 y 9 y') = can be solved 
for y\ then a singular solution may be obtained by substituting 
for y a value which satisfies the equations 

(L. D. C. 324—41.) 

For singular solutions of differential equations of higher 
orders, see L. C. D. 638 — 58. 

(36.) Equations of more than one dimension in y*. 

If a constant of n dimensions be eliminated between any 
equation f(w 9 y) = and its derived equation /'(##) = 0, an 
equation may be obtained of the form 

y n + a n'iy n ' 1 + & c - + a iy' + «=o: 

let the roots of this be p 19 p i9 &c. and let the equations 

t/— Pi = °> yf— P 2 = °> & c - 
be integrated separately ; then the primitive equation will be the 
product of the integrals thus obtained. 

If we have an equation fifo 9 y 9 y) = 0, homogeneous with 
regard to w and y 9 then by assuming y=*uao x we obtain 

/"-!- /• — 

# = «? * > y=ue f , 

whence we may frequently obtain an integrable equation be- 
tween y and u. 

4 

(37«) Clair aulfs formula : y = y x H-/(y / ). 
-* By differentiating the given equation we obtain 

' !*+<W(y')K s y=o, 

whence d*y=*0 9 and .\ i/ = c 9 by substituting which we have 

y = ex +/(c). 

This is the general solution: a singular solution may be 
obtained by eliminating y between the original equation, and 

(L. D. C. 342 — 7 ; L. C. D. 582 — 9.) 
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(38.) Let the equation be f(d*y 9 ai) = 0. 

If this equation can be solved for d*y 9 another may be 
obtained of the form d*y = X; 

whence d M y =/ M X + c l9 

and y=JHX + ^x + c r 

Let the equation be f(d*y 9 y) = 0. 
If this can be solved for d*y 9 we obtain 

whence, since d*y = y'd y y' 9 (d m y)* = %f y Y '+ c, 

a^ *=Jy(*fv Y + c )~* + c v 
Let the equation be ffjd^y^y) = : 
this being solved for d*y gives 

whence — ^ JL-, and V-f,^ ; 

the primitive equation between x and y may be obtained by 
eliminating %f between these two equations, each of which 
involves one arbitrary constant. 

Let the equation be f[dZy 9 d x y 9 ai) = 0. 

This is a differential equation of the first order with respect to 
w and d 9 y 9 the integral of which is of the form 

<p(d,y^ 9Cl ) = o, (i) 

and from this may be obtained the primitive equation 

If (l) can be solved for d x y we obtain 

d x y = X 9 and hence y ==/^ X. 

If (l) can be solved for x only, then we have 
and by integrating by parts, 

from these two equations the primitive equation may be obtained 
by elimination. 
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Let the equation be fid x y 9 d x y 9 y) = 0. 
If this equation can be solved for d*y 9 we have 

d%y = yd y y=<l>(y\y) 9 
which is an equation of the first order, from which we may 
obtain ^(sf^^) = °- 

m If this can solved for y\ we have y = F, which is immediately 
integrable : if it can be solved for y only, then we obtain 

hence jf = d,0(y'), and m =f ^W . 

from these the primitive equation may be obtained by 
eliminating y 1 . (L. D. C 353 — 60 ; Tr. L. 273 — 7.) 

(39.) Let the equation be dly -f n*y + JT= ; 
X being a function of w and constants only. 

By multiplying by cosn<#, and integrating by parts, we 
obtain cos nx . d x y + ny sin nx +f x cos noc . X= : 

this being divided by (cos naif and integrated, the result is 

y = — co&nw f — / cosrc#.JT. 

«/ * (cos nooyJ * 

If X = 0, then y = — sin wo? + c« cos wo?. 

ft f% 

If -^T= — a, then y = — + —1 sin no? + c e cos nx. 

nr n * 

If X=z b cos (t»<2? -h 2?), then 

^ c, 
y = —^ ^cos (mat + B)-\ sin noc + c Q cos wa?. 

If JT= b cos (/&# + 2?), then 

b os c t 
y = —sin (not + B) H sin wa? + c„ cos w#. 

(Airy, Math. Tracts.) 
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(40.) -Letdty + X^y + Xty^O: 

assume y = e^ M , then by substitution 

d x u^u i ^X l u + X 2 — 0\ 

an equation of the first order, which is not however generally 
integrable, unless X L and X 2 are constants. * 

Let d % s y + X x d x y + X 2 y + X s = 0. 

assume y=tu 9 and substitute for d x y 9 d x y 9 and y 9 their values 
in terms of t and u; then u being determined by assuming 
the condition 

d] u + X 1 d x u +- X 2 = 0, 

the transformed equation becomes 

d x 2 t + d x t(X 1 + -.d x u) + -£=0. 

WW 

and this last equation, by assuming v = e** Xl becomes 

d!t + dj( ~d x v + -d x u) + —? =0, 

whence d x t . v u* -\-JlX s v u~0 9 

from which may be obtained the primitive equation 






(41.) If the given equation is homogeneous with respect to 
co and y 9 assume 

y = uw 9 d*y=- 9 (l) 

x 

then the equation becomes f(y 9 v 9 u) = : 

from this last equation solved for v 9 and the equations (l), we 

have d u y' 7 f x (j/ 9 u) = ; 

• y — u 

hence by integration y'=*f 2 (u 9 c x ), and finally 

(L. D. C. 361 — 4; Tr. L. 278 — 83.) 
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(42.) Differential equations which do not contain either vari- 
able, and are of the form 

/(d;y,d/-»y) = 0, 
may be reduced to f(d x u 9 u) = 0, 
by assuming d* ~ 1 y = u 9 whence d"y = d x u. 

Equations of the form f(d x y 9 d je n ~ 2 y) = may in a similar 
manner by assuming d x n ~ 2 y = u be reduced to 

f{d\u 9 u) = 0. 
By the same assumption the equation 

/(rf;y ) dr 1 y,d,- 2 j)=o 

may be reduced to the form 

f(d*u 9 d s u 9 w) = 0: 

this and the two former equations in u may be integrated by 
preceding methods. 

(43.) Solution of the equation 

*:y + <di*. u - l 9 + 4Vy + ** +4 n - 1 d x y + A n y = 0. (l) 

Assume y = e u 9 then 

d x y = e u d t u; . «*, 2 y=e M {d> + {d x uf\ ; &c. 

by substituting these values of u and its differential coefficients* 
and dividing by € w , we obtain 

. d*u + B x d«- X u + &c. + B n _ x d x u + J n = ; (2) 

where B n _ l = (d,u)*- l + A l (d m u) u -* + kc. + A nm . v 

This equation is seldom integrable ; if however A 19 A z9 &c. the 
coefficients of (l) are constant, (2) will be satisfied by a constant 
value of d x u; in which case since d/w = 0, d x u = 9 &c. 

(d x uy + A l (d.uy' l + A 2 (d x uy' Q + ...A n ^d x u + A n ^^ 

let the roots of this equation be a x a 2 &c 9 then 

from d x u = a t we obtain y = c 1 e*** 9 
.... d x u = a 2 y = c z €*** 9 

and sr — C 1 €^-" + C t 6*« + §»;'+ <?„*■*•■ 

is the complete integral required. 
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If two roots, as a,, a 2 , % a ± b*J — 1, then the correspond- 
ing part of the value of y 

If a 1 =a s =:&c. =a^ 9 the corresponding part of the value of y 

If there are two equal impossible roots, the corresponding 
part of the value of y 

fcfc e***{ (F x + F t w) cos hoc + (G x + G 2 #) sin bw}. 

(44.) Solution of the equation, 

d;y + J 1 d:- l y+...+J n _ 1 d,t, + A rt y + X=0. (1) 

[l] Euler*8 solution. Let €"** be the factor which will render 
this equation integrable, and let 

and f,e-*'{d:y + J l d;- 1 y+...+J n _ 1 d m y + J n y) 
= e-»{dr 1 1/ + B 1 dr*y + ~.+B n _ 1 y}; 

by differentiating which, and equating coefficients, B l9 &c. may 
be determined in terms of A 19 &c. and k will have n values 
determined by the equation 

the equation (l) will therefore have n immediate integrals of 
the form 

dr>y + B l dr*y+...+B n _ 1 y = e'<*{X l + li:\, 

the value of X x depending on that of k : from these n equations 
the »— 1 differential coefficients may be eliminated, and the 
result will be the primitive equation. 

[2] Lagrange'' 8 solution. Let the equation 

y ss c t e a ** + C^e*** + &c. ss (2) 

be the integral of 

d?y + A t d*~ l y + ... + A n . 1 d t y + J n y*=Oi 

Hh 
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it is required to determine into what functions of as 9 c 19 c 29 &c. 
must be changed, that (2) may be the complete integral of (l) : 
in order to render the investigation more intelligible, it may be 
applied to an equation of the third order, 

d%y + A x d % a y +'A 2 d,y + A 3 y + X= 0. (3) 

Let y = X x y x + X 2 y 2 + X 3 y 3 

be the required integral, in which y 19 y 29 y 39 represent e" 1 *, €*»*, 
€ « 3 * respectively. By differentiating this equation we obtain 

assume y t . d x X ± + y< r d x X 2 +y 3 . d x X s = 0, (4) 

then by differentiating again, we obtain 

d!y=x l .d!y 1 + x 2 .d2y 2 +x 3 .dZy 3 

+ d x y l .d x X 1 + d x y t .d s X 2 + d x y 3 .d x X 3 ; 
assume d x y^ . d x X x + d x y 2 .d x X 2 + d x y 3 . d x X 3 = 0, (5) 

and by repeating the differentiation, 

dly=X x .dlyi + X 2 .dl yit + X 3 .d*y 3 

+ d* x y x .d x Xi + d x y 2 .d x X 2 + d?y 3 .d x X 3 ; 
substituting these values of d x y, d/y, d^y in (l), we have 

^yi.4JTi + 4 , y«-*X 8 + ii;y,.ii # Z, + Z=o > (6) 

since either of the three values of y will satisfy the equation 

d?y + A 1 d?y + J !l d x y + J 3 y = 0: 

from (4), (5), (6), X 1? X>, and X 3 may be determined by 
elimination, and thus the primitive equation may be obtained. 

If y 3 is unknown then (5) is inadmissible ; X 19 X 29 X s may 
however be deternlined by the solution of a differential equation 
of the first order t if y 29 and y s are both unknown, (4) is likewise 
inadmissible ; the values of X l9 X 29 X 3 may however be found 
by means of a differential equation of the second order. 

The same method of investigation is applicable to the 
equation of the n^ order : and if only p particular values of y 
can be found, the integration of a differential equation of the 
(n— p) til m order, must be effected in order to determine the 
quantities X 19 X 29 &c. 
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(45.) The complete integral of the -equation (l) is 

(«i — «2)(«i ~ «a) •••(«! — ««) (a s -aj(a g -a s )...(a 2 -a,,) 

+ &C.+ V * yx ' 



If two of the quantities a l9 a 2 , &c. ^ a + 6 v~* 1> the two 
corresponding terms in the values of y become 

26"%^ cos6# + B tanbw)^ — cos bxf x Xe~**) 
^^{A sin bx — B cos-6#)(c 2 — sin bxf 9 Xe "" **) 



A + B^/-l, and -4 — B *J — 1 being the denominators of the 
fractions. 

If two of the above quantities are equal, the corresponding 
terms become 

E t : — ^e/ 1 s* x * x - 

where E t = (a 1 — a^)(a t — a 4 )...(a 1 — a„). 

If a x = a 8 = a s , then the corresponding value of y becomes 



e«i* 



2JB, 



£ s 



-i^'/.JTe-'.'.vi; 



E, 



where -^, = (0!— a^)^ — o s )...(a 1 — oj. 



(L.D.C.370 — 8; L.C.D.603 14.) 
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Simultaneous Equations. 

(46.) Let there be three equations, 

a x u 4- a 2 w 4- a s y 4- a 4 d t u 4- a» d^a? 4- «6 ^ff = °> 
b x u 4- 6 2 # + 6 3 y 4- 6 4 d<tt 4- * 6 d,a> 4- 6 6 d,y = 0, (l) 
c x u 4- c fi # 4- c 9 y 4- c 4 d,w 4- c*d> 4- c 6 d t y =0, 
in which the coefficients a 19 c^,...^, 6 2 , &c. are constants. 

Assume w*=mu, y = nu 9 

then in order that the equations (l) may subsist, 

m 

i • 

a x 4- a 2 m 4- a s ti b x 4- b 2 m 4- ft 3 n c x 4- c 2 m 4- c 3 « 

Let a 1 + a 2 m + a i n ss ^ 

a* 4- a 6 wa + #$ w 

« 

then an equation of three dimensions may be obtained for 
determining k ; let the roots of this equation be k 19 k 29 A? 3 , and 
let m 19 m 2 , m s9 and n l9 n 29 n 59 be the corresponding valuer 
of m 9 and n 9 and C v C 29 C s arbitrary constants; then 

w = C l6 -V 4- C 2 e"*»* 4- C 3 e"V, 
a>= C 1 m 1 «"*t^ 4- <7 2 m 2 *-*»' 4- C 3 m s 6~V, 
y = C^e"**' 4- C 2 n 2 €~V + C 3 rc 3 e~V. 
The equations 

6 2 w 4- b 2 a + 6 3 y + (6 4 + *«0 ( Vt« + M** + b e d tV) = °> 
c x u 4- c 2 o? + c 3 y 4- (c 4 -f c 5 t)'(c $ d t u 4- c 7 d,# 4- c 8 d^y) = 0, 

may be reduced to the same form as (l) by assuming 

a + bt^bs, and d r 8 = 8. 

If any of the quantities k iy k 29 k s are equal, or impossible, 
the changes which take place in the values of u 9 w 9 and y 9 are 
analogous to those in the preceding article. 
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» 

(47.) The equations of the second order 

a x x + a 2 y + a^d t x + a A d t y + a 5 d?w + a 6 df y = 0, 
&i# + 6 2 y + 6 s d t « 4- b A d t y + fc 5 d**7 + b 6 d?y = 0, 

may be reduced to the equations of the first order 

«!# + a 2 y + « 3 2> + «4? + *AP + a e d e? = Of /nX 

(2) 

6^ + b 2 y + b $ p + b A q + fc 6 dj> + 6 6 d,g = 0, 
by assuming d t w = p 9 d t y = g. (3) 

Let y=/d?, p=zmw, q=smw 9 

then in order that the equations (2) and (3) may subsist we 
must have 

a x + a^l -f a 3 wt -f- « 4 w 6 t -f 6 2 / -f b s m + 6 4 » w 

— = = — -= = m = -r. 

a 5 ?» + a 6 w b 5 tn + b 6 n I 

from these equations we may obtain 

a?= C^i + C s /p, + C 3 # 3 + C 4 a? 4 , 
y = C , 1 y 1 + C 2 y 2 + C 3 y 3 + C 4 y 4 , . 

Pv w 2> Vi9 ff&9 & c - being the particular values of w and y 9 
corresponding to the roots of an equation of four dimensions. 

The solution of the equations 

a x u + a^x -f a $ y -f a A d t u + a 5 d t w + a 6 d t y +7^0, 
\u + b s a + ft 3 y + 6 4 c^ii + M*« + b 6 d t y + T t «= 0, 
Cj« + c 2 # + c 3 y -+- c 4 d t u + tjj^a? -f c 6 d,y + JT, =» ; 

a x x + a 2 y + a 9 d t x + a 4 d t y + a s d?x + a 6 d?y + 7\ == 0, 

may be determined from the solution of the same equations 
wanting the last term by a method analogous to that of Lagrange 
(Art.' 44.): the same methods of solution may be applied to 
a greater number of equations involving a greater number of 
independent variables. 

(L. C. D. 615 — 9) 
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(48.) D'Jlemberfs Method. 

T^w+TtdM+T^+Ttf+T^O, (l) 

t 1 ^0 + t 8 rf,y + t30 + t 4 y + ** s=:O 9. ( 2 ) 

are equations of the first degree between three variables in their 
most general form, in which t is the independent variable, and 
T l9 T 2 ...t l9 t %9 &c. functions of t 

Multiplying (2) by 6 an arbitrary function of t, we have 

<r 1+ u>{^ + ^.«,} + <r 1+ w>{. + £±g,} 

+ t, + t t 0m*O: (3) 

this equation is linear with respect to 

T 4 + t € 9 , N 

if d L + t*+ tfi ) r, + < 8 g 

'X T s + t 9 9 v i T x + t x 9 

in which case 

T, + t,e T s +t i e _ 

from (4) we obtain 

T A + t t 9 = T t + t a 9 d T 4 + t A 9 

T s + t s 9 T x + t x 9' *T a + t,9 ' 

from which equations may be eliminated, and the resulting 

equation between T 19 t 19 &c. will determine the condition on 

which the integrability of (l), (2) depends. 

The equations (l), (2) may be thus integrated : by 
alternately eliminating d t x and d t y 9 we obtain equations of 

the form d t w+ J7> + U 2 y + t7 3 = 0, (a) 

d t y+ v i*+ v *y+ ^=°; (&) 

putting u for m + y9 in (a) + (b) x 0, we have 

d^u + u(U 1 +r i 0)^y{d i 9 + (U l +V l ff)9^(U 2 +r 2 ff)} 

Let be determined by the equation 
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and let the value thus found be substituted in 

^ + u(f7 1 4-r i 0)+f7 3 +F 3 = O, (c) 

which may be integrated by preceding methods. 

If U l9 V t > are constant, thend,0 = O, and 

in this case (c) becomes d t u + Au + B = 0; 
by integrating which we obtain the primitive equations ' 

y + a^^c—t'Jle'i'bv 

a 19 b 19 a 2 , 6 2 , being the values of A and B when a 19 a 2 are 
Substituted for 0. 

If we have two equations each containing three variables, 
we may by elimination obtain three equations of the form 

dtW + M^ + Ntf + P^+Q^O, (a) 

d t y + M 2 w + N z y + P 2 * + 0^ = 0, (6) 

d t z + M 3 a> + N s y + P s x + Q 5 = 9 (c) 

in (a) + (b)x$ 1 + (c)x9 2 = put u^w + Om + OqZ, 

then by making the coefficients of y and # respectively equal 
to nothing we obtain 

4 t 6 x + (j^ + jr^ + M z .e^e x - (a; + ^ 2 .0 1 +^ 3 .e 2 )=o, 
d,e 2 + (j^ + j^.e, + jif 3 .0 2 )e 2 - (p x + p 2 .0 x + p 3 .e„) =0, 

whence 9 X and 2 may be determined ; substituting their values in 

d t u + (M x + M 2 .6 l + M 3 .e 2 )u + Q, + Q 2 .0 t + Q 3 .0 2 = o, 
w, and thence the primitive equations, may be obtained. 

If the coefficients Jf 19 M 2 , &c. are constant, the primitive 
equations may be determined as in the preceding instance : the 
same method of investigation may be applied to a greater 
number of equations, and to an equation of any order, in 
which none of the differential coefficients exceed the first 
degree. . (Z,. D. C. 387 — 91 ; L. C. D. 622 — 4 ; 7V, L. 286, 7.) 
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Approximate Integration of Differential Equations. 

(49.) Assume the primitive equation to be 

y = «!#*» -f a 2 tv"» 4- ^a*"* + &c. 
the exponents n l9 n i9 &c. being an ascending order, 
then d x y = w 1 a 1 # w »~ 1 H-w 2 a 2 # n a'~ 1 -f &c. 

d*y = n x (n x — 1) a^w n x " 2 + n 2 (n 2 — 1) a 2 a?*« " 2 + &c. 

&c. = &c. 

By substituting these values of y 9 d tt y 9 &c. in the proposed 
differential equation, and equating corresponding indices and 
coefficients, we may obtain as many terms of the series as we 
please : the law both of the indices and coefficients is frequently 
evident from two or three terms. 

(L. D. C. 392, S : L. CD. 660 — 7.) 

(50.) Approximation by a continued fraction. 

Assume the primitive equation to be 

o 1 «j7 w » a^m** a z x n % 

y ~ 1+' 1+' 1 + &C.' - 

and substitute a x api 9 n 1 a 1 ^" 1 y &c. for y 9 d x y 9 &c. respectively 
in the given differential equation; then by a comparison of 
corresponding terms, a x and n x may be determined. Then 

assume w = — - — , 

* . 1 + a 2 a? w * 

and for y 9 d x y 9 &c. substitute their values obtained from this 
equation, by which means a 2 and n 3 may be determined ; the 
same process may be continued as far as we please. 

(L. D. C. 394, 5 ; L.C D. 668 — 71.) 

(51.) If we have an equation of the form . , 

y = G0«, + 0--7- + d ^y ^^ + &c - + d ? } 



1.2 * =a 1.2...(»— 1) 



,»-Ua («-«)" 



l .%.o.. t n 

This series may always be made covergent by taking 
a value of w sufficiently near to a. (L. C D. 659.) 
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(52.) Lagrange's Method. Let y = (p(w, c 19 c 29 &c. c n ) 9 

in which c l9 c 2 , &c. are arbitrary constants,, be the complete 
integral of d*y + w = 0: 

in order to extend this result to the equation 

d x V + u = av 9 
in which u and v are functions of w 9 y 9 d x y 9 &c. d£~ l y 9 the 
quantities *c l9 c 29 &c. c n9 must be considered variable ; n equa- 
tions may in this case.be obtained, of the form 

^Sf-^i + d C9 y.d x c 2 + &c. + ^.^ = 0, 

d c x d xy* d * c l + rf c, d xV- d x C 2 + & c - + «** d x y- d x C n = °» 

rf c, d r l y- d x c i + d c 9 d r l y^ d x c 2 + & c - + d e m d 2' l y' d x c n— av - 

From these equations the values of d^, d^Cg, &c. d # c w 
may be obtained t^ctrCssaT.f?, C 1 ) 

7\, Tg, &c. being functions of x 9 c l9 c 29 &c. which being 
constant when a = 9 may be expanded in the form 

q = C t + az ± + a*%i + &c. 

c 2 = C 2 + a* 2 + a 2 * 2 ' + &c. 

&c. == &c. 

£* = C w + «#„ + a 2 * n ' + &c. 

these values being substituted in the equations (l), an ap- 
proximation may be obtained by neglectirig all powers of 
a superior to the first. 

(L. C. D. 674, 5 ; Lagrange, Berlin Mem. an. 1781.) 

4 

Comparison of Elliptic Transcendents. 
(53.) Let the given equation be (a+a^r+a^+fls^+av* 4 )""* 

+ (« + «!# + 0*y+«aSf* + a 4 y 4 )"" 4d *y=°- ' 

Suppose w and y to be functions of a nerf variable t 9 such that 

, d t w as + (a + aj^r + a 2 # 2 + a^ + a 4 # 4 )*, 

d# * — (a + a x y + a 2 y* + a $ jf + a*y 4 )* ; 

Ii 
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differentiating, and adding the results, we obtain 

2 (P + tf) an< i i(P "" ^) being substituted for a? and y respectively; 

also 

d t p.d t q = a x q + a 2 pg + %a 3 q(3p* + <f) + ^a&qip* + g 2 ) : (2) 

(l)xg—(2) gives by integration 

_ 1 , . ,.r 

a + a x x + a 2 a? 8 + a s a? -f a 4 a? 4 | -o + o^t c^y 2 + a^y 3 + a 4 y 4 | 

= 0?-y) . c 2 ^^ + y) + o 4 (o? + y) 2 ( . 
in which c is an arbitrary constant. 

Another integral may be obtained in a similar manner, by 
substituting in (2) the value of d t p, whence 

ai + azP + iaii^ + ft+^PW + if) 
t9 (c* + a s p + a 4 p*)h 

If the quantity a + a x w + a 2 ar + a 3 x 3 + a' A at* is a perfect 
square, no result will be obtained ; but by assuming 

a + a x oo + a 2 a/ 2 -f a s a> s + a 4 a? 4 j = (6 + c# + ea? 2 ) 2 + k \ , 

and in the development, neglecting the powers of k superior to 
the first, the above integral may be reduced to that of the equation 

1 d v 



a + bw + ca? ' a + by + by* 
(54.) Let the given equation be 






{l — (esina?) 2 }* {l — (esiny) 2 }* 
Assume d,# = { 1 — (fi sin #) 2 }*> d,y = { 1 — (e sin y) 2 } *, 

then by a method analogous to the preceding we obtain 

■ ■■ ■ -ii ■ -«i 

1 — (esina?) 2 ] — 1 — (esiny) 2 | = c x sin (a? — y), 

or 1 — (esino?) 2 | + 1 — (e sin y) 2 j = c 2 sin(a? + y); 

either, of which may be the required integral ; or if % represents 
the value of x when y = 9 the integral assumes the form 

7- 1! 

cos a? . cos y — sin a?, sin y . 1 — (e sin #) 2 1 =cos #. 

(Z. C.D.690 — 711.) 
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(55.) The most general form of a total differential equation 
containing three variables is 

M + Nd x y + Pd±% = 0: (l) 

if this equation answers the criterion of integrability (Art. 28.) 
its integral may be obtained under the form 

If (l) is not immediately integrable, but may be rendered 
so by the introduction of a factor Q, then 

P{d y M- d x N) - N{d t M- d x P) + M{d z N- d y P) =0. 

If this equation is satisfied, the given equation may be thus 
integrated: let £7 = be the integral of QM+ QNd x y = 9 
then £7+Z = will be the complete integral. Z may be 
found by * differentiating and comparing the result with the 
given equation. 

If in the proposed equation the quantities d x y, d x z exceed 
the first degree, these methods are applicable only when it may 
be resolved into factors of the form (l). 

(L. D. C. 414—7 ; L. C. D. 713 — 21.) 

If the equation (l) is not integrable by the above method, 
a solution may be thus obtained : let Q be the factor which 
renders the equation M + Nd x y integrable, and let the integral 
be f7=c, % being considered constant. By differentiating this 
last equation considering #,y,#, and c, all variable, and com- 
paring the result with (l) x Q, we obtain the equation 

d z U~QP=d % c: 

putting c = 0(#), and d M c = <pf(%), we have 

tf=#*), 
d z U-QP=<j>'(x) 

which system of equations will satisfy the proposed equation 
(l) whatever be the form ttf the function (j>. 

If the equation contain four variables, a solution may be 
obtained by an analogous method. 

(L. D. C. 418 — 21 ; L. C 2X. 808 — IS.) 
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Partial Differential Equations of the First Order. 

(56.) The simplest class of partial differential equations con- 
sists of those which contain only one differential coefficient of 
the first order : let the proposed equation be 

then x =f x f(w,y) + $(y). 

Let the equation be d^* =/(#,y,#), 

and let w = c be the integral of this equation, y being considered 
constant; then the required integral is 

If any other variables are contained in/, they must likewise 
be included in the function (p. 

(57)* The most general equation containing two partial dif- 
ferential coefficients of the first order is 

Pd x x+Qd y x + U = 0. 

Since d x (x)* = d x % + d y x.d x y, (l) 

by eliminating d x % 9 we obtain 

(Pd x y - Q) d y x = Pd,(x) + R. 

If P and Q contain w and y only, and P and R % w and z 
only, then the equations 

Pd„y-Q = 0, Pd x x + R = 9 

may respectively be rendered integrable by the factors M 9 , JV; 
let the integrals obtained from these equations be 

C7=0, P=0, 

Nd x 
then if we assume — ~- = 0'(f7), the required integral will be 

If the two equations J7=&, F=6, may be obtained by 
integrating conjointly any two of the equations 



* For an explanation of this notation, see Tr. L. Art. 126. 

f 
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Pd x y— Q = 0, Pd x x + R=0 9 Qd y * + i? = 0, (g) 

containing w 9 y, and x 9 then F=0(C7) will be the required 
integral. 

When P, Q, and U are functions of all three variables, the 
integration of (2) cannot generally be effected ; an integral may 
however sometimes be obtained by means of the following 
formula? derived from (l) ; 

x = wd x x +f p (d y x — xd x d y x) 9 

=yd„* +f x (d**-y d A*)- 

(58.) The integration of partial differential equations of the 
first order may frequently be effected by the introduction of an 
indeterminate quantity : let the proposed equation be reduced 
to the form 

Md x x 9 w) =f 2 (d„x 9 y) ; 

assume f x (d x x 9 «) = u ^f^d y ss 9 y) 9 

whence d x ar= (f) x (u 9 w) , . d y x=z<p z (u 9 y) : 

let fx<t>i ( u > w ) = p > an<j yi0 2 ( u #) = Q> 

from these equations we may obtain 

* + >/,(w) = P+Q, 

d tt ^( W ) = d w P + ^Q; 

from which equations the integral of the proposed equation may 
be obtained : a similar method of introducing an arbitrary quan- 
tity may be applied to some other equations. 

(59.) If in the equation Pd x x + Qd^x + R == 0, 

P, Q, and R are homogeneous functions of w 9 y 9 and x 9 and of 
n dimensions, assume w = ux 9 y = vx 9 

and let P=P x x n 9 Q^Q^, 7? = ^**, 

then from (2) we obtain 

(P 1 + uR l )d u v^(Q i + vR 1 ) = 9 

which may be integrated, since P 19 Q l9 and R x contain only 



254 INTEGBAL CALCULUS. 

u and v: eliminating u or v from the equation thus found, 
and one of the equations 

(P x + R t u)d u z + 5^ = 0, 

(Q x + R x i>)d m x + R x x = 0, 

the resulting equation may be integrated, and the values of 
u and v being substituted, the required integral will be 
obtained. 

(60.) If we have an equation of the form 

by substituting this value of d x x in the equation 

d *(*) = d z% + d y *- d ,y> 
we obtain d s (#) =f(d s % 9 a?)y,%) + d Jf %.d s y. 

Let u be such a function ofd s % as, being considered constant, 
will render this equation integrable, and let the integral be 

the function \{/ being such that 

d u <f>(u,a? 9 y 9 %) + d u ^(u) = : 

the primitive equation may be obtained by eliminating u from 
these equations. 

(L. D. C. 422 — 85 ; L. C D. 728 — 34 ; TV. i. 311 — 5.) 

(61.) A method analogous to that of (Art. 57.) may be applied 
to equations containing more than three variables: let the 
proposed equation be 

Nd u z + Pd x % + Qd y « + R = 0, 

then since d u (#) =± d u % + d x % . d w a? + d y % . d tt y, 

by eliminating d u x we obtain 

Nd u (z) + R = d x x(Nd u a>-P) + d v x(Nd u y-Q). 

If the equations 

iVX* + J? = 0, Nd v ot-P = 0, JVd a y-Q = 0, 
Contain only w and *, w and a?, u and y respectively, they may 
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be rendered integrable by the factors M 19 Jf 2 , M 3 : let the 
integrals obtained from these be T=0, jP=0, (7=0, then if 



§wm. £h*=+'«o 



the required integral will be 

F= <p(T) + yf,(U). (L. C. D. 735.) 

For the investigation of partial differential equations in 
which the differential coefficients exceed the first degree, see 

(L. C D. 740 — 9) 

Partial Differential Equations of Superior Orders. 
(62.) Differential equations of the form 

A*,y> dfx, d^x, &c. d?d*x) = 
ma y> by assuming d£ x = u, be reduced to 

f(w,y 9 u 9 d x u 9 &c. d*u) = 0. 

All equations of this form, in which the differential co- 
efficients involve only two variables may be considered as 
equations containing only two variables, and integrated by 
preceding methods: arbitrary functions of all other variables 
contained in the function / must however be substituted for 
arbitrary constants in the integrals thus obtained. 

The following are some of the simplest forms belonging to 
this class of equations. 

C 1 ] dfx + fax) =0; 

[4] d x d p z+f(w,y)d j ,z+f l (w,y) = 0; 
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(63.) The most general partial differential equation of the second 

order is Rd^x + Sd x d y x + Td*x + F= ; (l) 

in which R 9 S 9 &c. are functions of d a % 9 d y x 9 x 9 y 9 and z. 
let d x x 9 d y x 9 d*x 9 d 9 d y x 9 d%%; be represented by 
p 9 q 9 r, 8, t 9 respectively; 

then (1) becomes Rr + Ss + Tt + F= ; 

also d x (p)=r + sd x y 9 

eliminating r and t between these three equations, and putting 
d x y = w, we obtain 

Rmd x (p) + Td x (q) + Vm=8{Rm* — Sm+ T] 

which must be satisfied independently of * ; let M = a, N=b 
be two equations which satisfy 

Rtnd x p + Td x q +Fw = 0, (2) 

Rrn*-Sfn+T=0; . (3) 

then N=<p(M) is the required integral. 

If R 9 S 9 and T 9 are constant, the values of M are constant, 
let tbem be a 19 a s ; from (2), (3) we obtain 

Ra lP + Tq + aj x V^f(y^a^) 9 

Ra s p + Tq + a 2 f x V=f(y-a 2 w) ; 

eliminating p between either of these equations and 

and integrating the result, we obtain an equation of the form, 

R * —fx v + <l>(y — a i*) + ^(y - a * w )' 

In determining J**V 9 a 1 ^H-6 1 must be substituted for y 
in V 9 and y — a y w for 6 1 after the first integration; then for y 
substitute a 2 #4-& 2 , and y — a s # for fe g after the second inte- 
gration. 

The equation to vibrating chords is r — c 2 t = 9 in this case 
a x = c 9 a g =— c 9 -R = l, andy^ 2 F=6; 

and * = ^>(y — c#) -{-^(y + c#). 
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(64.) The introduction of an arbitrary function is, hi some 
cases applicable to equations of the second order ; suppose we 
have the general equation to developable surfaces, 

r t — & = ; (JL C. D. 889.) 

r 8 

let - =w= -, then r = 8u 9 and 8 = tu 9 
8 t 

whence r + 8d a y = u(8 + td a y)> or d 9 (p) = u.d s (q) ; the inte- 
gral of this equation is p = <p(q) 9 and therefore 

by the integration of which we obtain 

x = a<l>(q) + qy+f(q), 
also = w<f>(q) + y +/(?) : 

from which equations the value of % may be obtained. 

(L. D. C 436 — 46 ; TV. L. 316 — 20.) 

(65.) In the equation 

Rr + Ss + Tt + Pp + Qq + Nx = M 

let the coefficients R 9 S 9 &c. be functions of w and y only. 
Putting d x y = m 9 as in Art. (68.) we obtain 

d„y — m = 0, 

Rmd x (p) + Td x (q) + Pp + Qj + iV*-*?» = : 

the value of y in terms of cc obtained from the first of these 
equations being substituted in the second will reduce it to an 
equation containing four variables, w 9 % 9 p 9 and q; and this 
being integrated simultaneously with 

d *(*)=P + ™?> 
an integral may be obtained 

fcfc Kp -f Lq + jE* + G = e. 

If the coefficients R 9 S, &c. are constant, then the first 
integrals of the proposed equation are 

e n »*{«i» 1 2?p+ Tg + m^P-f^R)*} -m 1 f x M 1 6 n **=<l>(!/-m 1 a!), 

€*»* {m 2 2?p + Tq + m £ (P-n 2 /?)*} - m 9 / t M t ^*ss^(g^m 9 a) f 

Kk 
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where M x and M a are the values of M 9 and n v n v those of 

m(mP-Q) 
Rm*-T ' 
corresponding to the two roots of the equation 

Rm* -^+7=0. (L. C. D. 756, 7.) 

(66.) The most general form of a partial differential equation 
of the third order is 

JdZx + BdZdyX + Cd.dfx + Edfx^V, ' 

in which A, B 9 &c. are functions of a?, y 9 x 9 and the differential 
coefficients -of the "first and second order. By eliminating d*z~ ice. 
between this equation and 

d M (r) s d** + d!d 9 x.d s y 9 
d,(«) sd^f + d s djx.d,y 9 
d 9 (t) = d M d* x + d£* . d x y 9 
and putting d M y = m 9 we obtain 

d^y-m^O, 
A*m(r) + (B — Am)d m Q) + (C-Bm + im 8 )i,(0-r=0, 
in which the value of m depends on the equation 

Am s — Bm* + Cm— E*=0: 

If from these we can obtain two primitive equations M=a 9 
N=b 9 then N=<p(M) will be one of the required first 
integrals. 

When A 9 B 9 C 9 and E 9 are constant, and V a function of 
w and y only, then the three first integrals x>f the proposed 
equation will be 

Ar + (B-Am l )8 + (C - Bm^Amfit-fxV^Qty — m^), 

Ar + (B-Am,)8 + (C-Bm 2 +Am*)t-f x V 2 = x(y-m a w) 9 

Ar + iB-AmJs + iC-Bms+Amfrt-fsV^^fy-msat); 

If F=0, the primitive equation will be 

If two of the roots, as m 1 and m 2 are equal, the correspond- 
ing part of the value of x will be 
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The same method of investigation may be extended to 
equations of any order, in which the partial differential co- 
efficients appear only in the first degree. (L. CD. 758—61.) 

(67.) Reduction of partial differential equations of superior 
orders to the first order. 

Let a? and y be supposed to be functions of some new 
variables u and v, then 

djc(x) — d„x.d x u + c^tf .4*0 ; 
hence p = d u x.d x u + d 9 x±d s 'o 9 q*=d u x.dyU.+ d v x.d v v: 
by differentiating these equations we obtain 

rsssdj#.(d a u)* 4- 2d u d v x.d x u.d x v + d**.(d x t>) 2 

+ d u x.d?u -f d v x.d?v, 

s = d*x.d x u.dyU + d u d v x.d Jt u.dyV + d u d v x.d v u.d :g v 
+ d?%.d x v.d}V + d u x.d„d y u + d v x.d x d y v, 

t = d*x.(d v u) 2 + 2d u d v x.dyU.d v v + d^x.{d y vy 

4- d u x.d*u + d 9 x.d*v. 

By substituting these values in the equation 

■ Jlr + jto+Tf + i'p + Qg + iytf^Jf, 
we obtain {i2(d,w) 2 + Sd M u.d y u + T(d v uY]d^x 
-f {2i2d,tt.d x t> + AS'(d,w.d y v + d y tt.d x tf)+2 7M y ^^ 
+.{*(«*/>)• + Sd,v.d v v + T(4 y t>) 2 }d> 
+ {£tf/tf + Sd s d y u + 7d/« + Pd,w + Qd y «}rf tt » 
+ {2?d> + *Sd.d^ + Td y 2 t> + Pd,t> + Qd„ v}d v 'x 

+ Nx = M. (1) 

The relations between u, v 9 a?, and y may be determined 
by assuming R (d, w) 2 + ^d, w . d y w + T{d y uf = 0, 
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which equations, by putting d a u = indite, d x v = nd y v 9 become 

Rm 2 + Sm+T=0, 
Rn* + Sn+T=0. 

The values of u and v thus obtained being substituted in 
(l), the resulting equation is 

d u d v x + P x d u x + Q, d,x + N x x = M l9 (2) 

which may be put under the form 

and this may be reduced to an equation of the first order if 

d^+P^-N^O; (3) 

for by putting d v x -f P x x = x 19 (2) becomes 

d u x 1 + Q 1 x 1 = M v 

The complete integral of (2) obtained from the integrals 
of these equations is 

If the equation (3) is ^ot satisfied, assume 

N^P^-d^^a, 
then putting, as before, ^#4- P^^x^ (2) becomes 

d«#i + Qi»i + «* = -Mi : 
the values of x and d r # determined from this being substituted 
in. the preceding equation, we have, for the determination of x l9 
the equation 

«*i + P 2 d u x 1 + Q 1 d v x 1 + N 2 x x = M 2 ; , 

in which P^^Pi • d v a, 

a 

AT 2 = a- ^1 d,a + d„Q, + P,Q„ 
. a 

M t =d m M l l -A,a + P l M v 

a 

The equation (2) i$ thus reduced to another of the same 
form, with which the same process may be repeated. 

(L. C. D. 764 — 7) 
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(68.) If we have an equation containing #, y, and #, then by 
Maclaurin's theorem 

% = (*), =0 + on . d, =0 * + — - . 3* =0 * + &c. « 

1.2 

If the equation is d x #==<j!>(d y #,#,y), then (s),^ is an 
arbitrary function of y : and generally, if the equation is 

d?% = <j>(d x n " 1 d t ,%, &c. oo j y)> 
then (#),-<>, d, =0 *> &c. d££x, are arbitrary functions of y. 

If any coefficient becomes infinite, when a? = 0, then x + a 
may be substituted for a? in the given function, and a series 
obtained by developing according to the powers of iv. 

An integral may sometimes be obtained by assuming 

' *=F+F 1 a?+I ; >* + &c. 

then substituting the differential coefficients obtained from this 
series in the proposed equation, and equating tfre coefficients of 
the same powers of w : the form of series which it will be most 
convenient to adopt must be determined from the circumstances 
of the case. (L. D. C. 446 — 9 ; L. C. D. 778 — 91.) 

Particular Solutions of Partial Differential 

Equations. 

(69.) If 17=0 represents the complete integral of a partial 
differential equation of the first order, containing the arbitrary 
constants a and ft, the system of equations 

{7=0, d a U + dtU.dJ^O, 

* 

will comprise all possible solutions of the differential equation : 
if however we make d a U=0 9 d b £7= 0, and substitute the values 
of a and b in terms of #, y, and #, obtained from these equa- 
tions, in 17= 0, we shall obtain an equation independent of a and 
by and which will be a particular solution. 



« x^S^'Kd^iz. 
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The same reasoning may be applied to partial differential 
equations of higher orders, of which we have obtained the 
complete first integral: the solutions obtained will be of an 
order next inferior to that of the given equation. 

(70.) Let it be required to determine whether a particular value 
#= U is or is not comprised in the equation 

the general solution of the partial differential equation, Z = 0. 
Let the general solution be put under the form 

in which it is necessary that u should contain as many arbitrary 
functions as the general solution , and also have a finite value 
when a = 0. 

We have p = d x U + ad x u 9 q = d y U+ad p u 9 
r = d*U+ ad*u 9 8 = d x d y U + ad m d 9 u 9 t*=d*U+ adfu> &c. 
and since %=U will satisfy the equation Z = 0, we obtain 

dgZ . u + d p Z . d x u + d q Z. d y u 



+ d r Z.d*u + d 9 Z. d x d v u 4- d t Z . dfu + &c. = 0. 

If this substitution renders all the differential coefficients of 
Z respectively equal to nothing, except d g Z 9 this last equation 
cannot be satisfied unless u = 0, in which case no arbitrary func- 
tions can be introduced in the equation #= (7. If d p Z 9 and 
d q Z do not vanish, the function u 9 depending on the equation 

d s Z.u + d p Z .d x u + d q Z.dyti=z0 9 
will involve one arbitrary constant. (L. C D. 793 — 5.) 



APPLICATION OF THE DIFFERENTIAL . AND 
INTEGRAL CALCULUS TO GEOMETRY. 



The Contact of Lines. 

(1.) Let y = <f>(aj) 9 y=syf/(ai) 9 be the equations of two curves 
having the co-ordinates w 9 y common to both, then 

Da? (Dai) 2 

<f>(at + Dw)=y + ~ d x <t>(m) + ~ ^ dfyty) + &c. 

Dai (Dai)* „ 

■M* + Dm) =y + — - d, +(a>) + ^—f-dffiip) + &c. 

If d M <f)(af) = d x \f/(ai) 9 they have a contact of the first order 9 
and do not intersect each other. If d^(p(ai)==d^\j/(w) 9 they 
have a contact of the second order, and intersect each other at 
the point (az, y) : and generally, if d?<p(a!)=:d?y}/(ai) 9 they have 
a contact of the nP order, and intersect or not, according as n 
is even or odd. 

Let w 9 y 9 be the co-ordinates of a curve, w l9 y l9 those of its 
tangent, then the equation of the tangent is 

y 

The subtangent = -— - — . 

The distances from the origin at which the tangent cuts the 
axes of w and y respectively are 

tf- -^-, y-*>d x y. 

d,y 

The equation of the normal is 
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The subnormal = yd x y. 

The part of the normal intercepted between the axis and 
the curve = y.l + (d x y) 2 \t. 

(2.) The circle of curvature, or osculating circle, is one 
which has a contact of the second order with any proposed 
curve. Let p be its radius, ar l9 y v the co-ordinates of its 
centre, then* 



If m and y are functions of a third variable, t, then 

_ {{d tX y + (d t yf}i 
d t y.dfw — d t w.dfy' 
If the arc 8 is considered the independent variable, then 

_ <*>,y _ d 9 x 

P <*>" dfy 9 

(taplace 9 Mec. Cel. Li v. 1. Ch. ii.) 

When the radius of curvature is a maximum or minimum, 
there is a contact of the third order, and in that case the circle 
of curvature does not cut the curve. 

The curve y=<p(&) is convex or concave towards the axis 
of a?, according as <f>(w+Dai) and d*y have the same or different 
signs. (L. D. C. 151.) 

(3.) The evolute of a plane curve is the locus of all centres 
of curvature : its equation may be found by substituting for 
d s y and d*y their values obtained frotn the equation of the. 
proposed curve, <])(&#) = 0, in the 'equations 

*** y u *y 

and eliminating as and y between these, and <£(##) = 0: the 
resulting equation between w t and y x will be the equation of the 
evolute. 



r y 

\y\ Assume w= - = y#, then by Maclaurirfs theorem 
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(4.) Let y = a r at*r + a r _ ^r-i -f &c. -f a^i + a#* 

be the equation of a plane curve, in which the quantities n r , 
to r -v & c - form a, decreasing series, of which n mml is the first 
negative term, then the curve whose equation is 
y = a r a? n r + a r _ x w n r-i + &c. + a x af^ + aw n y 

is an asymptote to the former. 

If » r = l, and a r-1 ,....a respectively = 0, the asymptote 
is a right line, and the corresponding infinite branch is of the 
hyperbolic kind: for all other values of n r , &c. a r9 &c. the 
asymptote and curve are of the parabolic kind. 

(5.) Methods of expanding y in a descending series in terms 
of x. 

y 

OB 

u = OOi=o + *• d *=o u + 7^ • d Lo U + & c - 

* » 1 

or y = <v.{u),^ + d x=So w + — — .d^u + hc. « 

[2] Assume y = a^% and after substituting this value* 
for y, equate, the indices of any two terms: then if the other 
terms, when the value obtained for m has .been substituted, are 
of less dimensions than these, we shall obtain the first term of 
a descending series. By assuming 

y=zatf* + boo*, 

a second term may be obtained, and so on: this method is 
generally very tedious, if applied to an equation consisting 
of .more than four terms. 

A rectilinear asymptote^ may frequently be conveniently 

obtained by finding the value of w — — — , and y — wd K y 9 

when a?= 00 ; if either or both of these quantities be finite* 
there is an asymptote, the direction of which will be determined 
by the value of the quantity d g ~*y* 



lm . I I 



Ll 
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Singular Points. 

(6.) Let the equation of a curve, and its differential be 

respectively 0(^,y) = O, if + JVd,y = 0, 

then the values of w and y which satisfy the equations 

#(*#) = °> Af=0, 

but do not satisfy.iV==0, give a maximum or minimum ordinate, 
according as d*y is negative or positive : and those values which 

satisfy 0(*#) = °> ^= °> 

but not M = 0, give a maximum or minimum abscissa. 

If dly = 0, (#,y) is a point of inflation, or contrary flewure, 
at which point the tangent cuts the curve : if however d*y = 
is satisfied by the same values of oo and y 9 (po,y) is a point of 
undulation, at which point the tangent merely meets the curve. 

Generally, if several successive differential coefficients, as 
far as the »*, vanish for the same values of w and y, the curve 
has a contact of the w 01 order with its tangent, which intersects 
the curve or meets it, according as n is even or odd. 

(7*) If the same values of x and y satisfy the equations 

<f>(w 9 y) = 0, M = 0, JV= 0, 

. ' 

then d x y— - , in which case the values of d x y may be found by 

preceding methods. (P\ff. Cole. 15;) 

If the equation d x y = - has two or more unequal possible 

roots, then (#,y) is a multiple point, through which as many 
branches of the curve pass as the above equation has possible 
roots. 


If all the roots of d x y = - are impossible, then (#,y) is an 

insulated or conjugate point. 

If the same values of w and y render d*y= - , the roots of 

this equation may be determined as above : if it has two or 
more unequal possible roots, (#,y) is a point of osculation ; 
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the branches which pass through this point have a common 
tangent: if all the roots are impossible, there is, as before, 
a conjugate point. 

(8.) Singular points at which y or any of its differential 
coefficients become infinite' 

Let w + Doo be substituted for #, and let the corresponding 
value of y be expanded in a series of ascending powers of Dw 9 

then E x y = V + a i (P®Y X + « 2 (D®) m * + &c 

and suppose that neither of the indices is a fraction having an 
even denominator : then if the numerator of m 1 is odd, there 
is a point of contrary flexure, the tangent at that point 
being parallel to the axis of y> or a?, according as m 1 >or <1. 

If the numerator of m 1 is even, there is a maximum or 
minimum ordinate, if m 1 > 1 ; and which is also a point of 
regression , or cusp, of the first species, if m 1 <l. 

If vn 1 = 1, and the numerator of m 2 is odd, there is a point 
of contrary flexure ; the tangent at that point being inclined 
to the axis at a finite angle. 

If the denominator of rn 1 alone is even, there is a minimum 
abscissa, and the point is a cusp of the first species, if rti 1 >l : if 
m 2 alone has an even denominator, there is a cusp of the first 
species, but no maximum or minimum ordinate : if m 3 alone, 
or any succeeding index, has an even denominator, there is 
a cusp of the second species. , 

If some terms are rendered impossible by -f Dw 9 and some 
by — Dw 9 or if any terms become impossible for all valufes of 
Dw 9 there- is a conjugate point. (L. Z>. C. 160 — 7.) 

Curves referred to Polar Co-ordinates. 
(9*) Let p be the perpendicular on the tangent from the pole, 



then p = 



u* 



u* + (d $ uf\ 



«1»* 



u* rp 



Thesubtangent- — = ^-^. 
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mi. i- « U* + (d Q u)*\* 

The radius of curvature = -r— — . , * — = w.a-W. 

u* + 2 (dft ft) — u.dfu y 

£the chord through the pole= ^^y...^. =*'*,«' 

(L. C D. 253.) 

* 

(10.) The evolute of a spiral. Let Ube the radius vector, and 
P the perpendicular on the tangent in the evolute, then 

U* = u*{l +(e?ett) 2 }— 2pu.d^u, 

P* = u*-p\ (1) 

IP-F^iudiu-py. 

When the equation between u and p is given, that between 
U and P may be found by eliminating u, d$u 9 and p 9 between 
the given equation, and two of the equations (l) ; the equation 
thus obtained is the equation of the evolute. 

When the equation between U and P is given, then that 
between u, d$u 9 and p may be found by eliminating U and Pi 
the curve represented by this equation is the involute- of the 
given curve. 

s (11.) If 2 when w= 00 , and the subtangent have finite values, 
the curve admits of a rectilinear asymptote, which may be 
determined by drawing u at the given finite angle 0, and 
making the subtangent equal to the given value; then a parallel 
to u through the extremity of the subtangent will be the 
asymptote required. 

If, when 0= go , u has a finite value, the spiral admits of 
an asymptotic circle, of which that value of u is the radius. 

If d u p = 9 there is a point of contrary flexure. 

Circumscribing Figures. 

(12.) Method of determining the mawimum inscribed, or 
minimum circumscribing figure. 

Let y =/(#) be the equation of the given figure, 
Vi — <f>(p>b,w) . figure sought, 
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, then f(ai) = <p(a>b,w), and f(w) = 0' («,&,#) ; 

eliminating w from these equations, we obtain an equation of 
the form >^(a,6) = 0, 

also since -ty(a 9 b) is a maximum, or minimum, 

>//(a,6) = 0, 

from which equations a and b may be determined. 

(13.) Method of determining the curve which circumscribes 
any number of curves described according to a given law. 

Let the equation <f)(a 9 y 9 a) = represent a system of curves 
depending on the value of the parameter a; then by eliminating 
a between the equations , 

0(#,y,«) = O, d a <p(a> 9 y,a) = 0, 

we obtain an equation between oo and y which is the equation 
of the curve required. 

The Contact of Surfaces. 

(14.) Let w 9 y, #, be the co-ordinates of a given surface, 
00 1> Vv *i> those of the tangent plane ; 
<*> /3> 7> the angles at which the tangent plane is 

inclined to the planes of yar, a%, ay, respectively. 

The equation of the tangent plane is 

%1 — * = d x x(a t — w) + d y %(y x — y). 

(cosa)-* = l 4- (d y mf + {d z ai)\ 
{co*(ly*=i + (d x yy + {d z y)\ 

(cos 7 ) - * = i + (d, %y + (d y %y. 

If w v Vv z v are the co-ordinates of the normal, its equa- 
tions are . w 1 — m^id x ss(x 1 — *), 

V y%- 2=^*1 (»!-*). 

t _ 

If a, p, 7, are the angles which the normal makes with 
* the axes of #, y 9 x 9 respectively, their values are the same as 

above. 

The length of the normal intercepted between the surface, 
and the plane of wy = # { l + (d x xf + (dj %)* }*. 
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(15.) Let # = <p(x,y) be the equation of a given surface, and 
x 1 = \f/(w l9 y 1 ) the equation of a surface touching the former, 
and let d x x 9 d y % 9 d*x 9 d x d y « 9 d y » be, respectively represented 
by p 9 q> r, *, ' t 9 in the first surface, 

and by p 19 q l9 r 19 e 19 t 19 in the second. 

If these surfaces have a contact of the first order, then 

to satisfy which, the equation # x = ^(^l'^i) must contain three 
arbitrary constants. 

For a contact of the second order, we must also have 

r 1= =r, *! = *, t x = t 9 

to satisfy which conditions in addition to the former, the equation 
Xi=^y\f{iB i9 y^) must contain six arbitrary constants: hence an oscu- 
lating sphere cannot be found generally, as a circle of curvature 
to a plane curve. If however we suppose a section of the surface 
to be made by a plane passing through the normal, X the tangent 
of the angle which the projection of the section on the plane say 
makes with the axis of w 9 and p the radius of the sphere oscu- 
lating this section, then 

l+\ 2 + (p + g\)* L 2 ^ , u 

P— r + 2sX + tX* ( 1+ P* + W 

The planes of greatest and least curvature are perpendi- 
cular to each other. Let R x and R 2 be the radii of greatest 
and least curvature, and let the co-ordinates be so transformed, 
that the tangent plane, and the planes of greatest and least 
curvature may become the planes of coy 9 y% 9 w% respectively ; 
then if is the angular distance of any section from the plane 
wz 9 and p the radius of the sphere osculating that section^, 

-Bi'-Bg 

p R^cosey+RtifAney' 

s 

R t = , and R 2 = — - , hence 

T t 

- - = r (sin Of + t(coa $)*. 

P 

(L. D. C 168— 78 ; L. CD. 313 — 34.) 
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(16.) Let y =^(0?), % = 2 (#), be the equations of a given 
curve, and y x = ^(a^), z x = ^ 2 (^i)? those of the touching line; 
then in order that there may be a^ contact of the first order, 
we must have 

<p t (w) = \f, t (w), 2 (<r) = ^ 2 (a?), 

for a contact of the second order we must also have 

dffriw) = d^{m), d!<j, a (w) = d^w) ; 
and so on for the superior orders. " 

(170 The equations of the tangent are 

y x — y = d 3e y{po 1 — a?), % 1 — z = d x %(a? 1 — a>). 

Let 0, j3, 7, be the angles which the tangent makes with 
the axes of w, y, ar, respectively, then 

(cos a) - s = 1 + (d x y)\ + (d x z)% 

(cos p) - 2 = 1 + (d y #)* + (d y *) 2 , 

(cos 7 )- 2 = l + (^) 2 + (d a y) a . 

The length of the tangent intercepted between the curve 
and the plane ooy = % {l + (d z %Y + (d z yy\i. 

The equation of the normal plane is 

(v l -x) + d x y(y l -y) + d x z(x 1 -%) = 0. 

If a, /3, 79 are the inclinations of the normal plane to the 
planes yz, <##, coy, respectively, their values are the same as 
above. 

The distances from the origin at which the plane cuts the 
axes of w> y 3 #, respectively are 

<v + y.d x y + %.d x % 9 y + #.d y <z? + #.d y #, , % + o:.d z w + y.d z y. 

The equation of that plane passing through the tangent in 
which the curvature takes place is 
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Let p be the' radius of curvature, then - = 

: i lf 

(d,y.d?%—d,%.d?yY+(d,z.dfo^d,w.d*xf+(d,w.d*y-d,y.dixf\ , 

(L. D. C 179 — 86 ; L. C. D. 851 — 60 ; L. Mec. Cel. Liv. I. Ch. 2.) 

Rectification. 
(18.) Let 8 be the length of the arc of the plane curve, y=0(#), 
then d m 8*=l + (d s yyf 9 and s=f x 1 + {d x <j>(a>)}*\*. 

The value of 8 between the limits a?=a, and w = 6, is 

(19.) Let u = <p(0) be the equation of the curve inferred to 
polar co-ordinates, then 

*«««* + («W|*» and «=/ ty(0)} 2 + {^(fl)}*!*- 

(20.) Lety = 0(#), # = \Jf(#), be the equations of a curve of 
double curvature, then 

(21.) Rectification of the ellipse. 

= / , { 1 "^ | jl _ / » l-e 2 a? 2 

/JZ (v 2 ) 
77 , * / — Q ox ,, , (Jratf. Cafc. 17.) 
{(l±j»V)(l±gY)}*' 

. f 1 — 0* 1* 

we have p = l, £ = e, ?! = #* r-^ , 

(1 — e w) 

Pl = 1+ (1 - e 2 )*, ^sl-O-O 1 - 

Assume c x = ^ , p x y x ^m 19 and * 1= / j- — J** 1 4 ^ u , 
'then 2(l+e 1 )8 = 2e 1 /v 1 --(l--e?)(8 1 --e 1 .d ei 8 1 ) + %8 v (l) 



* Thif. notation will be explained in the Appendix. 
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tly a similar transformation, we may obtain an equation of 
the same form between s x and e s ; from these equations we have 

*i*i '+ 8 i — + e i) 8 __ 1 +gg g g ^H-g g — (1 +e 2 )*i r g x 

1— ef "~ 2 1 — e 2 * 

if 6 - *-(*— -y . ■ i-o-o 1 

we should have a similar equation between $_ 2 , *. lf and f ; and 
generally we may obtain a series of Equations 

^ e n«*n + *„--(l+e,X-l ^ i+tn + l ^n + !<*» + !+*« 4- 1~-(* +*» + >* 

from which, any two consecutive values of 8 being known, any 
others in the series may be determined. 

By this process the rectification of any proposed ellipse may 
be made to depend on that of another ellipse of either much 
greater or much less eccentricity : in either case an approxima- 
tion may be made by a series, as in (Art. 17.) 

(22.) The arc of an hyperbola may be thus referred to elliptic 
arcs : let 1 be the eccentricity, e the semi-axis major, and S the 
arc ; then the equation of the hyperbola is 

y ss - (a? 2 — e 2 )*. 
e 

Let w = e{ 1 + (1 — e*)(tan 0) 2 }*, then y = (1 — e 1 ) tan <p ; 

tod #=tan<6{l-(6sin<6) 2 }*-e* f — ^^-^77; 

^ v r/ 3 •/* {l — (csm0) 2 }» 

= tan0{l - (esin<£) 2 }*-s + (1 -e 2 )(«- e.rf e «). 

By changing e, ^>, $, *£, into e^ <p v s l9 S 19 and substituting 
for 8 l — e v d e 8 X its value obtained from (l), We obtain 

AS' 1 = tan0 1 {l — (e l ton<f>{)^* + 2e l sba<p l + 8 1 --2(l+e i )s. 

(23.) f - -o r; «iT whi< * de P«nds on the 

Mm 
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where Q= {(l ±p*u 2 )(l + q*vr)\l y may be reduced to the form 

y* A 1 + A 2 (sin (f)) 2 1 

* J^+A A (sin~0)* " {l-(ewn0) 2 }* ' 

by assuming pw=tan d>, and 1 r =e% whenp and q are positive ; 

pu=sin 0, ... ~ = e 2 , when and 5 are negative : 

the value of the two first, and sometimes of the last, may be 
represented by elliptic arcs. 

(L. C. D. 502— li; Legendre, Exerc. du Calc. Int.) 

Quadrature. 

(24.) Let y = <£(#) be the equation of a plane curve, and A the 
area contained between the axis of <#, the curve, and any two 
ordinates 0(a), an4 <p(b), then 

d x A = <p(oi) ; ' and A = (J^ - j£j0(«r). 

this will frequently be found a convenient transformation, when 
the function <p is not readily integrable. 

(25.) Let u = <f>(0) be the polar equation of a curve, and A 
the area contained between two radii and the curve, then 

d t A = $$&)¥, and A - -J/, ^(0)"| 4 . 
The value of ^ between the limits 9 = a, and = /3, is 

(26.) Let r= <f)(#>>y) be the equation of a surface, and £ th? 
area of the surface intercepted between the planes a%, y*, and 
two planes respectively parallel to them, then 

and £=/j; { 1 + {i m nf + (<*,*)«}*• 
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If the surface is bounded' by the plane a?*, a plane parallel 
to. y *, and the plane y = w<r, then 

It is indifferent in what order the integration is performed, 
but the proposed limits must be assigned after each integration. 

Cubature. 

(27.) Let V be the volume contained between the three 
co-ordinate planes, two planes parallel to 0*, and y#, and the 
portion of the surface intercepted between them; and let 
% = <p(x 9 y) be the equation of the surface, then 

W s ^W)i and V*=fM(**y)< 

If the volume is contained between the co-ordinate planes 
wy, ##, a plane parallel to yx 9 the plane y = ua, and the portion 
pf the surface # = ^>(#,y) intercepted between them, then 

d u d x Vz=a>.<p(x 9 y) 9 and V=f u /,ar. $(##). 

If the surface is generated by the revolution of a plane 
surve round the axis of a?, then 

r— ■/.*•• 

Transformation of Co-ordinates. 

(38.) Let co and y be functions of t and u 9 the co-ordinates of 
another system, such that 

d t w — P x + Q. x d t u 9 d t y = P 2 + Q 2 d t u ; 

then f t f u V becomes f t f u V{P X Q^ — P % P^i ^ e values of w and 
y in terms of t and u being substituted in V. 

Let x 9 y 9 and #, be given functions of a new system of 
coordinates t 9 u 9 v 9 such that 

* 

d t x = P l + Q^tf + R x d t v 9 
d tU = ^£ + Q«< w + #«<*,*, 
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then f,fvf% v becomes 

If the equation of a surface be transformed from rectilinear 
to polar co-ordinates, then 

f*fvfz V becomes f^f r Vr* cos <j>. 

(L. C. D. 531; Lagr. Berl. Mem. an. 1773.) 

(29.) Conditions which render a curve quadrable. 

Lety^y = JT, and let X be resolved into X 1 +f s X 29 in 
which X x is an algebraic function of #, and f 9 X 2 a function 
involving transcendants, which however vanishes when w = a, 
a? = b 9 &c. and let 

f.X% =/*0(*) ~fz<p(*)> 
in which z = w + X z (a? — a) (a? — b) &c. X 3 npt containing any 
factors of the first degree, then if 

y = d x X x + <p(x) — d g %. 0(*), 
the curve is quradrable the limits <r = a, a? = 6, &c. 

(30.) Conditions which render a curve rectifiable. 
Let d x y=p y then 

y=pn-f p x> and g = o?(l +i> 2 )*— jf (l j^^ ; (1) 

assume ./>=/>, and/- (r ^j=Q, then p= [l+ ^ Q Q)2| r 

by eliminating x between the equations (l), the ordinate of 
a rectifiable curve will be obtained from the first, and the 
expression for the arc of that curve, from the second. 

(Z,. C D. 735 — 7.) 

Trajectories. 

(31.) Let 0(#,y,#) = be the equation of a system of curves, 
of which a is the variable parameter, and let the derived 

equation be ilf +JV r d r y = 0; (l) 

then by eliminating a between these equations, we obtain 

>K d ,y>* #) = °- ' 
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Let u be the value of d x y obtained from this equation, and 9 
the angle at which the trajectory is required to intersect the 
given curves, then the differential equation of the trajectory is 

(l+wtan0)d,y — M + tan0 = O. (2) 

If v is the value of d x y obtained from (l), then the equation 
of the trajectory may be found by eliminating a between the 

equations <p(#>y>a) = 0, 

(1 + vtan9)d x y — t> + tan0 = O. (3) 

If the orthogonal trajectory is required, (2) becomes • 

ud x y + 1=0. 

If the elimination of a presents any difficulties, and one of 
the variables may be readily separated in the proposed equation, 
then a being considered variable, we may obtain from (3) the 

equation (l + t> 2 ) tan . d a w — (l — v tan 9) d a y = 0, (4) 

< 
from which the relation between a and w may be determined, 

by means of which the required trajectory may be described. 

If only d x y — v, the differential equation of the proposed 
system of curves is given, then (4) becomes 

(1+ v 2 ) tan 9 . d a w — (l — v tan 9)/ x d a v = 0, 

which is an equation of the first order, if d a v is integrable with 
respect to w. (L. D. C. 402 — 5 ; L. C. D. 681—^3.) 

Remarkable Algebraic Curves. 

(32.) The conchoid of Nicomedes. Let the pole be in the 
axis of <#, at a distance b from the origin, then the equation 
' between rectangular co-ordinates is 

#Y = (& + #) 2 .(a 2 -tf 2 ). 

The equation of the tangent is 

(«a? s + ab*)M 1 — 2 ab 2 x — 6V + aa? 
yi== ^(fc 2 -*? 2 )* * 

The points of inflexion may be determined from the 
equation a? 3 + 3 6a? 2 — 2 a 2 6 = 0. 
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The polar equation is u = + a. 

If a<b, there are four points of inflexion, and the pole 
is a conjugate point: if a = b, there is a cusp, and if a>b 9 
a node, at the pole, and the curve has only two points of 
inflexion. The axis of y is an asymptote to the curve. 

(33.) The cissoid o/Diocles. The equation between rectangular 
co-ordinates is y 2 = . 

The equation of the tangent is 

The subtangent = — ^ . 

° 3a — 2# 

The curve has a cusp at the origin, and two hyperbolic 
branches, to which the ordinate corresponding to a? = a, is 
an asymptote. 

The polar equation is u** — — —-. 
r ^ ^ cos 

The area contained by the curve and the asymptote 

= 1 7T a 2 . ( Wood, Alg. 4Q6 S 7.) 

(84.) Tke Witch : y * - (ax - a* 2 )*. 

w 

The equation of the tangent is 

a 

Vi — ~ <T"7 Ki ( aw i +*** — 3aa>). 

%w\aai — ary* ' 



The subtangent 



__ %(aw—a?) 



The axis of y is an asymptote to the curve. 

(Agnesi> Analyt. Inst V. i. Art. 242.) 
(35). The Lemniscata. The equation between rectangular 
co-ordinates is (<r 2 + ^t 2 ) 2 =r« 2 (o? 2 — y 2 ). 

The polar equation is tfr»a.cos£0. 

The area of the curve =» a 2 . 
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(36.) The semicubiced parabola. The equation is 

ay*~aP. 

This curve is the evolute of the common parabola: the 
length of the arc measured from the origin is 

^ ((x + £f y _ a . 

27 IV 4a/ j 
(37*) The equation of the evolute of the ellipse or hyperbola 

(-2L 

a 2 - 6 s 



±ri =1 > 



is 



e> , *^) , -'» 



ar + b* , a 2 + 6 8 

in which a l = , ana b x =s: — - — . 

(38.) 7%« Trtiectriw. The equation is 

(tf 8 - Zaco + yy = a*(w* + y*). 

The polar equation is w = a (2 cos + 1). 

(Peacock, Ex. pp. 160, 70, 73.) 

Remarkable Transcendental Curves. 

(39.) The quadratriw of Dinostratus. 

y = (i — od) tan ^7t#. 

The, polar equation is u = — 7—7; • 

ir sin (7 

The quadratrioo of Tschirnhausen. 

y = sinl7r#. 

The polar equation is w sin 9 = cos (^irtt cos 6)< 
(40.) TAe logarithmic curve. 

The sub tangent = , 

8 log. a 

l4ie axis of «*- y iB an asymptote to the curve. 
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(41.) . The cycloid j and cycloidal curves. 

Let the vertex of the curve be the origin, and its diameter 1 
the . axis of w, then the general form of the equations of 
a cycloidal curve is 

# = a. vers 0, y=*a(n sin + m0). 

The equations of a trochoidal curve are 

& = vers 0, y~a(sin9 + m0). 

The equations of the common cycloid are 

w = a vers 0, y = a (sin + 9). 

The length of the arc is four times the diameter of the 
generating circle. The area is three times the area of the 
generating circle. 

The radius of curvature = 4 a. cos ^0. 

The evolute of each semi-cycloid is an equal semi-cycloid 
on a parallel base, the vertex of which coincides with the cusp 
of the former. 

The maximum ordinate of the curtate cycloid corresponds 
to w = a(l+rri). 

The prolate cycloid has a point of inflexion corresponding 

a 

to a?=~(l+m). 

m 

The whole trochoidal area =2m + l times the area of the 1 
generating circle. 

The companion of the cycloid: 

# = a vers 9 y=*a0. 

The whole area equals twice the area of the generating circle* 

The equations of the harmonic curve ate 

a 
«*?= — vers0, y=za0. 

m 

The radius of curvature = ■ — • J . 

wr.cos0 

{Peacock, Ex. p^ 186.) 
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(42.) Epicycleidal curves. 

Let a be the radius of the base, 6 that of the generating 
circle, and let the centre of the base be the origin, and* the 
radius passing through the first point of contact, the axis of w ; 
the angle contained between the axis of #, and the radius 
passing "through the point of contact in any new position of the 
generating circle ; then the equations of the epicycloid are 

a?= (a + 6) cos — 6 cos — — 0, 

b 

y= (a + b) sin — 6 sin — — 0: t 

b 

those of the corresponding hypocycloid, in which b is negative ; 

a — b 
are w = (a — b) cos + b cos — - — 0, 

b 

y = (a — 6) sin 6 — 6sin — — 0. 

If 6 1 is the distance of the generating point from the centre _ 
of the generating circle, then the equations of the epitrochoid 

a + b 
are o? = (a + 6) cos0 — b x cos 0, 

y = (a + 6) sin — 6 X sin ■ : 

and those of the corresponding hypotrochoid are 

a — b~ 
#=(a — 6)cos0 + 6 1 cos 9 

y =ss (a — 6) sin — b x sin — — 0. 

The angle contained between the tangent, and the axis 

a + 26 
in the epicycloid = — - — .0, . . 

_ _ .. a — 26. 
.... hypocycloia = 7r 7— 0. 

' . Nn 
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The arc of the epicycloid = — (a + o)(l — cos— ) , 

= — (a + 6)vers^0; 

46 ' 
hypocyclaid^ — (a— • fr)vera<|^>. v 



a 



The radius of curvature of the epicycloid= ~ sin ^0 : 

the evolute is an epicycloid similar to the original curve, the 
radii pf the base, and generating circle being respectively 

a 2 ab 



' .< ■ !' ' 



a + Zb* a + 2&' . 

The equations between p and u 9 the centre of the base 
being the pole; 

— 2 J , where e = a + 26, 

/a 2 — wM 
.... hypocyeloid, p,**ei —z^~*~k ) » • • • • e=0"~8*. 

The area contained by the axis, the radius vector, and 
the curve 

i h 

= -(a + b)(a + 2b)(0— ~sin0), in the epicycloid, 

b . 

If a : 6 is a finite, ratio, the curve may be represented by 
a finite algebraical equation. The equation of the cardioide, 
in which a =6, is 

p+ j j<#-«jr-*v+(»-.N.' 

If the diameter of the curve is the axis of m, and the cusp 
the origin, the polar equation is 

u = a (1 — cos yf/)» 



s= -(a — ftX^"" 2 ^)^" 1 — s fo$)» • • • • hypocycloid. 
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The equation of the epitrochoid in which « = 6, the origin 
being at the first point of contact, is 

a? 4 + Sfc^ 3 - (a 2 - V)* 2 +V(w + b 1 )wy*-aY + y* = 0- ' 
The equation of the epicycloid with two cusps, in which 
b == |«, is a A y* = (a? 2 + y* — a 2 ) 3 . 

The equations of the hypotrochoid, in .which 4*k^a, are 

#=(JLa + 6 1 )cos0, 

y=(i a - fe i) sin 0> 

the equations of an ellipse, of which the semi-axes are ^a + $ i9 
and ^« — b v (Peacock, Ex. p. 192.) 

(43.) Spirals. The equation of the spiral of Archimedes, is 

u = a0; 

the equation between p and u; p= -=-z zr, . 

n ^ r (a* + » 2 )* 

a 2 
The. equation of the Lituus is tt 2 = . 

u 

The first radius produced is an asymptote to the fctfrve, 
and there is a point of contrary flexure. 

(44.) Cotes^s Spirals. 

r 1 ® 

[1] The hyperbolic spiral; u~~. 

u 

The equation between p and u ; p = 7-3 rr-r . 

(a* + tr)» 

The subtangent = a. 
The area s*£a<t. 

The length of the arc = a log € — — . . ■ + (a 2 +« 2 )*— a. 
r . 6w /, *, c + (t> 2 -tt*)t 

[2] *- (5t^p OT «- ;*» \ > ' 

where c = (a 2 — 6 2 ) . 



384 APPLICATION OF DIFF. AND INT. CALC. TO GEOMETRY. 

|3 J p = — — - and a < b ; then the polar equation is 

(ar + u*)* r ^ 

c ° w 

where c = (a 2 — ■ ft 2 )*. 

Wp= (^*Ti' anda>6;then 

tt = c.sec-0, 

where c = (6* — a 2 )*. 

[5j 7%e logarithmic spiral: p= -u, and 

a 

The angle contained between the radius vector and the 

. b 

curve is constant, and sstan" 1 ^ — t^t. 

The evolute is a similar spiral. 
(45.) The polar equation of the involute of the circle, is 

4=0 + sec- 1 -. 

(46.) The tractory : The differential equation is 

d * y= ~(a 2 -y*)i ; 

(a + (a* — y 2 )h 
whence analog, j- | ~" ( a * "-?*)*• 

The evolute of this curve is the catenary. 
+ The equation of the syntractory is 

6 + (6 2 — «/ 2 )* 
a; = a fog, -li *Z « (6*_ y2)l. 
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If b< a, this curve has a point of inflexion, corresponding to 

b.a% 

If 6 > a, there is no point of inflexion, but when y = (afc)*, 
the tangent is perpendicular to the axis. 

If 6 < 0, there is a point of inflexion, when 

— b. a* ,_ » -, 

«= - —-;-. (Peacock* Ex. p. 174.) 

9 (2a + 6)4 v r ' 

« 

(47.) The catenary. Let the curve be referred to its di- 
ameter, and a tangent at the vertex, and let s be the length 
of the arc ; the differential equation is 

(c* + * 2 )i 



dL* = 



9 

s 



whence a? + c = (« 2 + c 2 )*, or s = (a? 2 + 2 c#)*. 
The equations between y and 8 are 

|=io g .-ii_LJ-, .-v(«'— '). 

the equations between at and y are 

<r + c = ^c(€<+e '), 

y , # + c + (# 2 + 2ca?)* 
- — log,- -, . 

c c 

(Whewell, Mech. ill — 3.) 

(48.) The elastic curve. Let the extremities of the elastic line 
be situated in the axis of y, at equal distances from the origin, 
and let a be the angle at which the curve passes through the 
origin; & 2 = — a 2 sin a, and «? 2 = a 2 — ft 2 , then the differential 
equations of the curve are 

, a 2 — c 2 + a? 2 ( 

* y = p3^(^3^^]i ' 

J ° 



(«P-«*)(2^-e^ + ««)|l* 
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t 

Species [l]. Let - be very small: then, neglecting c 5 
and**, we have 

c 2 c 2 . %V2.y 

c 
obtained by series. 



i c 

[2], - < 1. In this case the values of y and 8 can only be 



[3] ~ = 1. In this case cLv= -7-2 irr 5 and 

a ** (a 4 — a? 4 )* 



a 2 
(a 4 -a? 4 )* 



Let / be the length of the curve, and h the distance of the 
extremity of the curve from the origin, then 

, *ai l 2 l l*.3 2 1 a ) 

1/81^ 2 2 2 ^2 2 .4 2 4^ J' 



2 « a i2 «2 



/Si 2 2 1 2 2 2 .4 2 S 4 . J' 



C 



[4] ~>1, and A>0. In this case there is a maximum 

a ' 

ordinate when & = a 2 . sin a. 

{5l - > 1, and isO. In this case the curve returns into 
a 

itself. 

[6] - >1, and A<0. The branches of the curve cross 
a 

each other. 

[7] - =1/2. The axis of y is an asymptote, and the 
equation of the curve is , ' 
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y = — (p* .— **).* + \<> log. 



c + (c 2 - a? 2 )* 



w 



[S] ->a/2. Leto 3 = 2a 2 +^r 2 , then 
a 

a^ — jc 2 — \^ 



- d *# = 



(c 2 -* 8 )(* 8 -# 2 )| r 

g*is the minimum, and c the maximttm, value of #: beyond 
these limits # is impossible. 

y is a maximum, when # = i(c*+g*)] . 

[o] - = oo . In this case the curve is a circle. 
* a * 

(Wheutott, Meeh. Appendix.) 
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Foe a history of the origin and principles of the calculus of 
variations, see (Woodhouse's Isoper. Prob. ; L. C. D. 825~43.) 

(1.) ld a u = dJu- 9 $f x u=fju. 

$d;u = d:$u; tySu^/SSu- 

If u = 0(#, y, t/ 9 y", &c.), then # 

Su > = d,&^0 + dytf^y ■+■ d^uSy' -f &c. 

&c. = &c. 

*d:y-d;Q9 -jf la) + d;+»y.i« ; 
from which 5m may be obtained in terms of 5y and Stc. 

(2.) */. («4f^ y , &c.) . if, F 

+ &c. 

In order that V may be integrable with respect to a?, we 
must have d^P— d^d^P + d/d^F— &c. = 0. 

From this last equation it follows that the quantities 

may always be determined. 

(L. D. C. 456—67 ; L. C. D. 844—53.) 
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28» 



(3.) If r=*<p{x,y,y', y ", kc.f M ^{x,y,y\ &c.)} 

let 5y — t/8x=zw 9 f jf V l ^u 9 and f s d u V=U, then 

j/; r= r$* + {d, r- rf,rf^ r+ d x 2 ^ r- «*.} « 

+ {d^F— &<?.}d, 2 a> 

+ &c. 

\&jr x - d # d^ Fi + dldj„V x - &c.} « 

+ (7 ^ + \df,y x — &c.}d, 2 w 
•f &c. 

-{tfd,r 1 -d*t7d J ,,,r 1 + &c} ft > 

- {.CTd^r V x -d a U.d^ V x + &c.} d, o> 
-{tfd^F 1 -&c.}d, 2 <» 

-/ x {crd y r > -d,cfd^r 1 +d/crd yW r 1 -&c.{ai. 

(L. C. D. 854.) 

(4.) Let F=^> {*>#,*, p, ?, r, t, t 9 ...&c.} 9 

In which p, 9, r, *, *,. «, t>, w, a, 
represent d x x, d y %, d 2 *, d^d,*, d**, d>, d/d y ^r, dX*** d**, 
respectively, and let ft> = $#— pSa? — gSy, then 

$/,/, k= «, K r- d x d„ r + &c j 

+ <!,«> {d, P— &c. } + &c. 
+ d ll m{d„r—kc.\+&c. 

Oo 



29$' extctrtcs or tariatioh*. 

+/M d J~ d A v + dfrV-kc 
-d x d,V + d x d,d„V-kc. 

+d;d,r-kc. 
+fM d , v ~ d * d r v + d?d u r-&c: 

, - d r d, F + d„d 9 d v V- &c. 

+fj y w{d t r-d v d r+kc. 

-d r d w V+kc. 
+ &c. 

-d y d v V+kc. 

+ &c J 

+/,<»{ 4> F- &c. } + &c. 
+j;<C»{«l il F-fcc.}+fcc. 

-d/f f F+rf/^F- kc. 

"+ tf£d, F- &c. 

(L. C. D. 862.) 

Maxima and Minima of Indeterminate Integrals. 

(5.) Since the part (l) of the value of lj s V has been 
obtained by integration, it must be taken between limits : . let 
the values of V y at, y, y' ; &c corresponding to the first limit be 

v i9 *i> Vv y\ ? & c - 

and to the second v 29 w 29 y g , y\ ; &c, then 

- l d jC, F i ~ 4r, d v \ V i + &c - } (ftt ~ y 1 S*i). (8) 

+ { V, v t - & c - } d rA^i - yJ**} 



MAXIMA AND MINIMA OF INDETERMINATE INTEGRALS. 291 

- { d^ V x - &c } . (^{fy, - y\ lw$ 

t 

(6.) If a maximum or minimum value otf x V be required, then 
§J* X F=0, and hence the quantities (2), (3) must be separately 
equal to nothing. Eliminating therefore between (3) and any 
given conditional equations as many as possible of the quantities 
£cj? 15 S# 2 , Sy^ 5y 2 , &c, and making the coefficients of the rest 
severally =0, we may obtain the value required. 

The required result may frequently be more easily obtained 
from the condition 

d,V--d x d tf ,V+d*d ¥ „V--&c* = 0. ' 

(7*) If in addition to the condition U^maatimum oxmintmum^ 
we bave also' U Q = 0, then .5 U 2 = 0, Both these conditions may 
be expressed by the Equation 

a being a constant to be determined 'by the nature of the ques- 
tion. From this equation $# r , $w 2 &e. must be eliminated, as 
in the preceding case. 

Similarly if the condition (7 S =0 be also given, then 

i 

and so on for any number of independent conditional equations. 

{Airy % Math. Tracts^ 
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Direct Method of Differences. 

(1.) &s(\+%+kc.+ n u,+c<mat.) = A x 1 u,+ hc.+A x n u x . * 

A^.u^aA^ if a is either independent of w, or such 
a function of x 9 that its value is not changed, when w becomes 

9+1. 



A j. — ss *-— . . 



A. 



w *+«+l"- w # 



(L. D. C 497, 8 ; Tr. I. App. 342, 3.) 

(2.) Successive differences. 

A,(%a/ n +a n ^ l of t ' 1 +kc. + a t w + a)^na H a^^ x + ba^' 2 + kc, 
£/(«„«*+«»- ^"Hfcc. + a x w + a) =*n(n— l)^^" 8 + &c. 

&c. = &c 

A2(a n ai H +a nm . l ar~ l +&c. + a x x + a)=z 1.2.3.. .n.a n ; 

from which it appears that the n th difference of an algebraic 
function of n dimensions is constant, and therefore that the 
differences of all orders superior to the n m are equal to 

nothing. 



tffcM* 



bm^m"** + C(mst ' = S M & x m U x * 
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&c. = &c. 

» „ n(»— l) A 4 . - 



= (1 + A,)> 



x* 



(#+n)* (#+»— 1)*+ — -(* + n — 2)" — &c.=:l.2.3...n. 

A'O"^**" 1 (»— 1)* + — -{n— 2) w + &c. * 

l v ' 1,2 

l v ' 1.5 v ' 



|m— 1 

n+l 



*«.+.=s»|i»_.Ar 1 5«.- 



m-l 



* Aj > ^ = S r (-l) r-l -l=i_(^ + n-r+l) m . 

|r— 1 

it 12. 

* A"^ = S r (- l) r " * - 1 (n - r + l) m , 

« (-iV- 1 (n-r + l) m 
or A":0» = SA 



)r — 1 |n— r + 
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(3) A,X^..-'«;={(H- 1 A)(l-h c A)..-(l-f w A)-l } .H^X- 1 "*- 
in which ^A, &c. are merely used to denote that *t£,, &c. are to 
be respectively annexed to them after the expansion. " 

A? l u,*u ..■*.= {0 + 1 A,)(1 + 2 A,)...(l + W A W )-1 )*VV% 
(TV. L. App. 344—56 ; L. 2). C 499 — 507 ; L. C. D. 882 — 7-) 

(4.) Series involving the differences and differential coefficients 
of a function. 

Ill 

A.» x = - d,u H df «. + d?u M + &c- * 

* * 1 * * 1.2 * * K2.3 * *• 

= (€** — 1)W,. 

A>,=(€ d — l)"*v v 

= e*Vte„. 
«*,««,= A,«, - £ A X + £ A?«, - &c. * 

=log,(l + A x )tt^. 
<*>,= {log.(l + A,)}"«,- • 

-(TV. L. App. 357 — 61 ; L. C D. 929 — 38.) 



m m m-r,r 



A,P/«,=S r Q.,(XA,X): 

this notation will be explained in the Appendix. 
* A^ = S m d, m :«^ 



co A m f/ 

* dx-s.w— 'a-.Ar-x* k-,= ( ~2~~V 

TIE' 



* A> J =S»A , o" + - 1 .«!, ,w - 1 :«,. 
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FoNCTfONS OF TWO OE MOKE VARIABLES,. 

(5.) A^w^A^.+ A^ + A.A,*,,,. 

= { (1 + A,)(l + A,).- lK„. 
A,*",,, = { + A »)(l + A y ) - 1 }»w,^ (Z. CD. 919, 20.) 
A* u 

x lf x v ► . . x m x v x % . ,.x m x 

m 

= { (1 + A Xi )(I + A, s )„.(l + A, m ) - l }*u Xia% _ Xm . 

»' »(»— 1) _ 

",+«„+» = ",* + j A^n^ + ^ . g Aj>,„ + &c. 

^"^ = (e d — 1)". <* d *- l)*«,*r 

(7V. Z. App f 362 — 6 ; L. C. D. 919, 20 ; S3, 4.) 

Jnteupolation of Series. 

(6.) Let u 9 u 19 u^ &c. u n , and v 9 v l9 t? g , &c. v n9 be corres- 
ponding known values of u and v 9 in the equation u = <p(v) 9 
in which the form of the function <f> is unknown, and let it 
be required to determine the value of u x9 corresponding to 
any proposed value v x , which is either between the limits v, v n9 



^ » m+1 
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or very near to one of them. Let v r be the value of v preceding' 
v x9 then if the intervals between the values of v are small, we 
may assume 

which equation, when arranged according to powers of v^ 
becomes u x = 6 + b x v x + 6 2 trf + &c. + 6^0 *, 

in which 6, b l9 &c. remain to be determined. We have the 
n + 1 equations 

u = & + 6 1 tr + 6 2 i>* + &c. + &„«% 

«, = 6 + ftjfjj + 6 4 t>,* + &c. + b n v ,", 

&c. &c. 

ft, = 6 + 6^ + &,«,? + &C. + b n vf. 

Let !tZ!f -j, !^» mJv fce. ^^T^ri .4^. 
ilZi =5, iszAl «*„ &c. 4.-i-4-i ^^ i; 



1 """ •* * ™" 1 •* ft, 

— — —— — «•> ^j — — — — — «•> (/.j OCC* 



•» — * «4— «» 



then b = u — J.v + B.vv^ — C.vv t v t + Stc. 

b t as ^ — 5(« + «j) + C(«t)! + ««, + « l «j) — &c. 
b s = B — C(v + v t + e 4 ) + &c. 

and u x — u + A (v t — v) + B(v x — v)(v x — »,) 

The value of « x may likewise be put under the form 
v (««-«i)fa-«t) • • • («,-» J u | (g,-P)(P»-Oa) -(o.-O -^ 

, («» - t>)(t>, - t>J . . . (t>, - g n ) ■ 

+ 7 —. r ; r • «*« + «C. 
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(7) Let i*! •- 1? as t?g — ^ =* &c. ** 2>v, then t x ** t> + #Di>, 

and J- D ' U A D * U * ^ 

by substituting these values in (l) we obtain 

l.D» l.s.ZV * 

of *, = «+_. D wW + _!u £ Z)* w + & c . 

(8.) If t>, = a?, ancT »=2w, let the values of u be 

theft «,-« + j.i(A»»+A,«- 1 )+2^^2..i(Aj» -1 +A.»f»^) 
+ 1.2.3 4.5 •i(^"- 8 + A/«. 5 ) + &c. 

1.2 ' ' 1.3.3.4 "* w -* 

+ 1.2.3.4.5.6 J A:«., + fcc 
If » = 2wi- 1, let the values of w be 

then «,=|(« t + «_ x ) + -£1- . i(A/«_ x + A>_,) 

(«*-l*)(a*-S*) , > 
+ — mXs" — * * (A >~ » + A * "-«) + &c- 

(TV. £. App. 4©1— q r /,. C. 2>. 898—0OT.) 
Pr 
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(9.) If u SiV is a function of two variables, then 

a? A x(x — 1) A 2 a?(a?— l)(a? — 2) ' 



V #-V x(x — l)-0 A « A 

+ 212; ^ A 2 W + -^ { A x A> 

1.2 * 1.1. 2 x y 

+ y(y " l)(y " 2) A> + 8 E c. « 

1.2.3 * 

(L. C. D. 914, 5.) 

V 

Application of the Calculus of Differences 

to Trigonometry. 

(10.) Differences of the trigonometrical lines. 
D, sitia? = 2sin^Da?.cos(a?4- \Dx). . 
D x cos a? = — 2 sin -^ Da? . sin (a? -f ^ Dx). 
_ sin Da? 

D x tana? = t — -r- 

. cos a?. cos (a? + Da?) 

_ * — sin Da? 

D,Cota?=- — — , -., . * 

sin a?. sin (a? + Da?) 

D x (sin a?) 2 = sin Da? . sin (2 a? + Dai). 

D x (cos a?) 2 = — sin Da? . sin (2 a? -f Da?). 

_ „ - sin Da?, sin (2a? + Dx) 
D,(tana?) 2 = v ' 



(cos a?) 2 , {cos (a? + Da?) } 2 

% sin Da?. sin (2a? -f Da?) 

D,(cota?) = - (^^.{gin^^^a?)} 2 ' 

(L. C. D. 892 ; Co#w. Trig. 212 — S3.) 



» m+l l/p It/ 
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(11.) The variation of triangles. Let X 9 F, be respectively 
functions of a?, y 9 any parts of a triangle, and let JC=mY; 
then from a given error in one, to determine the corresponding 
error in the other, we have 

1.2 * 1.2.3 * . 

= m {Dy.d v Y+yQ-.d?Y+kc. * 

1 * y 1.2 v 

All terms except the first may in most cases be neglected, 
then Doo.d 9 X—mJ)y.d y Y. 

If great accuracy be requisite, the relation between Dob and 
Dy may be determined by the solution of the quadratic 
equation 

Dx.d s X+%(Dxy.dlX=m{Dy.d y Y+\(D y y.djY). 

(Woodh. Trig. Ch. xiii.) 

(12.) Corresponding variations of plane triangles. 

[l] Let A 9 c be invariable ; then Z>J5= — DC, and 
Dh : sinDB :: a : sin (C + DC), 

« . ^, _ _ sinC 

:: a + Da : suit; rf 6 JS= . 

a 

\Da : \2Xi\DB :: a + \Da : tan (C + $DC) 9 

in • i t^t> sin(C + DC) jn tanC 

£Da : smlDB :: a : ^- — r^-; dJS = . 

* * cos(C + £DC) a a 

Da : Db :: cos(C + £DC) : cos ^DC ; d 6 a — cosC. 

[2] Let A 9 a, be invariable ; then DB = — DC, and 

in • 1 T\n sin C tan C 

\Dc : sin 4DC :: e : — — , _ : «IC = — — . 

2 2 cos(C + ^DC) c c 

2)6 : -De :: cos(B+$DB) : cos(C+£DC); d c 6 = - ^j\ 



* S n (Da ? ) w - 1 ;dr 1 ^=w{S r (Dy) r - 1 .<- 1 :F}. 
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[s] Let b 9 c, be invariable ; then 
tan ^DB : tan £ DC :: tan(£ + £2)J?) : Um(C + %DC); 

-\Da : tan£2)i? :: a+$Da: cot(C + £2>C); 

cot C 



d.B=- 



-**■ 



a 



-sin £2X4 : sin £2)5 :: a + ±Da : b. cos (C + ±DC); 

b „ 
d A B= cosC. 

l 
sin £2) J : \Da :: cos£2)B : &.sin(C + £2)C); d a A*= . . 

(Cagr*. Trig. 632 — 67.) 
(13.) Corresponding variations of spherical triangles. 

[l] Let 4y c> be invariable ; then 

sin Db : sin DB :: sin (a + Da) : sinC :: sin a : sin (C+2)C), 

:: sin a . sin (a + Da) : sin c. sin^4, 

:: sinc.sin^f : sinC.sin(C+2>C); d b B=-. — *. 

sina 

If A, or c = 90°, then 
sin 2)6 : sin 2)2? :: sin&.cos(6 + 2)fr) : sin B. cos (B + DB); 

sin 9 5 

t»n£Z>ft : — sin^JDC :: tan (a + £Z>a) : sin (C + $DC); 

tana 
sin£2>a : tan £2)5 :: sin (a + £2) a) : tan (C + £2)C) ; 

tanC 



<*„*= 



sin a 
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If A = 90°, then 

sin|JD6 : — lain DC :: « — tt — =-=— - : sin(C + DC). cos C; 
• * ' cos (o -}- $x>fc) v , 

, ^ sin2C 

^ 2tan6 

^ sin Da : sin^JDJff :: sin (o + Do) cos a 



cos JB 



, _ 2cot5 
d jB== 

a • ~. 

sin 2 a 



sin (5 + \DB) ' 



If ca= 90°, then 

sinlDft : IsmDC :: . J*** , : sin(C + DC)cosC; 
* * sin (b + ^Db) v / 

, ^ sin2C 
6 2 cot b 

— IsinJDa : sin I DB :: sin (a + Da) cos a : — —7= — i-fr^ ; 
* * ' ' cos(B + $DB) 

2tanjff 

sm2a 

tan^Da : — tan^JDC :: tm(a + £Da) : tan(C + £DC); 

tanC 



d„C± 



tana 



cot iff tan B 

If J = 90°, thend a C = : ; ifc = 90°, d a C= -: . 

sin a sin a 

tan \Db : tan ^Da :: cos \DC : cos (C + ^2>C) ; e^a == cos C . 

tan £2)2? : — \m\DC :: cos ^Dl : cos (a + £2) a); 

d B C= —cos a. 
If A = 90°, then 

cos 6 cos a 

dn *** : Sin * 2)a ' : m(t + tm) : 8 in(a + ii?a) ; 

cot a 
coto 
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. i »>« . i *„ sinJB cosC 

^DB : -smlDC :: ca|(J + i>pji) : ^c + ^DQ 1 

B tan B 

If c = 90°, then 

. lm . ln sin6 cosa 

sin £2)6 : — sin*J0a :: — — r-— - : -r— -, , ^ x ; 

2 2 cos (b + ^Db) - sm(a + pa) 

j cot a 

tan 6 

. . __ . , _ _ cos 2? cosC 

sm $ DB : Sm * DC : sin(fl + |Dl?) : 8 in(C + iDC) ; 

* tani? 
[2] Let Jf, a, be invariable ; then 

CO8C 

-tan£DB : tan£Z>C :: !^+M9 s «» <« + *!>«) . 
* * cos^ZJo cos-gDc 

cos c 
coso 

•in • 1 nn sinc sinC 

2 * cos (c + £Z>c) cos (C + ^DC) 

tanC 



e£.C = 



e£.5=- 



tanc 
cos ft. tan C 



sinc 
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If A = 90°, then 



$mj>Db : sm-kDc :: -7—77 — , - tv : -7—7^ — , ' ; 
2 2 sin (6 + £ Db) sin (c + \Dc) 



cote 



cot b 

cose 



— sin DB : sin Z><? ;: cos 6 : cos (c + Z>c); cLC= — 

coso 

isinDc : — sin4Z>2? :: sin c. cos (c + Z>c) : . ._ — i - ^^v ; 
* * v y sin (5 + £DjB) 

2coti* 

d e B= ;— — . 

sin 2c 

If a = 90°, then 

- cos C 

— sinJDft : sinDc ;: cosB : cos (C + DC) ; d ft c= -. 

cos 5 

. lnD • 1™ cosB coa(C + DC) 

* * *ul(B + \DB) £n(C + \DC) 

J ' cotC 

d B C=~ -TTT. 

B cotB 

cos c 

sinlDc : — ± sin DB :: -7—7 ,' v : sin2?.cos(2? + Z)2f); 

2 2 sin (c + ^Dc) v ' 

, ^ sin 2 5 

2cotc 
[3] Let 6, c, be invariable ; then 
tan^DB : tan^DC :: tan(B + £Z>J») : tfm(C + ±DC); 

tanC 

a C = — . 

* tanB 
-sin^Da : Um^DB :: sin(a + £Z)a) : cot (C + \DC) ; 

sin a 
sin^DJ : sin^Da :: sin(a+£Da) : sin6.sinc.sin(J+^DJ); 

d A = — : — j, • 

sine, sin if 
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-siniDJ • tanlDB « ^H^}' '. *(J+jlM).*iC . 
■"♦^ * tan * X ' / ' " sina.aint ' siriJ. tan (C +£*><?> 



— sin a 



sin 6. oos C 



* * 



If c = 90°, then 

cos C 

A sin Da : sin X DC :: sin (a + Da), cos a : . — rr^; 
* * \ / sin (C + $DC) 

2cotC 

d a C=-r— : 
sin 2a 

.**>, .i»v c 08 * cosa 

sin&DJ : sin ±Da :: . — , - , x : -7-7 — TTTT^ ; 
2 * sm(J + £DJ) sin (a + £Da) 

, . cot A 
d a A=——: 
•cot a 

sin ^4 
sin*D,< : £sinD2* :: ^^^ : sin2*.cos(B + D20 ; 

2tan4 

' Sin 25 

— sinDA : sin DC :: sin (a + Da) : cos 2?; d,A= r— ^ • 

can a 

[4] Let 5, C, be invariable, then 

tan c 
tan^Dft : tan^Dc : tan(6+£Dfc) : tan (c+£Dc); fy=*T—r- 

ftni A 

%xa\DA : Um^Db •. sin(A+$DJ) :cot(c+$Dc); d^A= . 

dn\DA : sin£0a : sin(a + £2>a) : m . (J J"*^° ; 

rf a ^ » gin B. sine. 

*,*!»• : tan£2» : ^H^)P : ^_ti^_«. 
9 * an J. son B sm<r.tita(e + £.Be) 

sin D. cose 



d.b = 



sin J 
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If C = 90°, then 
^ sin DA : sin^Dc :: sin ( A + DA) cos A : — 



_ . sin 2 J 

diAzs — t r- 

2 cot 6 



sin (b + ££&) * 



"&■ 



• 1 iw ' • 1 n COS J COS O 

* * sin (J + £#^) 8in(a + ^Da) 

cot a 

• 

sin A/) a : lainDft :: ^ T ■ v : sin 6. cos (6 + Z> 6); 

8 * cos(a + £Z>a) v '* 

sin 26 

o= . 

2 tan a 

sinDa : sinDc :: sin (a + Da), cos a : sin (c + Dc) cose; 

, sin 2c 
sm2a 

(Cagnoli, Trig. 1213 — 1420.) 

Construction of Logarithmic and Trigonometrical 

Tables. 

(14.) Logarithmic series. 

2>.fcg,.- - -i( T ) + i(v) -** V ;. • 



l>«kg..— {(-^)-«(^)+fcc}. 



73 



(_1)*-* ,Qw 



° W/ f» + 1 \ d7 / 

• 
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2>, 3 log,ar = 2^— \ _&c. 

If Da is small, these terms will be sufficient ; the following 
series are however still more convergent : 

** i {Da . / Da \ 3 i / Da \ 4 ) . 

«>*—• {*(*K) , +*fc3fe?*sfc&) , H • 

Two terms of the first series, and the first term of the 
second, will, in most cases.be sufficient: if #=10000, and 
Da == 1, the common logarithms will be exact to fifteen 
decimal places. 

(C^fn. Trig. 872 — 91 ; L. C. D. 889, 90.) 

(15.) The sines of arcs for intervals of a degree having been 
found by preceding methods, (Trig. 42 — 5.) the sines for 
minutes may be more easily found by differences: any two 
differences having been Tound, the others may be determined 
by the equation 

2>*sinar«= - (2 sin \ D af . \D?~ l sin* 4- 2>,*- 2 sin a}. 

(16.) The series of differences for any given intervals having 
been found, the differences for smaller intervals may be found 
by the following general method : let a be the larger interval, y 
the smaller, and let a=py 9 then 







* 6 m 2w — 1 \%a + Da) 



2*»-l 



' «•*« -*•= fcSb)- • 

(Da>) m 



v .D.log.-Wlog.-'tf.S, 



I* 
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' p * 2p* ' 6j>* * 

(p-i)(«f-i)(»f-0 j4 

24>p* * 

(p-lX9p-l)(8p-l)(*p-l) Dt fc( . 

120p* * 

^(p-l)(g P -l)(5 P -3) 

12j>* 
~« * -», S(p— 1) _ , (p— 1)(7P — 5). . „ 
' p* ip* 4j>*' 

these differences, which are given as far as the 5 th order, are 
quite sufficient for the calculation of tables, 

(17.) Z>>=± A *°* d*u\Dx)» 

A"o* +1 

d;^w,(Dzr)« +1 + &c. y 



1.2...(n+l) 

In this series, the values of d, n w, &c. and Da? must be determined 
ip each particular case : for intervals of l', 

Z)<27 = 6,0002908 8 82086^572 1596, &c. 
The values of will be the same in every case ; these 

1.2... 191 

for all values of m and n 9 from 1 to 12 inclusive, are given in 
the annexed table: 
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Table of the valufes of , m and n being ^ 12. 

1 . 2;..w 
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1^ log, sin* =2 J . ; ; 

(sin (# -f ##) 



(18.) If the log. sines be calculated for large intervals, as for 
every 10°, the differences for every degree may be thus found i 

(sin (a? -}- Dai) — sin a 

4- sin x ' ■ 

, /sin (# 4- Z>#) — sin*\ 3 „ * 
+ 4( . \ , _ ; r— ) + fcc.l, 

a Vsm (a? + ZJ#) + sin a?/ J 

12 sin* 4- D, sin* s \2sin*4--D,sin*/ J 



2 



Ar log, On* as — 2 J- zr-^ t =r^T 

* % & t(cos2)*) 2 4vCos(2*4-Z>*) 

^*\(cosZ)*) 2 4-cos(2*4-Z>*)/ ^^j' 
this series converges very rapidly. 

(Erie. Met. Trig. 19*— 209 ; L. C J). 893 — 6.) 

Inverse Method of Differences. 
(19.) Integration of algebraical functions. 
2a.Aa.te, = u x 4- cow**. 

2 x a.w a . = a2. r w a .; if a is either independent of *, or such 
A function of *, that a x = a x + r 

2, { *u m + *u x + &c + X} = V™* 4- 2,X 4- &c. 4- 2/«v . 

\(u .& x v,) = u M .v,-2, s v x + 1 .A it u M . 

Let w,«4 + &*> then 



^„* tt 4- -4„ -!*""" 1 + &c 4- -4 X * 4- A 



The fraction 



»#•*•+!•••■•• •»#+« + ! 
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in which the numerator is at least two dimensions lower than 
the denominator, may be decomposed into integrable fractions 
by assuming 

J H x* + A n _ 1 a?*- 1 + &c. + A x x + A 
= 2* + B^u, -f B 2 .u M . u 9+1 + &c. + B n .u M .u M+1 ...u M + n - 19 
developing the latter quantity in powers of w, and equating 
coefficients. 

(20.) 2,1= a? + co*w*, 

2,# =•£#(# — 1) -f const. 

2*0* = £. J.,r(# — l)(2# — 1) + const. 

*2 M aP = £ar*(a}—iy + con8t. 

&c. = &c. 

2 J .tf , " = 4a?* + — .— a?*" 1 

m + 1 * 2.3 2 • 

1 ™(m-l)(m-2)^_. 1 »(»-l)...(m-4) _ | 



a**- 3 4 .— ^ — - — ^-o?* 



2.3.5 2.3 .4 2.3.7 2 . 3 

2.3.5*2 . 3 ... 8 2.3.11*2 . 3 ... 10 

_ 691 *»-("»- lO) ^.,! ■ JT m...(m-12) ^ -18 

2.3.5.7.13 2... 12 2.3 # 2... 14 

3617 m(m— l)...(m— 14) _ 1Jt o 



2.3.5.17 2 • 3 ... 16 
(Tr. X. App. 368 — 72 ; L. C. 2>. 9*S — 54 ; L. D. C. 516—23.) 

(21.) The numerical coefficients of a?"*" 1 , a?*- 3 , &c. are the 
numbers of Bernoulli ; let them be represented by g 2 , g 4 , &c. 
respectively, then 



• 2^= 



** +1 i ^ S & 



w+1 » r (?r L_ 
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j* I i *> - ' 6.5.4 

&c. &c. 

1 , m ^ m(m— l)(m — 2)^ 

w*+l*2 2 2.3.4 * 

*y»(ro-l)...(m-4) g»(m-l)...Q»--6) fcg ^ 
2.3... 6 6 2 . 3 ... -8 ^ 

(Moivre, Miscell. Anal. Supp. p. 6.) 

C 8m is the coefficient of in the expansion of - — , or 

1.2. 3. ..2m €—1 

*» — V— 2 ; 2*"(2*»— 1) * * 1 ' 

+ (3 2m - 1 -&C.)-&C.}. * 

— d**-^— . (Tr. £,. App. 408.) 

(22.) Integration of exponential functions. 



a* 



a— l 

_ . sin («a? + 4)0 

2,cos#0 = : — =-=£— + const. 

2sm£d 

S,sin^0= . ,y ■ + const. 

2sin£0 

« • , v^ sin (a + # + 1.6)0 

2Lcos(a + 6#)0 = -• . . * \- const. 

v . 2 sin £60 

. , , v^ cos (a + # + 1.6)0 

2, sin (a + 6#)0 = \ . ' T, « ' + con**. 

* v ' 2 sin £60 



6 ^t-**'* 1 . K-i-t I; 



n 
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ry *' o-l («-l)* («-!)' 

Let 6 . o* + c = «,, then 

a 



6(o»+i_l) 



a* ll 

2. = const. — 77— — : r . • 

M »»,+x"-«,+i.-i 6(o"-» — 1) «,.«,_!...«,+,_„ 

(7V. L. App. SIS— 5 ; Z,. C. D. 955—60.) 

(23.) 2,(« # .«,)=«,.2,«.-2,(A,«..2,i>, +1 ), 

= «,.2,tp,- A,«,.2X+i + A>,.2*», +18 - &c. 

+ (-i)»-}Ar , «,.2>, + .-,-s.(A>A\ + Jh * 

= «.Z,», - A,»,(2>, + 2,«,) 
+ A>, (2>, + 2 2>, + 2,«.) - &c 

2,*(«,.«,)=«,.2*t),-2A,«,.2, 8 i',+i + sAX:2/t>, +2 -&c. 

+ (-l)»- 1 nA;- 1 «,.2; +1 », +< ,_ 1 

- (-i)-ms/(a;«,.2>, +) j +»2,(a>,.2;+s>, + .)}. 

&c. = &c. 

2;(«,. v ,)=«,.2>,- 1 a,«,.2; +1 ^+ ^t^ AX.2; +, »^ 

• >.. , n(n + l).;.(n + r— 2) . ' , _... . 
1.2... (r— 1) 



« 2,(«,.t>,) = S,.(-l)— '.A,*: 1 *,.^,,.., 

+ (-l)".2,(A;« x .2,-t>, +B ). 
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n 



+ (-i)»{2;(a>,.2,»^ +b ) + i -.2;- 1 (A>,.2; +1 t», +ll ) 



+ &c. + 



n(n + !)...(» + r — 2) 



^(A.x-sr+'-s+j • 



i « 



1.8 ... (r— 1) 

(7V. L. App. S76, 7 ; £. C. D. 959 — 62.) 



(24.) 2,« x =/*,-£«,+ |d,«,+.|.^ + &c. 
= (e^-l)- l «,. » 

S x (6*.«J = 6*(fe. e <'x_i)-ia # . « 

2, n (6*.«,) = ft'(ft.e rf *-l)-».«,. 

(TV. L. App. 378 ; L. CD. 96s — 80.) 



•STto-o-sj-ir- 1 . 



|^4-r — 2 



r- 1 



r— 1 



A, m - 1 ^,.2; +ro - 1 



«J 



x + OT*-! 



+ (-i)"S^i=i 



|n + « — 



5—1 



2 r T* + 1 /A» 



(A>..2L' + -'«U.). 



C, 



5 3.«,=/«.-i«. + S, 8 =g.«l«»- 1 :«..- 



= S„« < "- 1 a- 1 .dj"-*« 



'*» 



h- i= i7}- 



* 2,(y.«,) = 6*.S n V- 1 o- 1 .6 M - 8 d, m - 4 »,5 { a --i = p} 



Re 
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Equations of Differences. 

(25.) The complete integral of an equation of differences of 
the n* order 

O=0(jr, f*„, w, +1 , &c. w x+ J 

must contain n independent arbitrary constants. 

(26.) The general equation of the first order and degree is 

Let tt,=0 # .a 1 .a 2 ...a,_ 1 =v # .P w (a lll ), * 
then^+j-^P^aJssft,, or A x v M .T m (aJt=b M ; 

.-. tt, = P m (Ofe* , * + con**>). 

1 P.CO J 

(7V. Zr. App. 379 — 81 ; Z. C. 2). 1038.) 

(27*) The general equation of the n* order and first degree is 

",+» + V«.+.-i + f «.-««+*-t + &c + •«*..«.=&.; (l) 
the integration of which is reducible to that of the equation 

which latter equation is always integrable if n— 1 particular 
integrals can be obtained ; and if m particular integrals can be 
obtained, it may be reduced to an equation of the (n — m)* 
order. The general method may, to avoid complexity, be 
illustrated by its application to the equation 

Let this equation be obtained by elimination from the 
equations 

^x+i+Vtt^X, (3) 



* See Appendix. 
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thtb Hi^^+i + ^ + V,, 

J 

X= 1 «»+i- 2 ««+i + Vm-**. + V 3 «*> (*) 

From (3), «. - J?,<- »«J hc + V, v~^ } , 

1 «^P m ('K)VC+\ m u * }, (5) 

1 P.(-^j' 



*-l 



( P. 



(- s «j' 



in «hich *(?, 'C, and *C are arbitrary constants. 

From these equations we may obtain by. elimination 

u,= 1 c. 1 u x + t c.*u 1 ,+ i c. a u lt + v„ 

in which l U a =*J* m (- J vJ, 

s ^ = P M (- l O-2,?=^ ^, (6) 

P.C- 1 *-) 

t 

P-C-X.) P-(-*0 



*-l «-l 



r.=?.(-^. S ,{?^U{?^!a*^A_}} . 

'P.C-'oJ « , ,(-*0 P.(-«OH 

If 6„ = 0, then F, = 0, and the equation 

is the complete integral of 
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If this equation is known, then x t>;, V,, &c. may be deter- 
mined, for from (6) 



»» - 



'ff.+i 






6 



{*U i ' 



&C. xs &C. 

these quantities being substituted in V x9 and the result added 
to the complete integral of (2), the complete integral of (l) 
will be obtained. 

If n — 1 of the quantities U* are known, the rt*Tnay b$ 
.obtained from the equations (3). 

(28.) If the coefficients of (2) are constant, that equation will 
be satisfied by assuming u^e*; then, dividing by e*, we have 

Let e 19 e g , &c. c w , be the roots of this equation, then 

u s = *C. «f + 8 C . «f + &c. + "C.< 

is the complete integral required. 

If any of the quantities e^ e 2 , &c. are equal, or impossible, 
the changes which take place in the vglue of u 9 are analogous, 
to those in {Int. Calc. 43.) 

(29.) If we wish to extend the integral of (2) to (l), then 

* * n 1 + + *a + &c. + n a 

(TV. Z. App. 382 — 5; Z. C Z>. 1036—52.) 

(30.) An equation of the second order and first degree 

may be thus solved : assume 

-*a x 



»* = V P» (- '«*■)» and c x + 2 == j— T 



«*• °*-i 
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then ^+2-^-n-^+a-^ = °5 CO 

an d -2S- =1+ JSt-aH- ^L.Jzz±=&lc. 



*=* + 



i +^i+&c...yi + C,-' 



Vt-1 



being constant, and assumed equal to unity. Let this 

continued fraction be represented by F(c x ), then will 
P m {F(0} be a particular integral of v, in (2), and 

^-P- W<w,) }.{c+ >c.*X C, "^( J ) ' 

*<7 and 2 C being arbitrary constants: this value of v 9 multiplied 

x-2 

by P w ( — 'O will give the required value of w,. From this 
the value of u s in the equation 

may be obtained : the result is 

•».-P.{- 1 ««r* , (««+ t )}x 

in which a constant must be added after each integration. 

(31.) The equation of the second degree, 

**+i-*«— <*u x+1 +bu x + c=*0, * (1) 
in which the coefficients are constant, may be reduced to 

v x+a + (a + b)v x+1 + (ab + c)v x =0, (2) 

by assuming u x = -^il + a; let the complete integral of (2) be 



s, 
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and let — = Ar, then the integral of (l) is 
c i 

e? 1 + k.e* 1 
«*= -^ -7-4-0. 

If 6 = a, and c = l, then 

«*, = tan {(# + eon**.). tan"" 1 (—a)"" 1 }. 

The equation u x + t .u x + a x .u x + x + 6,. t*, + Cj=0, 
may be reduced to 

by assuming w # = -^ii — a 9 : let V,, *« # , be the two particular 
integrals of (l), then 

H> # + *.<*, 
(32.) The equation of the third degree 

may, by assuming u 9 = tanv x .\/a 9 be reduced to 

the complete integral of which is 

t* # =c 1 .cos-|-ir.» + c 2 .sin|-9r.0, 
then w x =^«.tan(c 1 .cos|-ir.^ + c 2 .sin|-9r.^). 

(TV. i. App. 386; Mem. Jnalyt. Soc. 1813. pp. 84—95.) 

Equations of Mixed Differences. 

(33.) Equations of mixed differences, in which u x9 &*+,, &c. 
and their differential coefficients do not exceed the first degree, 
and in which the coefficients are constant, may be rendered 
integrable by assuming u x = v x + k: the equation 

w, + au x + 1 + bd x u x + ed,t* x+1 +/=0, 
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/ 

may by assuming w,=t>, — be reduced to 

which is satisfied by putting v x = d cx , and e l9 e 2 , &c. being the 

roots of the equation 

1 -r«e*-f bk + ck #•=()> 

f 
u s *= ^.c* + 2 c.e 8 * + &c. — 



1 +a 
The equation 

may be thus reduced to an integrable form : let u x — x s .v x , in 
which z x is determined by the differential equation . 

from which we obtain *,= -, then the proposed equation 

1 -p 06 

becomes ^* + ^*+i"" d,t?, + c = 0. 

(34.) The equation 

raay, by assuming w, +1 + a M .u M =Bv, 9 be reduced to 
d,v 9 + b s .v m =e, + (d s a a + a x .b x -c s )u„ 

which becomes 

d # # + &,.«, = «„ if d>, + o,.6,-^c, = 0: 
if this latter condition is not satisfied, assume 

then *,= ^^■W > 

ox 

and «*, +1 = ; 

and if — ~ — = a x9 — #,+i= c *> 

8* Sx 

*s + 1 "T 2 """ e * 9 

8* 
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the equation « x +i + #,•«,=©, becomes 

which is of the same form as the original equation, and with 
which the same transformation may be repeated, until we 
arrive at an equation in which 

<*,*r + <V&,--c # ==0, 
when this condition is satisfied, a value of t>, may be determined 
from the equation d a v a + 6,. v s = e g9 

and from that, by successive substitutions, the value of u,* 

If we begin by assuming 

the above transformations may be effected in an inverse order: 
the steps of the operation are analogous to the preceding. 

The values of x obtained by the first method are 

u,=J a + B,.c + C M .p„ if g, = 0, 

u.- l J. + l B..e + 1 C,.p. + l E a .4.p„ if ^,^0; 
&c. &c. 

and those obtained by the second are 

u x =J t + B )t .c + C x f x Q x .p x , if g M —0 y 

u,=*A, + *B,.c+}CjS<i..p x + l e,fSR,.p„ if ^,=0; 
&c. &c. . 

in which p is any periodic function. 

(TV. L. 387, 8 ; L. C D. 1256 — 63.) 

Summation of Series. 
(35.) Let u x + u 2 + &c. + u x be represented by & m u m , then 

Sm^m = S,«^! + const = 2,w, +1 - S,^^ + ^ 
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(36.) S,(-l)— >.n- 

v 1 «S5 x*JS««y«4? 



(2 6 -i)$ 



6 



fli(m— l),..(ro— 4) at*~ 5 + &c.[ + co»*#. 



jr 



I 'u-i, i &•• 



m am + b a * 2 (aoo + b) 2 (aa? + ft) 2 

+ -7 — ,, 4 — &c. 4- CO»fitf. - * 
4(aa? + fr) 4 



r* 1 (w— l)^- 1 2#"» 2ctT +1 

2.5.4a?~+ 3 



— be, + const y 



S„log,m=£log,2,r + 0» + £)log,a>-tf + -%- — —-*-= + &C 

(L. C. D. 990 — 10Q8.) 

■ " ■ ■ . . . , h „ i 

+ const. 

* S w -j-r=>g.6+ * , „ +S.(-ir Qtm 



atn + b a ° 2(a# + fc) 2m(aa? + &)*"• 

* 1 1 1 * C 



' S w log, m =£ log, 2 *■ + (# + £) log, a? -# 

+s„(-i)— *. 



«2m 



2m(2m— l)^ 8 *- 1 

Ss 
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(37.) The two following series will be found very useful in 
rendering the general term of a series integrable. 

+ 7 2g- r } (* - «i)(* ~, «*) + &C. 

(«»-«l)(«5-««)i 
, ( »(«») 

L 0(«g) 



("* - «»)(«* - «s) — («« - «.) 



+ &C. 



+ f« «v« wi" r« — « — a (*-«0(*--«J»' (*-«■- 1)- 
w.— ^iX**..— w ») • • • l«*»— **• - 1) > 

Let » # =A<» + fc, *S =l> 

S l — a 1 + a i + &c. + a n , S t ^a t a t + a x a t + a t a 3 + &c. 
Sec. — fee. ' ' ^• sa i< I l M.a ll ; then 

+ ^. l t*,{A0.5' ) ,. l -A0*.5 l ,. !8 + A0». < y n _,-&c.} 

l«z 

+ IXi ,W *' W#+1 ' w * +2 * A5 ° S " y — 3- &c.} + &c. « 

(Herschel, Em. 165, 24.) 



■■ • ... " *. 



M 



p« (".+0 



n n A n ~ ,,, *m n-m+1 »-m-#+l,f» 

=A-.P r (« r ) + S„,^-.P r K^_ 1 ).S.(-ir , .A-cr^- 1 .C,(o,). 
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(38.) Recurring series. The general form of a recurring 
series is 

» 
by the integration of which the general term maybe obtained, 
and thence the sum of the series. 

By the following method the sum of a series may be ob- 
tained from its equation, without knowing the general term : 
for w write a? + l, and substitute 

t*, +tt . m + A,u k+W . m for t*, +lt j m+1> 

then (1) becomes 

= aA,«, + , + (a + <*!> A.«, +w _ j + &c. 

+ (o + Oj + Sec. + a n _^ A,w. +1 + (a + a t + &c. + <0«, +1 , 

.••. 2,», +1 =con«*. 

au .+» + (« + g t )«,+.-i + &c- + (a + a, + &c. + a*-^*! 

a + o x + &c. + «» 

(7V. L. App. 390 — 5.) 

(39*) Application of the integral calculus to series. 

The sum either of an infinite or a limited number of terms 
of many series may be represented by a definite integral : the 
following methods are applicable to numerous classes of series, 
consisting of ascending powers of some quantity, the coefficients 
of which are composed of arithmetical factorials. Let the 
series* be 

«= fl r + (« + b)r +" + (a + 26)r +a " + &c. 

+ {a+(#_l)6}*'»+<*- 1 >.*: 



a. 



W ~» — tn — 1 



multiplying by —t , we obtain 



n p 

U 8t 






by differentiating which, the value of s may be obtained. 
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t 

If * =s (a + b)(c +eyf + (2a + b)(%c + e)f* +,t -f &c. 

+ (aw + b)(cw + e)t* +{ *- 1)M 

then multiplying by - 1 e ~ m , and integrating, and. again 

CJ 

multiplying the result by -t a e , and integrating, we have 

'. a 

— ft Ka p) /8t Kt * =t a , , 

ac J* J* ' 1_^» 

from which s may be obtained, after two differentiations. 

The same method may be applied to the series of which " 
the of* term is 

(a x w + b x )(a 2 w + b 2 )...(a r a? + b r ) r +<*- 1 >\ 

Let * = -= — r + - + &C ? .+ -- , 

a + 6 2a + 6 aw + b 

then multiplying by - 1 a , and differentiating, we obtain 

a series from which may be deduced 



n m-*(|+i) y. 

a *t 



i-r 
t t* 

Let * = ; »w , x + , ■ »^ r+&c.+ 



(a+bXc+e) (2a+bX2c+e) ' (aw+bXcw+e) 9 
then by. a similar process we obtain 

If the #* term is --— — -1- , then 

(aw + b)(cw + e)(fm + #) 

acft* 1 z 

f 

, If the of* term is t — - , then 

(aw + b) m 
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* 1—t 9 



- ^{(kgiO- 1 /* 5 — 

1. 2. ..(m— !)«*.*• 



- t 



tn-1 „ „ /..! . . 1-f 



- -y- Q°g,<r*/r • log.' • jT7 

+ (OT 7 1)(OT ; 2) (log.*)-*/* 1 . <k»* £f - &c l • - 

where « = log, f. 

Let*= #+ — _2* + & c .+ — — **; 

c + e 2c + e cx + e 

e 

multiplying this by ct* 9 and differentiating, and then multiplying 



i £.— * 



the result by - f % and integrating, we obtain 



- lA e * -rrrl 



Let * = (a + 6)* + (a + 6)(2a + 6)tf* + fee. 

+ (a + b)(2a + 6)...(a# -f &)$*, 

- l i-i 
then multiplying by — tf a ,we obtain the equation 

• ct 



If the *» term is <' + »X' g + »M" + »>f, then mul- 

(c + c)(2c + c)... (cw + c) 



1 4-i 



tiplying by - 1* , and integrating, and then multiplying the 
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quantity thus obtained by ct*~% and differentiating, the 
result is 



c 

ai c 






(TV. L. App. 412 — 5 ; L. C. D. 1140 — 8.) 

Theory of Generating Functions. 

(40.) Let the indefinite series 

&c. +. u„ m t~ m + ic. + «. l r 1 + w + u x t + &cv 

+ V/" 1 + w / + fcc« a 
be represented by <p(f) : this is the generating function of w,. 

The generating function of u s+n is t~*.<p(t)> 
A,t#, ... (- -l)^(0> 

A>,.. (l-l)"*^ 

....... 2>,...(j-i)~V*); 

from the development of t~ n <p(f), when put under the form 
jl + (- — lYl <j>(t), and of (j - l) <t>(*)> the values of 

u *+n> an ^ A*«*, * n ^ r t' 2 "^y ^ obtained. 
(41.) Let V w , be used to represent the series 

the generating function of which is 

(•+7 + ?+**+?)#* 



■^» 



"CO #09 
« 



0(Q = S # «,<*. 



»M-1 



* Vw x = S m a w -i^ +m -r 
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and let V 8 w, = av«, + «iV^,+i + &< 5 - + «»V«*+n» 

&c. = - &c. : then the generating function of XJ m u s *& 

and that of A r ^ m u a±p is 

(a + ~L + &c. + ^ M . (~ - 1)". *». 0(0- 

/I \ 2 ' l 

If we assume .# = *( 1 J , and develope — in a series of 

powers of *, we may obtain the formulas in Art. 8. 

(42.) A very general formula for interpolation may be obtained 
in the following manner. Let 

it is required to obtain ah expression for t~ n 9 arranged accord- 
ing to powers of #, and containing no higher negative powers 
of t than£~ m . Multiplying the numerator and denominator 

of the fraction — by 

(a — *)v m + a f v m - 1 + &c.a mm . 1 v + a m> . 

and substituting for * its value in the numerator, we obtain 

v 
z 

av m -f a 1 v m ~ 1 + &c. + a mmml v + ^— xaf* 



y *=S 



m+1 a , 



m 



, s.»-«- l r--s r «u-r-ntf" 1 



m+1 



S 1 ,«„- t » m - , ' +1 -*• , 
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let mtT +m x tr- x + fcc + «._!©+«.= F, * 

and let Z^^ represent the cofi i fiffit of ^ m die efp a mann of 



F, then the Talue of — which is the coeCdent of o" in the 

r 

derelppment of the shore fraction is 
+ kc. 



l + fcc. 



*^»-s.+i + a jZ 1 ^. 2 » +t + fcc + a.Z u ...,) 



tf s3fc»-.+i + fca + <*.3m-« 



+ Z(a J Z lj ,_ 2 .+ 1 

+ fcc. 



+ ? i +Z(a J Z 1 ,,_ 2 .+ 1 + fca + a - .Z u> - - .- 2 ) 



+ tc. 

multiplying by fXO> and passing from the generating functions 
to the quantities which they represent, we have 

+ V ««{*i3k*-s»+i + *3u»-s.«i-s + &«• + a - Z i--.} 
+ fcc. 
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+ W * + l { a 2 Z 0,n-tn+l+ a * Z 0,n-m + 2 + **C.+a m Z 0tn _ 1 } 

+ V U *+l{ a * Z l.n-*m+l + a s Z l,n-2m + 2 + &C » + a m Z l.n-«-l} 
+ &C- 

If a value can be assigned to q that will render VJ q u x = 0, 
then the above value of w x + n will consist of a finite number of 
terms. 

If v^ f = 0, the above series will afford a complete solution 
of a linear equation of differences of the 91 th order : in that case 
the quantities u, u 19 &c. u n _ 19 represent the arbitrary con- 
stants. 

(Laplace, Theor. Jnalyt. des Prob. Pt. 1 ; L. CD. 1109 — 33; 

Tr. L. App. 346 — 9) 



m at m—p+l 



* • 



Tt 



FUNCTIONAL EQUATIONS. 



Reduction of Functional Equations to Equations 

of Differences. 

(1 .) This reduction can in very few cases be effected, so that 
the result may be an integrable equation of differences : in the 
equation 

= F\x^{ ai (x)}^{a s (x)}] , (1) 

in which F, a p and a 2 , are known functions* assume 

<*!(#) = 0(*), a^x) = <p(z + 1), 

in which x is a function of x. Eliminating x from these equations 
we obtain 

from which the function <f) may be determined: substituting 
for «r, a^a?), a 2 (x) 9 their values, (l) becomes 

let %(z) be the value of ^\<p(%)} obtained from this equation, 
then 

(2.) The same method of solution cannot; be applied to the 
equation 

= F^,^{a 1 (^7)},>//{a 2 (^)}s,.-^{a w + 1 (^)} }, (l) 

a solution may however be obtained by the following method. 



* In the following pages F,/, «, £, y, will, for the sake of distinction, be used as 
the characteristics of known functions ; £> <p> y^ \^, being unknown or arbitrary 
functions. 



• 
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i 

Let arp # 3 , &c. * M , be functions of w such that 



(*) 



«» + l(^) = 0(^*£ — *«- 1 ) = 

eliminating x from these equations we obtain 



v 



00 



^ajityfa****"'*.- 1 )! ; 

these are equations of partial differences of the first order, the 
integrals of which will be 

0(«i>^.-.»J=/i{^p» 2 ,...^Xi( cos27r *i^2v. -* u )\ y 
(«) 

..... =/,{*!, *«!...*,,, Xll( lf l»*«'-'- COBir O} > 

in which ^ 19 &c. are arbitrary functions introduced by inte- 
gration. Let a^l^fo,*^...*,,)} be substituted for or in (l) 4 
which then becomes 

'.^{0(*i^.-*»-l)}} 

an equation of partial differences from the solution of which 
we may obtain 

^{0(*i>-..*J} = i*{ a i(*)} =*\ (*iv..*„, Z l9 Z 2 &c.) 

in which Z 19 Z 2 , &c. represent the arbitrary functions ^ 19 &c. 
in (4). 

If the values of # 19 # 2 , &c. # H , obtained by elimination 
from (4) be substituted in this equation, F l (z x &c.) will become 

a function of a^tf), and the function \j/ may be determined. 

» • 

(&) The general equation containing two variables 

o=i i '|* ) y,>('{ai(*),/3 1 (y)},...|K + iW, ft,+i(y)$ £ 
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may be treated in a similar manner by assuming, two systems 
of equations, 

«i(*) = tpii 1 *!* **» • • • '*») > ftfo) = <P*(\ * ***> • • - 2 *«)> 

a 2 (x) = ^(^ - 1 , ** 2 . . . **„) > &(y) = <M**i - 1 > ***> • • •**«)* 

««+i(^) = 0iO*i> '*2> ... X- ; A,+i(y) = <P£*» **» • ••**»- ; 

which may be solved in the same manner as the equations (2). 

If a(#) = , a.o? 9 or a.e*, or any combination of 

these quantities, the equations of differences involved in the 
above method will all be integrable. 

{Mem. Analyt. Soc. 1813, pp. 9(5 — 114.) 

General Solution of Functional Equations, by means 

of Particular Solutions. 

(4.) Functional equations of the first order. 

Let /(.a?) =f\a(m)\ be a particular solution of the equation 

■ 

then the general solution will be 

in which is an arbitrary function. 

If the given particular solution is ? 

the general solution will be 

the function ^> being arbitrary. The line denotes that the 
function is symmetrical with regard to those quantities, over 
which it is placed. 
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Let / be a particular solution of the equation 

^(«)«/3(dr).^a(«)} 9 (1) 

and f x of the equation >K#) = >Ma(a?)},- ^en ^ e general 
solution of (1) will be 

If / 2 is a particular solution of the equation 
then the general solution of (l) will be 

Let /(a?) be a particular solution of the equation 

y}f(a;) — fi(w) i yff\a(af)} -1-7(0?), 

then by assuming >//(#) =/(#) -h 0(#)j this may be reduced 
to the preceding case. 

By a similar assumption, the equation 

may be reduced to 

<> = >/,(*) + #(*) W'{«i(*M + &c - + A.(*)-+{««(")} • 
(5.) Given ^(w) = >// { aj(*) } = &c. = ^ { a n (a) } , or as the 
same system of equations may be more conveniently expressed, 

to determine the function yfs: let f X9 f v &c./„ be so assumed as 
successively to satisfy the system of equations 

m i 1 1 2 m m SI 18m. 

then '^(•) a 0{/.{"*{/i(")h"}» 

n n-1 1 In 

in which is arbitrary, will be the general solution. 

If it be required to determine \f/ from the conditions 



t 
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let f v f 29 &c. be so assumed as to satisfy the equations 

m 11 m m 1 I m m 11 m— 1 m m m 

then ^K*) = {/»••• {/i |«i(— «*(*)— I • 

n 1 1 n n « 

If a general solution of the equation 

be required, having given ^(#) =/(#* «u a 2 ,...o r ), a particular 
solution containing r arbitrary constants ; let be determined 
such that 

then the general solution will be 

+(») sss /K0i(«)»-..0r(«)}» 

•» 

in which 19 &c. are particular values of <f>. 

(6.) Functional equations of the second and higher orders. 

The equation ^ 2 (#) =s= # will be satisfied by any value of \ft 
obtained from the equation 



let / be a particular value of ^ in this equation, then the general 



solution will be 



>K*) = ^/{0(*)}* 



<f> being arbitrary; it is however necessary to observe that 
those values only of (pr 1 should be tajten, which satisfy the 
equation 

If/ is a particular value of \f/ in the equation 
then the general solution will be 
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Let the proposed equation be yfs%v) == a{w) ; assume 

then / 2 |0(^)}=0{a(^)} 9 

which is an equation of the first order with respect to <f) 9 and 
may be solved by preceding methods. 

By the same substitution the equation \J/ n (aJ) = ce(#) may 
be reduced to f n \<f*(#)} =^>{a(«a?)}. 

Given \js $ a { x^(x) } i = a? : 

assume ^(p)~<t>~ 1 |/{0(#)} L 

then «|oo»0- 1 {A«)H-*" 1 tr , (»)}» 

which is ah equation of the first order with respect to <pT l . 
The equation 

may be reduced to an equation of the first order 

o=F\<p- 1 Q,),<t>- 1 {f(<,)} i ...<i>- l {r(y)\\, («) 

by assuming yf/(x) = 0" 1 \f{ <J>(x) } | , and putting y for 0(a?) ; 
/being a particular value of \f/ 9 and such that 

The equation = F{a?, yf/(ai) 9 yf/\ai) 9 . . . >p(a?) } 
may be reduced to the form (a) by assuming 

^(«)=r ! l/{0(»)}|» 

in which ^> is arbitrary, and / a particular value of \j/~ 

(Babbage, Phil. Trans. 1815.) 

(7.) A particular solution of the equation 

0«J , {*,^),ft«(a?)},^{o»J,...^{a*(*)J|, 
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a being such that a" +1 (*) — x, may be thus obtained: by sub- 
stituting successively ct(«r), a 2 (a>), &c. a*(w) for x, we .obtain 

= J P|«-»,^{a r - , (a;)},^{a^)},...^{a"(*)}^{aC a ')}» 

...^X-*(«)}|. &ih 

from which w+1 equations the n quantities >^{a(#)}> &c. 
^r*{a*(#)}, may be eliminated, and the resulting equation will 

( be o=/{#, ct(#), a 2 (#),...a n (a>), ^0*0} » 

from which the function \f/ may be found. 

This method is inapplicable if the proposed equation either 
does not contain w ; or is homogeneous with respect to >^(#), 
\j/\a(x)}> &c. ; or can be put unffer the form 

Fj^),>{a(^)},...x/,{a»(^)}^=/(^), 
unless f(x) =/j { w 9 a(w) , a 8 (#) , ; . . a%v) \ . 

(Babbage, Phil. Trans. 1816, pp. 229 — 34.) 

(8.) Functional equations containing two unknown quantities. 
Let the proposed equation be 

W*>y) = V' \ «(*)>/%0 i> 
and % let/ 19 / s> be functions which satisfy the equations 

/i(*)-/»H»)h . /.(*W. f /3fr>$ , 

then the general solution will be 

If/ is a particular value of >/•, the general solution may be 
put under the form 

The general solution of the equation 

% ^{piy) = ^ {«(##)> &(*#) } (1) 

is W*#) ~ ^ J/i(*#)»/«(*#M > « 

in which // and/ 2 are particular values of yf/ 9 and arbitrary. 
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The general solution of the equation 

is ^(^y) =./W) • ^ fofosO'/sfosO } > 

in which / is a particular value of \js in the proposed equation, 
and /^ / 2 , particular solutions of (l). 

The equation 

^(*>y) = 7i(^y) • ^ \ «(*#) > £(*#>} + 7*(*#) 

may be reduced to (2) by assuming 

in which /is a particular value of ^r. 

(9-) Functional equations Of the second and superior orders, 
containing two variables. The equations 

may be treated in the r same maimer as the equations 

y\,\a>) = a ', >\r*(m) = a(w), 

arbitrary functions of f being substituted for the arbitrary 
constants contained in the general solutions of the latter equa- 
tions. 

\ 

A general solution of the equation >p(#,y)* = a is 

* ( '* )= xi°,tO)i * 

in which %, <f>, and £, are arbitrary functions. 

If \|/ is a homogeneous function of n dimensions^ then 1 



l-n 



* yj^(x,y) has the same signification with ^^(x,y), as used by 
Mr. Babbage. ... 

Uu 
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The general solution of the equation 



is 



«-»-*»• 



in which <f> and g are homogeneous functions of n ■+■ 1, and n 
dimensions respectively, qnd such that </>(ljl)=x( 1 > 1 )- 

If the proposed equation is 

^foy)=7{ > K*>y)}> 

<f> and ^ being as above, and £ determined from die equation 

£->(*) = 7 (*)- 
The same solution applies to the equation 

£ being in this case determined by the equation 

f(*)=Y(*)- 
The equations a?.^ 1#, (<p,y)s=y.^»* 1 (ir,y), 

may be solved by assuming 
/being detefmined by the equations 

The equations ^.^ 2 (^,y) = «.>// 2,1 (^,y), 

may be solved by the same assumption ; / being in the case 
by the equations 

(Babbage, Phil. Trans. 1816, pp. 184 — 922.) 



i 
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(10.) Given the equation >^{a(#)} —d x >\f(w)) in which a 2 (^)=^, 
then *{«( # )J = d^^^ )=sdx ^iig)i. 

Given yfs {a(#) } « d"^(<»), and a^a?) = a? ; 

by successively substituting a(#), a 2 (<r), &c. a"*, for a?, we obtain 

>/,(*) = d£-t ( , ) d^, ( , ) ...d^ d;>/,(*)> 

a partial differential equation from the solution of which yfr may 
be found. 

The equation = 

in which cf(ai) = # may be solved in a similar manner by sub- 
stituting successively a(w) 9 &c. a p ~ 1 (#), for «r, and obtaining 
a series of equations from which all quantities except w> ^(#)> 
and its differential coefficients may be eliminated. 

(11.) Given >/>(##) = d*^{#,ci(y)}, in which a 2 (y)=y, 



then ^(a?,y) = € ar .0 1 {y > «(y)} + €-*{a(y)-y} .0 2 {y,a(y)}, 

is the general solution, in which 0, and <p 2 are arbitrary 
functions. 

If yjffay) = d x yf/ \ * , a(y) \ , and o^y) = y, then 

from the solution of which equation yfr may be obtained* 

Given d x \(, {#, /3(y) } = drf j«W, y } , 

in which a 2 (#) =#, and /3*(y) =y ; then ^ may be found from 
the equation d y fi(^).d^{^y)^d x a{aiy.d^y\f(a) 9 y). 

The equation 

= />,y,>K*,y),...^ 

in which cf(jc)^=iV 9 and /3*(y) = y, may be solved in the same 
manner as the above equation of the same form, which contains 
only one unknown quantity. 

(Babbage, Phil. Trans. 1816, pp. 235 — 52.) 
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The system of notation which has been adopted in the 
preceding pages, will have been found to vary in several par- 
ticulars from that which has been long sanctioned and generally 
applied. It may therefore be expected that some sufficient 
reasons should be assigned for such a deviation from an esta- 
blished usage; and particularly as every change in the form 
of known symbols is calculated to interpose new difficulties 
to the pursuit of mathematical investigation. 

The opinions on the subject of notation which have 
induced the changes alluded to, cannot be. more forcibly ex- 
pressed than in the words of two of the ablest Mathematicians 
of the present day: 

" The great object of all notation is to convey to the mind, 
as speedily as possible, a complete idea of operations which are 
to be, or have been, executed ; and since everything is to be 
exhibited to the eye, the more compact and condensed the 
symbols are, the more readily will they be caught, as it were, 
at a glance. "* 

" The symmetry of mathematical notation (which should 
ever be guarded with a jealousy commensurate to its vital 
importance) facilitates the translation of an expression into 
common language at any stage of an operation, disburdens the 
memory of a}} the load of previous steps, and at the same time 
affords it a consi4ei;able assistance in retaining the results/'. 



* Edinburgh Encyclopedia, Art. Notation. 
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" To employ as many symbols of operation, and as few 
of quantity as possible is a precept which is now found to 
ensure elegance and brevity. "* 

In addition to these maxims it may be stated that those 
syjpbols will be found most convenient, which contain the 
greatest number of indications, and which, provided such in- 
dications are clearly and distinctly expressed, are calculated 
to afford the most effectual assistance to the memory. 

The various branches of analysis have been discovered 
at different periods, and enriched by the labours of different 
individuals, and it may not therefore be unreasonably as- 
sumed, that the modes of notation which they have respectively 
introduced in their writings, although perhaps the best adapted 
to the then existing state of the science, should yet be suscep- 
tible of considerable improvement, in proportion as the mutual 
relations of distinct and hitherto unconnected branches of 
analysis are more clearly and accurately investigated. 

The different systems of notation which have been adopted 
in the differential calculus appear to involve, to a certain extent, 
the different theories on which that calculus has been founded. 
Among these, the establishment of the mutual relations of certain 
functions by Lagrange is perhaps the simplest, and at the same 
time the most disencumbered of considerations foreign to the 
subject: although on the other hand the symbols by which 
those relations were originally expressed are liable to almost 
as many objections as any that have been devised. 

The method of Lagrange may be thus stated: let <f>(x) 
represent any function of a?, and let m be supposed to receive 
an increment Dw, then the difference between <J)(ai) and 
<p(jn + Bod) may always be developed in a series consisting of 
ascending powers of the quantity Dob multiplied by some 
functions of w and of any other quantities contained in 0(#). 



* Preface to the Memoirs of the Analytical Society, Cambridge, 1813. 
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The' coefficient of. Dx in this development has been called, 
the first differential coefficient of 0(#), and the coefficients of 

i — fL, & c . — — , the second, &c. •»*, differential coefficients 

1.2 1.8.. .m 

respectively : for these the symbols proposed by Lacroix have 

been adopted in the preceding pages. 

On whatever hypothesis the differential calculus may have 
been established, the correctness of the results obtained by the 
application of the inverse process, or integral calculus, must 
necessarily depend on this one axiom; that two essentially 
different developments of the above-mentioned form cannot 
be obtained from the same function, or in other words, two 
different functions cannot have the same differential coefficient ; 
or the same differential, or Jluanon, according to the theory 
adopted. The object of the various artifices of the integral 
calculus may be stated to be the' separation of any proposed 
quantity into a sum of other quantities having the form of 
previously ascertained differential coefficients, from which the 
corresponding integrals are known by an inductive process. 

Considering the intimate connexion that exists between the 
differential calculus, and the calculus of finite differences, 
it is obviously desirable to render the analogy between their 
symbols as complete as possible: it is with this view that the 
previously adopted symbols d, J\ A, 2, have been somewhat 
modified. A superior index has been used alike in all these 
cases to express the number of times that the operation indicated 
by the symbol is performed, and an inferior index to denote 
the quantity with respect to which that operation is effected. 

As there appears a want of sufficient perspicuity in the 
ordinary application of the symbol A, the character D has been 
introduced to denote a difference of a quantity generally, A 
having been restricted to that particular case in which the 
difference of the variable . is unity ; the ordinary symbol is 
thus retained in that case in which it has been most frequently 
applied. 
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The method of denoting the powers of a quan t ity by 
positive or- negative indices has long been universally adopted z 
the signification of indices has however more- recently been 
considerably extended by their application to symbols of ope- 
ration; denoting in this case a repetition of that operation, 
and when negative, the performance of the corresponding 
inverse process. 

It is undoubtedly desirable to avoid as far as~ possible a 
multiplicity of arbitrary symbols'; and with this view, the 
characters f and 2 might be deemed superfluous, as being 
identical with dr l , and D" 1 ox A" 1 ; they may however be 
retained for the convenience of writing, more particularly as 
they involve no breach ot analogy. 

With regard to partial differential equations, the notation 
that has been adopted in the preceding pages, though it appears 
more in accordance with the general system, and with other 
parts of the calculus, than that ordinarily used, must never* 
theless be acknowledged to be far from satisfactory. The 
nature of these equations, and their connexion with the general 
theory of functions is probably not yet sufficiently understood, 
to fender them subservient to any general system of notation. 

In denoting the powers of the trigonometrical functions, 
the notation of Arbogast, as (sin &)", has been adopted* The 
index has been placed in the same situation by Gauss, Delamhre, 
and others, but the parentheses have been omitted by these 
writers, without perhaps sufficient reason; for although the 
trigonometrical functions of the powers of any quantity have 
not hitherto been the subject of investigation, there does not 
appear any reason why they should not hereafter form the basis 
of important analytical relations, in which case the introduction 
of parentheses would be indispensable : and it appears to be a? 
desirable object in the construction of symbols to render them 
applicable not only to existing circumstances, but to provide as 
far as possible for those cases which we have it in our power 
to contemplate* As the sine, cosine, &c. may be considered 
merely as functions, independently of all geometrical consider*- 
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tiohs, and as sinT 1 *?, &c. have been used to represent the 
corresponding inverse functions, the more usual notation; of 
sjn w # cannot longer be retained without an entire disregard 
of that uniformity of system, which it appears so desirable 
to establish. 

The convenience of denoting the value which any function 
<p(u) assumes, when a is substituted for 'at in the quantity u? 
by <p x ~ a (u) may be adduced as an instance of the advantage of 
indicating by symbols as many of the conditions of a problem 
as can be conveniently introduced. Examples of the use' of 
this symbol will be seen in its application to Maclaurin's theorem; 
and to the decomposition of rational fractions. 4n expressing the 
value of a definite integral, the symbols of operation have been 
separated from those of quantity;, merely for the convenience of 
writing. 

Having thus briefly alluded to. those deviations from 
generally acknowledged symbols which have been introduced 
in the tewt 9 .an explanation will now be offered of » very com- 
pendious as well as comprehensive system of notation proposed 
by Mr. Jarrett, an account of which will b6 found in the third 
Volume of the Transactions of the Cambridge Philosophical 
Society. 

As the preceding pages are designed to form a compendium 
of results for the use of the analyst, the various expressions to 
which this notation is applicable appear under their usual form 
in the text^ lest by being put under an entirely new form, the 
volume might be rendered less useful to those who are not 
disposed to undertake the • acquisition of an entirely • new 
mathematical language, the real value of which will be best 
appreciated by those who . are most familiar with the more 
abstruse subjects of analytical investigation. All the more 
complicated formulae are however expressed according to the 
proposed system in the form of notes, as presenting the beat 
opportunity of comparison with the more ordinary modes of ex- 
pression in the text : and in some cases, this method has afforded 

Xx 
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a means of perspicuously indicating expansions so complicated a* 
to be beyond the scope of ordinary symbols. 

The principle of. the proposed system is this: "if a m is 
any function of m, and if A represents that operation by which 
any quantities are combined in a given manner, then tbe 

n 

symbol A m (a m ) may be used to represent the result of* such 
c ombinati on applied to to functions, of which tbe *»** is a m " 

** Let then the letter P be taken as an abbreviation of the 

word product, and F m (a m ) will denote a product of n factors 
of which the f»* is a m ™ 

Tbe most common form in which factorials occur is that 
of ah arithmetical series. As facility of writing is a point by 
no means unworthy of attention, it may be convenient to adopt 
an arbitrary symbol for factorials of this kind : that proposed 
by Mr. Jarrett appears, for clearness and uniformity, to be far 
superior to the symbols devised for the same purpose by 
Vandermonde, Kramp, and Arbogist. A product of m factors, 
of which the first is n, and tjie common difference + r, may be 
denoted by In . In the particular case in which r== — 1, this 

indication may be omitted, the symbol will then be [^; and if 

in this case w = n, the index subscript may be omitted : thus 
\n =sn(n±r)(n±2r)...(n±m—l.r), 

jw 5=»(«— 1)(» — 2)...(n — ro + l), 

In = n(» — -l)...3.2.l. 
In the developments involving d and D, these functions 

usually appear under the form ^-, in these cases the 

adoption of d m : instead of — will afford an additional facility, 

thus 

D^u d*d"u 

, D« :u = J±TL- 9 d?:d?:u = * * . . 

* 1.2. ..m v 1.2...m.l.2...n 
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" The letter S may be taken as an abbreviation of the word 

n 

mm, thus S m a m will represent the sum pf n terms of * 
series of which the m th it « m . It follows from this thai tfee 

symbol S m S rt a m>rj will correctly represent the sum of a series 

consisting of r terms, of which the f»* term is the series o n a^ n \ 
and the same notation m^y be extended to any number of 
symbols of summation." 

A method analogous to the preceding has been Revised by 
Mr. Jarrett for expressing by means of brackets the relation 
that exists between the different parts of a formula, when they 
are not connected either by addition or multiplication. An 
index is placed over the first bracket to denote the number of 
parts of which an expression consists, and a second bracket is 
so placed as to exhibit the connexion between two consecutive 
parts: thus 



n 

{ 



a r a i a s a n 



r r+1 

n 



\a r + ?>r{»>{c 



r+1 n+1 



= U i + 6 1 {tf 2 + 6j.,.{c}...}, 

1 9 9 »+ln+l 1 



12 3 4 » n+1 »*1 1 

=tfj + 6j.a 2 H-6j.62.a3 + ... -f 6 1 .6 2 ,..6 n _ 1 .a ii -f 6 1 .6 2 ...6 Jt .c, 

The brackets may be rejected after the expansion, when- 
ever they are found not to pos^s any analytfcaj significa- 
tion: as in the preceding example. 

In many investigations, particularly those connected with 
the theory of equations, it will be found convenient to denote by 
a symbol the sum of all the combinations of n quantities taken 
m at a time. Let therefore the letter C be taken as an abbre- 
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(6) If r is independent of n, and s of m, then 

r « * r 



r « * r 

(7) iJU--§.S,.«. 



*m,» »^i» K 'ji , *m-*+l,rt # 

( 8 ) S^S^...S w- 0O» 1 ,ro 2 ,...ro,) 

(9) If «Wi -«*-&*> then 

s 
n 

(W) H «Wi + ««,=&„> then 

m * m m-n+l 

(11) S,!S r a n , r = S w S r a n+r _ lfr . 

m m-n+l 

0*) =*&n &r a n+r-l,n* 

9m n m n 

(13) S n S r a tt , r = S w S l .(a an _ r>r + «2»-r-f4,r)« 

8m— 1 n m-1 n 2m-l 

(14) S„ S r ^ = S„ S r («8»^.^ + «9»-r+l,r) + 8,4^1* . 

co m os 09 

(16) (S»««-i^(SA-, <0 - §.y- 1 .S.<w6 lrt . 
[3] (l) If 6 is independent of r, then 

m»» «|»» 

C r (o r .6)=ft w .C r (a r ). 



m,n n »-m,n/ J v 

(«) C,(«,)=P,(« r ).C r (-). 



n— m+l,m n-m,m n-*n+l,m— 1 

[*] 0) C r > r .6,)=^ 1 C r „(a r .6,)+6 n+1 .C^(a r .ft,). 



*?!* /V 



n— m,m « ■»*» /* \ 

(2) C,>,.&.)=P r fo).C r y). 
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Of the particular theorem* which will here be considered, 
the first, and probably the most important, is the binomial 
theorem; the true development of which as first given by 
Mr. Swinburne and the Rev. T. Tylecote,* and as more 
compendiously demonstrated by Mr. Jarrett,f will afford a 
solution of all those contradictory results which have insinuated 
themselves into modern analysis, in consequence of neglecting 
the remainders in the development of diverging series : to 
obviate which, some writers have proposed a distinction 
between the mathematical signification of the term equality 
and that which is implied in the ordinary acceptation of the 
term. 



(*-!)* 



aT 1 



. If t 11 

» being a positive integer. 

•- » l + S ,j -n . K —r^- + (1 - *)' +1 • S.l n + t-s . -r- . 
l 



•-1 *+l 



n • S -7^r-fc-b (r - g ' hl) -(n- (r -^ 1) ) 

Im , • 



-(m=0, {£|U}; and n r+l . 



r+l 



1 



^^rr-j;-i;fr-* +1 )-U-fr-^')) • 



r+l 






>•+« 



te-E-E-*Ti=rfc-'!s£=*a-fc-fr-* + ») }■ 



* I%* frue development of the Binomial Theorem* Cambridge, 1887. 
t Cambridge Philosophical Transactions, Vol. III. 
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* 

The following theorem, which is nearly allied to the binomial, 
may easily be demonstrated by means of the theorems already 
given : 

\a + 6 [a . \b 

I — ! n+l I LI 




n+l 

= ©«« - - ^ — r 



In m |n — m+ 1 



If r = 0, this series is reduced to (/3), p. l£ (L. C. 2>. 987.) 

The polynomial theorem has been investigated by Arbogast, 
but with the assistance of a very cumbrous and obscure notation : 
the symbol devised by Mr. Jarrett, which has been adopted in 
the preceding pages may be thus explained. Let the character 
w be taken as an abbreviation of the term polynomial coefficient; 
then the coefficient of of* in the polynomial function 

^Sm^-i-*" 1 ' 1 ) 

may be represented by w™<f)(a)' The index subscript of w 
is the letter according to the indices subscript of which the 
different powers of w ascend, and the quantity following the 
functional symbol is the term independent of a? in the series. 

If the index subscript of w is omitted, that letter is under- 
stood which immediately follows it, and if the function is a 
power of the polynomial, the parentheses including the first 
term of the polynomial may also be omitted : thus 

OS 

T^^ifl) denotes the coefficient of #"* in S^^^a).^" 1 ; 
w^", • • • {^aw*"- 1 }"; 

w • • • ,- ....:... {S,^.,.*-- 1 }". 

The demonstration of this theorem, for which the Author 
is indebted to Mr. Jarrett, ihay be given as an example of the 
facility with which very complicated operations may be con- 
ducted by means of the various symbols already explained : 

i 
* * 00 00 00 

[2] (2), S m a m ^ l .ar' 1 =r:a + af.S m a m .ar' 1 ^a^a;.S r a r .ar 1 ; 
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(|8)p.'i«, -^ {S.a..,.*'- 1 }" 



=s 



n-m+l 



'm 



| n — w» + 1 



a? 



7I» 



m-1 



— . {S r a r .^ l } m ~ 1 , 



-a 



tf 



n—m+1 



of* 



-1 



In- — w + 1 |m— 1 



.s^^^rs 



[2] (7), 






isf*a n 



■12 



[2] (2), 



'«r 



m+i 



m 



w — *» + r 



/W — 1* 



9 



a 



n—m+r— 1 



r— 1 - ro-r+l 



•ZiT « 



7i — w + r- 1 m — r + 1 



[2] (1), 



=s. 



=s. 



m 



a 



n— m+r— 1 



l^m-r+1 



7^ 1 .«r; 



n — 'm + r-1 r» — r + 1 



.a 



n— w+r— 1 



r— I ^f m—r+l 



iff a 



n—m+r — l m — r+1 



+ a n .iff m .af. 



, since B^a^rsO, 



a 



n—r 






w — r 



ir 



The development of the first eight polynomial coefficients has 
already been given, (pp. 17 — 21.) 

The value of the polynomial coefficients, in the particular 
case in which n = — 1 , may be obtained from the formula given 
in Note y, p. 128 ; they may however be more readily deduced 
in the following manner: let w m a~ 1 ^b m9 then 

i-(S.a_ I . a r- , )(S ( .6._ 1 .<0, 



m 



from which we obtain b m = — a l . S r a, 



m-r+l * fy— 1 • 



The actual values of some of the coefficients 6, b l9 6 2 , &c. 
may here be given, as the several terms of many series may be 
expressed by means of these quantities. 



Yy 
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6 S = — a" 2 .a 3 -f Sa^.a^ag — a~ 4 af; 

6 4 »s -!-«"*.«* — 3a" 4 . a*. o 2 -ho^C^aj.aj -h a/) — o~*.o 4 ; 

fc 5 = — o~ 6 .a 1 5 + 4o~ 5 .a 1 3 .o g — Sa^^/.Oj + a t .al) 
+ Sa""*^^ + 0£.a 3 ) — a~ 8 .a a ; 

6 6 = -f a" 7 . a* — 5a" 6 . a/. a, + a~*(6af.af -f 4a*.a s ) 
—a" 4 (6a 1 .a 2 -a 3 +3a 1 2 ,a 4 +a^)+a" a (2a 1 ,a 5 4-2<i s .a 4 + a^)— a" 1 ©*? 

^«- —a~*.al + 6a~ 7 .a*.afr— Sa^&af.etf + a^.a,) 

+ 4a"^(3a*.a 8 .a 3 + a r a/ + a, 3 .a 4 ) — Sa'^aj.aj* + a/.©, 
-h Sa^a^. a 4 4- 0\^ 5 ) + 2a" 3 (a 3 .a? 4 + fl4.a a + a 2 .a a ) — a~*.a r 

The two following theorems may be placed here on account 
of their connexion with the preceding : 






a*- l .[^±* 



<g -2=1^ = g , m ~ l f : 

the first of these is Stainville's theorem. 
Values of the logarithm of a factorial : 

log i [a=n(Iog - a-l) + ^n.-£ + ;) lo 8-( 1 + £ r )> 



n>r 



= n log, a + S» ( - 1 )— » • ^ "S. «". 

The three following theorems frequently occur in the theory, 
of equations : 

P r (* + <0-S.ar- , .C,(<i r ); 

s.«c- s,( - i)- 1 . c r (« r )-s m ar + (- o-m.c,^) ; 
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In — * + i 

<u m+1 I •— lffi 

C r (* + « r ) * S. ■=== • *"~" . C,(o T )- 



* n+l n— m+l,m— 1 # 

P r (a, + &,) = S. C r „(a r .6.); 

from this very useful theorem we may obtain the following 2 
ste Trig! (31*) 



n cd n-2m+2,2m-2 

COS S r a r = S m (- l)" 1 " 1 . C n ,( COS a r*™ «,) ' 



» o» »— 2nM-l»S»— 1- 

sin S r a r =s S m ( — 1 ) m " 1 . C rtt (cos a r . sin a,) ; 

n od 2m— l,n 

- cosS r o r S^-iy^.CUtana,) 

The series (a, p. 294) may likewise be readily deduced from this 
theorem. 

The theorem (Note a, p. 196) may be thu& demonstrated : 
d?:(f}(u) is the coefficient of (Dx)" in E x <p(u) f 
and E x (f>(u) = <p(u + D x u) % 

6, p. 197, = S„d w -':0(«) . (D x u)»-\ 

- S n (Da>y-\d;- l :(f>(u){S M (Da>) m - 1 .d^:u}'"' 1 , 

= S w (-D*)"" 1 . d^-.fj^u) • §„ (i)/p) w - 1 . -nr"" V-', 

{«r-i = <*. r -'»}» 

[2] (15), ^(^"-^^^(tOt^'a"-"; 

n+l 

.-. d?:<p(u) = S w rf tt n " M+1 :^(«) .<zr m -V- m+1 , 
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= 8 m d?-™+ l :<()(u) . tr*- 1 a n *- m+1 , since ^"a° = 0, 
[2] (1), = S„<C^(«0 . vr-^ar, 



- S m <C0(«) • 



The following theorems may be proved in a similar 



manner : 






n—m+ 1 9 



0(S M «„.-, • *"-') = 0(a) + S.*' • S m d?^ 1 0(a) . 

n ^ _,w~l ^~ n— m+1 

hence ^( a) = SX n - m+1 0(«)-7^r^7, • 

^"0(S„a m -, • <0 = S. aT 4 • l» + m-l . w;*- 1 0(a). 

n 

The first of these may be applied to the following examples : 
log.(S m a M _ 1 .*- 1 )=log.a + S J ,^.S w (-l)-'" • (CT _ tw+1 l )g »^i ; 

The following theorems will be found very useful in 
integration : # • 

/ (•»••) - s.c-i)- 1 . dr'« /"« + (-ir/(d;»./ r «). 

If fl^^-i-H^-j.c, n being a positive integer, then 



OB 



Itt — m — 1 w [n--m — 



2 



<** = a * • S» £=! tr-.d*- 1 + o r 8 m tsi ft*-*"- 1 ..<r, 



rn — I 
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If a H = 6 n + c M .a M+t , where tf is any quantity whatever, then 

r m-1 r ' 

a a '* k*» 6 n+ ( w -i); • JT , ( C n+(*-l)#) + a n+rt • * « ( C n+(*-l)f) • 
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The following may be added to the theorems already given 
• in finite differences. 

00 af n "^ 



# e *> = s »~^n • tf* 1 + A )°"~ l - 



00 ^»w — HI + 1 



( e *_ i)» = S m . A"0 



n/vfi+m— 1 



w — m+ 1 



> m ~l co A *»— 1 a«-1 



(e * + ir ^s m -^~— •S.(-i)- 1 . £-£ 

7 I »i — 1 " ' 2* 

+n,IXr m +»— m,Dur ' 

+n,—JXt m +n—m,—Dx 

For the theorems which have here been given, as instances 
of the great power of this system of notation, the Author is 
indebted to the unpublished researches of Mr. Jairett : many 
of these are entirely original, and the others appear under such 
an altered form, that a reference to the authors from whose 
works they have been taken would not at all assist the reader 
in deducing them. 

In concluding this subject, a slight modification of the 
symbols P 'and C may be mentioned, which Mr. Jarrett 
has found to afford considerable facility in many important 

n;t m,n;t 

investigations: the symbols P r (o r ) and C r (a r ) express the 



m,» 



values which P r (o r ) and C r (a r ) respectively assume, when a t is 
omitted, wherever it is found to occur. This will be best 
understood by an example : given 

ftr-i-S.aC" 1 -*.. \'A 
to find x t . (Cauchy, cours <F Analyse, Pt. 1, p. 71.) 
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t ■ 
n—r t n\t 

Multiply by C,( — °,)> then 

*r-, • C. (-a,) = S.»„ • •? . C. (-a.), 



= S m a? m .P r (a M -a r ). 
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But P r (o OT — a r ) = 0, for every value from m = 1, to m *= n, 
except when m = £ ; 

n *— r,u\t mt 

S r * r ~l • Q(-o,) « ff, . P r («, - « r ), 

and ' S,fe ,.0^-5) 

P,(«,-«,) 

If 4^ .JT 1 , then 

n n— r,n;t 

S r ar».C.<-<0 tt/*-v 



P,K-°r) 






** 



